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A MODEL OF BUOYANCY-DRIVEN TWO-PHASE
COUNTERCURRENT FLUID FLOW

DMITRIY SILIN, TAD PATZEK, AND SALLY M. BENSON

ABSTRACT

We seek simple analytical solutions in a model of gas flow driven by
a combination of buoyancy, viscous, and capillary forces. Travelling-wave
solutions describe propagation of the top and bottom of the gas plume. The
top of the plume has low gas saturation, but propagates much faster than
the bottom. The theoretical maximum of the velocity of propagation of the
top of the plume provides a simple conservative estimate of the time until
plume evolution dramatically slows down. A sequence of rarefaction and
travelling wave solutions characterizes the transition zones between the top
and bottom stable regions.

The analytical results are applied to studying carbon dioxide flow caused
by leaks from deep geological formations used for CO9 storage. The results
are also applicable for modeling flow of natural gas leaking from seasonal

gas storage, or for modeling of secondary hydrocarbon migration.

INTRODUCTION

This work is motivated by the growing interest in injecting carbon diox-
ide into deep geological formations as a means of avoiding its atmospheric
emissions and consequent global warming [1]. While it is anticipated that
CO; will remain trapped beneath the seal of the storage reservoir, it is im-
portant to have a good understanding of the rate that COs would move
upward under buoyancy forces should some of the COs leak out of the stor-
age reservoir. To date, studies of leakage have either focused on the role
of leaking wells [2, 3] or used numerical simulation to investigate leakage

through poor-quality reservoir seals [4, 5]. Here we are interested in the

fate of CO4 driven upwards by buoyancy, using analytical methods to help
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provide insights into the physics of countercurrent flow of CO2 and water
and to bound potential migration rates.

In steady-state flow, two immiscible fluids saturating a porous medium
approach an equilibrium distribution characterized by a local minimum of
the surface tension energy. Although the capillary forces act locally at a
microscopic scale, they constrain the macroscopic flow by arranging the
distribution of the fluids. Examples of such flows are oil and gas migration [6,
7], or the flow of gas leaking from an underground storage into an overlying
aquifer. Early works [8, 9] report experimental and theoretical studies of
countercurrent two-phase flow in porous media in the context of enhanced
oil recovery.

A number of researchers have studied models of buoyancy-driven ver-
tical migration of fluids in the past using both analytical and numerical
approaches. Shvidler and Levi [10] have obtained an analytical solution to
a static gravity segregation problem and numerically investigated dynamic
gravity-driven vertical two-phase fluid flow. More recently, similar prob-
lems have been studied in the contexts of formation of oil and gas reser-
voirs by secondary hydrocarbon migration [11, 12] and gravity-drainage in
fractured reservoirs [13]. An analytical solution for a model of gas plume
propagation in a saline aquifer caused by gas injection has been obtained
by Nordbotten et al. [3]. Their solution is based on the Buckley-Leverett
approximation [14], where capillarity is neglected. Doughty has investigated
numerically the impact of capillary hysteresis effects on CO9 migration [15].
Riaz and Tchelepi [16] have numerically investigated a problem very similar
to the one considered in this work with analytical tools.

In this study, we focus on a case where a less dense non-wetting fluid, e.g.,
gas, migrates vertically upward in an initially dense-liquid-saturated reser-
voir. We focus on the relative impact of gravity, capillarity and viscosity
on the plume dynamics, and assume that the formation is homogeneous. In
general, vertical fluid migration is significantly affected by the rock hetero-
geneity. For instance, if the formation has a system of vertical or inclined
conductive fractures or faults, the leaking gas, most likely, will low through
this system. We also assume that the domain under consideration is deep
enough so that the gas is supercritical and variations of the density of gas

and the viscosities of both fluids can be neglected. In this study, we neglect
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processes like fluid exchange by evaporation and condensation, as well as
precipitation and dissolution.

We employ analytical tools, for which we assume an idealized homoge-
neous formation. We simplify the model so that the interactions between
the driving forces do not interfere with other phenomena. Our principal
finding is that the evolution of the saturation profile of a moving plume can
be described as a sequence of travelling and rarefaction waves, Figure 1.
The model predicts that two travelling waves characterize the evolution of
the top and bottom boundaries of the saturation profile. The top of the
plume has low gas saturation, but propagates much faster than the bot-
tom. Thus, the plume stretches until it either reaches a uniform residual
gas saturation or reaches a seal. The model also suggests that there is a
fixed depth at which the fluid saturation remains constant most of the time.
Above this point, the migrating gas displaces water by drainage. Below this
point, where most gas is at the beginning, the fluid displacement mechanism
is imbibition. In addition, this stable point is characterized by the most in-
tense countercurrent fluid flow. From the relative permeability curves, we
estimate the theoretical maximum of the plume propagation velocity. This
simple estimate can be used for prediction of the time of plume evolution.

Accurate prediction of plume evolution requires knowledge of the fluid and
formation properties. We have found that the usually used capillary pressure
parametrization proposed in [17] is insufficient for an adequate fitting of the
laboratory-measured capillary pressure for the Frio formation sandstone. In
this study, we have developed a different parametrization, which is described
in Appendix A. The selection of the Frio formation properties has been
motivated by the fact that it was the site of a pilot COs2 injection test.
Papers [18, 19] provide a comprehensive overview of that project.

The paper is organized as follows. First, we briefly review the gravity-
segregation model and formulate the main equations of countercurrent flow
of gas and brine. Applying this model to describe vertical gas plume mi-
gration, we characterize different zones of the plume by travelling-wave and
rarefaction-wave solutions. Conclusions are given at the end. Physical pa-
rameters used in the case studies presented in this paper are gathered in
Appendix A. Appendix B describes the travelling-wave and rarefaction-wave

solutions.
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FIGURE 1. The top part of the plume is relatively “lean”
with respect to the gas saturation, but propagates much

faster than the bottom part saturated with gas.

THE MODEL

In this section, we review the principal equations of the mathematical
model of buoyancy-driven countercurrent flow. We neglect the lateral flow
components, so the flow is essentially vertical. This assumption is valid
if the gas flow is horizontally-confined by fracture walls or if we consider
fluid flow far away from the lateral boundaries of the plume. Under these
assumptions, the two-phase fluid flow is countercurrent: in a representative

elementary volume, the gas flowing upward is replaced by an equal volume
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of the brine flowing downward. These assumptions make our model similar
the one developed by Luan [13]. We apply this model to study the evolution
of the vertical saturation profile in a gas plume.

Denote by py and p,, the gas and brine pressures, respectively. The cap-
illary pressure, p. = py — pw, is related to the local-equilibrium fluid distri-
bution in the pore space. It is usually expressed as a function of saturation

S, i.e., the fractional volume of the pore space filled with the water [20]:

Pg — Pw :pc(s) (1)

This dependence on S is not a one-to-one correspondence [7], but is strongly
affected by the history of fluid migration. Numerous studies emphasize
differences between the drainage and imbibition capillary pressure curves,
see [15, 21, 22], and the references therein.

The permeability to each fluid is determined by the geometry of the part of
the pore space occupied by this fluid. Hence, the remarks regarding history-
dependence of the capillary pressure curve equally apply to the relative
permeability curves: the permeability to each fluid is a function of both
the liquid saturation and the history of the fluid migration. The velocity
of propagation of the plume is determined by the velocity of propagation
of its leading tip, where the fluid displacement mechanism is drainage. To
simplify the calculations, we will use the drainage capillary pressure and
relative permeability coefficients, k.y = ky4(S) and kpy = kpw(S), for the
entire plume.

For each fluid phase, Darcy’s law with an account for gravity yields [23]:

w, = PO G ) @)
Hg
Uy = W(_va+gwg) (3)

Here u, and u,, are, respectively, Darcy velocities, or volumetric fluxes, of
the gas and liquid, p14 and ji,, are the dynamic viscosities of the fluids, and g,
and g,, are their densities. The gravity acceleration is denoted by g. Using
Equation (1), the liquid pressure p,, can be eliminated from the system of
equations (2)—(3):

w,, = FrulSk (=Vpg + Vpe(S) + 0uwg) (4)

Hw



6 DMITRIY SILIN, TAD PATZEK, AND SALLY M. BENSON

The mass balance of gas and liquid can be expressed as
9 (g4(1 — 5)9)
ot
0(0w®S
2u95) 9 (owm) = 0 )

The porosity ¢ accounts only for the void space available for fluid flow.

+V- (qug) =0 (5)

The total number of unknown functions is equal to eleven: u;, p;, 0; (i =
g,w), and S. To determine a unique solution, equations (1)—(6) must be
complemented with two equations of state, one for each fluid, and with a
consistent set of boundary and initial conditions.

We consider a spontaneous buoyancy-driven flow at a depth where carbon
dioxide is in a supercritical state. The total interval where the solution is
defined is not large relative to the absolute depth, so the variation of the
hydrostatic pressure is not large. With this assumption, we neglect the
compressibility of the fluids and rock and summation of Equations (5)—(6)
yields

V- (ug+uy,)=0 (7)
The flow is vertical, and there is no flow outside the plume. Hence, Equa-

tion (7) implies that the magnitudes of fluid velocities satisfy
Ug + Uy =0 (8)

In other words, the flow is countercurrent [24, 25, 26]. Equations (1), (2),
and (4) imply

krw(S)
%pg = Tl Tgl®) [aazpc(s) ~(w - Qg)g] "o 9
Hw " Hg
and
krg(S)
%pw =7 (S)#g e (S) [;ch(S) — (0w — Qg)g:| —owg  (10)
Tw + '
Hw Hg

Here g is the scalar magnitude of the gravity acceleration and z is the vertical
coordinate directed upward. By virtue of equation (10), the Darcy velocity

of water, Equation (3), becomes

= 2 1(8) [ 2-0e(5) ~ (20— 03] (1)
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where

brg(S)
f(S) _ krw(s) Ly _ krw(s) (12)
8] )~ FS) s
M Hg krg(S) Hw

k

In equation (11), we have left mobility factor — outside the function f(S)
Hw

to make the latter dimensionless.

Substitution of Equation (11) into Equation (6) yields

d(oS) 0 [k 0

=—— [ —f(S) | =p(5) — (0w — 13

== (et (ore() ~ (ew — 21)g (13)

Flow equations in a dimensionless form. Let H denote the thickness

of the aquifer. Then, dimensionless vertical coordinate and time, ¢ and T,

can be introduced in the following way:

k(0w —
C:% and T:(QMwHQg)gt (14)

In these variables, the dimensionless Darcy velocity of water W, has the

following form:

Wy =

o = (S [(18 s)-1]  (s)

_ Hw _9,
k(ow — 0g)9 0w — 03)9 02" °

The capillary pressure function can be expressed through dimensionless

Leverett’s J-function [27]:
p(5) = o\ [2715) (15

where o is the surface tension coefficient at the water-gas interface. Thus,
Equations (13) and (15) take on the form

gbg - —gcww (17)
and
W = 1(5) (') 5 - 1) (18)
where

_ o 4
T (Qw - Qg)QH\/; (19)

The dimensionless factor v is analogous to the reciprocal Bond number and
evaluates the ratio between the capillary and buoyancy forces. Its value is of
the order of 1 for carbon dioxide flowing in a 20 meters thick aquifer layer of

permeability of the order of 100 millidarcy and porosity about 20 percent at
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a depth of several kilometers. However, the magnitude of v is much larger
in a thin low-permeability seal. For instance, if the permeability is of the
order of 0.01 millidarcy, the porosity is around 1 % and the thickness is
of the order of 1 meter, then v ~ 103, which is three orders of magnitude
larger than in an aquifer. With the same values of the fluid and porous
medium parameters, the characteristic plume propagation time in the above-
mentioned permeable aquifer is measured in weeks, whereas for a tight seal
this time scale is of the order of hundreds or thousands of years.

Equations (17)—(18) can be summarized in the form of a nonlinear diffusion-
advection equation

os 0

S e (mre )] (20)

a¢
Three asymptotic forms of Equation (20). Equation (20) resembles

Rappoport-Leas water-oil displacement equation [28]. This analogy suggests
three asymptotic approximations, depending in the relative values of the two

terms on the parentheses on the right-hand side. If
oS
"S)==|>1 21
)5 | > (21)

then the flow can be characterized by Ryzhik’s self-similar solution [25,
28]. A condition like (21) holds where the saturation changes abruptly, for
example, at the gas-water interface near the leading front of a plume entering
a low-permeability seal.

In the second case, the flow is considered in a permeable thick aquifer, so

that

08
J (S)a*C

In this case, neither gravity forces nor capillarity can be neglected and two

~1 (22)

stable zones at the top and at the bottom of the plume can be described by
travelling-wave solutions.

Small saturation gradient, so that
oS
'S <1 23
55| < (23)

leads to the Buckley—Leverett approximation. In this case, the Darcy veloc-

ities of the fluids do not depend on capillary pressure,

Wy = = f(5) (24)
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and Equation (20) reduces to a hyperbolic equation

oS 0
= = _—f(S 25

5 = 2 (25)
Known solutions to hyperbolic equations include shock or rarefaction waves [14,

28]. By introducing a new variable,

¢
U(Cr) = o /0 S(n.7)di (26)

which evaluates the mean volume of water relative to the bulk volume of

the porous medium, one obtains a Hamilton-Jacobi equation

Development of shock waves in Buckley-Leverett theory is equivalent to the
loss of smoothness of the solution to a Hamilton-Jacobi equation. The latter
leads to the concept of viscosity solution [29)].

One can demonstrate that the convexity or concavity of the function f and
the initial condition for U determine whether the solution remains smooth
or the evolution of the saturation profile may lead to development of shock
waves [30, 31]. A rarefaction-wave solution is smooth in ¢ for all 7. It is
feasible only on a saturation interval where the monotonicity of the initial
saturation profile and the convexity of function f are the right combination.
For example, if U at 7 = 0 is a concave function of {, which is the case if
water saturation increases with depth, then concavity of f(S) guarantees
that the respective solution is smooth at all times.

A shock wave is an asymptotic solution implied by neglecting the transi-
tion zone at the gas-water displacement front. Such a solution is justified in
water-oil displacement models with a high flow rate, which must be forced
by injection [28]. In our model, the flow rate cannot be forced and, de-
pending on the magnitude of dimensionless factor -, such an approximation
may lead to inadequate conclusions. Therefore, we simulate the evolution of
gas-water transition zones using the full travelling-wave solutions to Equa-
tion (20). Such an approach excludes shocks and makes possible estimation

of the thicknesses of transition zones, see Appendix B.

The structure of the plume. We model the evolution of a vertically
migrating plume of gas by splitting it into several zones. In each zone,

the saturation profile is described by a simple analytical solution, which
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is either a travelling wave or a rarefaction wave. Both types of solutions
are described in Appendix B. These solutions are asymptotic and, therefore,
are meaningful only within certain length and time scales. Since these scales
are not identical for both types of solutions, conditions must be established
guaranteeing continuity of the plume. Each solution automatically satisfies
mass conservation. Hence, compatibility conditions are derived from the
requirement of equal propagation: The speed of propagation of the top or
bottom tip of a rarefaction wave must match the speed of propagation of
the adjacent travelling wave. This requirement provides a set of conditions
linking different parts of the plume. Satisfying these conditions leads to
building of the whole plume as a sequence of blocks, see Figure 1. Some
of these blocks may shrink to zero as the plume evolves. Depending on
the initial saturation distribution in the plume, not all of these blocks are
necessarily present from the very beginning. Figure 2 shows an example of
calculation of the plume evolution in four-month time increments for the
parameters given in Table 1. At the beginning, the rarefaction wave at
the tale of the plume, symbolically shown as a broken line, is a negligibly
small part of the entire profile. With time, the low-water (i.e., high-gas)
saturation zone of the plume will disperse and this tail rarefaction wave will
stretch over the whole low-gas saturation plume.

Water saturation profile, S(&, 7), is the key unknown function. All other
parameters can be found from S(&, 7). Indeed, the gradient of water satu-
ration can be evaluated without differentiation using Equation (B.12). The
Darcy velocity is readily obtained by substitution of this gradient into Equa-
tion (18). Water pressure is obtainable by converting the dimensionless
Darcy velocity back into physical units and integrating Equation (10). Gas
pressure is evaluated using the capillary pressure curve, Equation (1).

The following subsections describe individual blocks of the plume. The
values of physical parameters used in the calculations are discussed in Ap-

pendix A.

Travelling wave at the top of the plume. The top of the plume can be
characterized by a travelling-wave solution. Above the plume, the formation
is saturated with brine. Thus, S2 = 1 in Equation (B.6). Since f(1) = 0,
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Equation (B.8) reduces to
V(S) = G (28)

where S is the saturation near the top of the plume. Function V(S) attains
a maximum, which defines the theoretical upper limit for the velocity of
plume migration, see Figure 3. Let us denote the respective saturation by
St. The sharp shape of the V(S) curve is a consequence of the significant
viscosity contrast between water and gas. In case of hydrocarbon migration,
this contrast may be significantly lower. Therefore, the respective curve will
be smoother and the maximum will shift towards a lower water saturation,
see Figure 4.

At the leading tip of the plume, the saturation behind the front must
correspond to the maximum of velocity (28), Sp. If it were less than Sy,
the very top of the plume would run away and disperse, and a new front
would develop. If the saturation behind the front exceeded St, then small
heterogeneities and consequent saturation fluctuations would create a faster-

propagating front that would coalesce with the top of the plume.
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By selecting some Sy > S, and respective dimensionless depth &y, Equa-
tion (B.15) reduces to

S

MONEG)

£(S) =& + 1 dn (29)
s{f(n) -y

By virtue of Equation (28), the latter equation is equivalent to

S
7J'(n)
f(S):fOJF/_V(ST)dU (30)
%o V(n)

By the definition of saturation St, the denominator of the integrand is neg-
ative, so is the numerator. Thus, the whole expression is positive and water
saturation increases with £. The interval of saturations, where Equation (30)
is valid does not include singularity points of the Leverett’s function. In par-
ticular, such an interval must be strictly between the end-point saturations.

The asymptotic character of this solution is revealed by the fact that the
integrand has a singularity as the dummy variable i approaches St. Conse-
quently, the transition part of the profile is followed by a theoretically infinite
interval of almost constant saturation. However, such constant-saturation
parts of the plume are not sustainable: local heterogeneities inevitably re-
sult in development of new fronts with transition zones. A stable solution
is obtained by linking the top travelling-wave transition part of the plume

to a rarefaction wave the follows behind.

The rarefaction wave behind the leading part of the plume. The
velocity of propagation of the top of the plume is characterized by the max-
imum of the function V(S), Equation (28). At the maximum, V'(S) = 0
and V"(S) < 0. Hence,

f(9)

f (S)|S:ST =-1_g s and f”(S)|S:ST <0 (31)

The left-hand equality in Equation (31) means that the velocity of propa-
gation of the top of the plume automatically matches the velocity of prop-
agation of the rarefaction wave with saturation Sp at the top, see Equa-
tion (B.19). The right-hand inequality implies that f(S) is a concave func-
tion of S near S = St [32]. Hence, this rarefaction wave corresponds to the

interval of concavity of the function f(.S), see Figure 5.
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Let Srr be the brine saturation at the lower end of the rarefaction wave
and Sy be the saturation at which the function f(S) attains its maximum.
We assume that Spr < Sp;. By virtue of Equation (B.18), the top and
bottom bounds of the rarefaction zone, {7 (7) and (grp(7), are characterized

by
Cr(7) = CO_Tf(jT) = (o+7V(Sr) and C(rp(7) = Co—Tf(;S;RT)

Note the opposite directions of propagation: the top end moves upward,

(32)

along with the leading part of the plume, and the bottom one moves down-
ward, see Figure 6. The Darcy velocity of the fluids inside the rarefaction
wave is defined by Equation (24). Therefore, the magnitude of Darcy veloc-
ity attains its greatest value at the saturation S = Sj;. At this saturation,
the derivative f’(S) vanishes, which corresponds to the vertical coordinate
(o, where the saturation is constant. Thus, the most intense fluid flow hap-

pens in the immobile part of the saturation profile! Above this point, the
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brine saturation decreases, so the fluid displacement mechanism is drainage.
Below (p, the brine saturation increases, so the fluid displacement is imbi-
bition.

The assumption Spr < Sy, in particular, imply that f'(Sgr) > 0. At
the same time, for the rarefaction-wave solution to exist, Spr must be inside
or at the end of an interval of concavity of function f(S). If the minimum
of water saturation in the plume, S, is outside this interval, then the
rarefaction wave is followed by a travelling-wave front moving downward
and Spr must be determined from matching the velocities of propagation,

see next subsection.

The main part of the plume. The main part of the plume is charac-
terized by the maximum gas saturation and minimum water saturation:
S = Spin- The dynamics of saturation profile evolution behind the rar-
efaction wave zone can be characterized by a travelling-wave solution. By

virtue of Equation (B.8), with S = Sp;, and S = Sk, the dimensionless
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velocity
v —_L1f(Srr) ~ f (Smin)
min ¢ SRT _ Smln

is negative and the travelling wave propagates downward. In particular, the

(33)

fluid displacement mechanism is imbibition. Matching the derivative of {pr
from the rarefaction wave above with velocity (33) leads to

J (Srr) — f (Smin)
SRT — Smin

f'(Srr) = (34)

The latter equation determines Sgry. In Figure 7, the straight line with the
slope f/(Sgr) is tangential to the plot f(S) at S = Srr and it must cross the
plot at S = Sj,in. Clearly, as Spi, approaches the dividing point between
the intervals of convexity and concavity of function f(S), the solution to
Equation (34), Srr, converges to the same dividing point as well. At the
exact limit, when S},;;, = Srr the downward travelling wave disappears.
Therefore, this downward travelling wave can be present only if the function

f(S) is convex near S = S iy

Saturation distribution in the tail of the plume. Gas saturation be-
hind the plume is not zero, but the fluids do not flow because the gas phase
becomes disconnected. Let us denote by S, the residual gas saturation
behind the plume and put

Sy =1—=25,4 (35)
Similarly to the upper part of the plume, the evolution of saturation profile
at the bottom can be characterized by a travelling wave followed by a rar-
efaction wave. Let Sp be water saturation at the transition point. Then, by
virtue of Equation (B.8), the velocity of propagation of the bottom travelling
wave, Vg, is
_l f(SB) — f(Smin)

¢ SB — Smin

Vp is positive, so that the propagation of the wave is upward and the fluid

Ve =

(36)

displacement mechanism is imbibition. Matching the velocity Vp with the

velocity of the top end of the following rarefaction wave yields the equation

f,(SB) _ f(558) : gfj:m) (37)

see Equation (B.19). Thus, the saturation Sp characterizes the tangential

point between the straight line, which intersects the plot of f(S) at S =
Smin, and the plot of f(S), Figure 7. Although Sp > S, the difference
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FIGURE 7. Saturations at the tail of rarefaction wave and
the main part of the plume: the saturation at the transition
point, Sgas is the tangential point between the plot of f(.5)
and a straight line passing through S,,;,. The transition sat-
uration, Sp between the travelling and rarefaction waves at

the bottom can be determined in a similar way.

between the two saturations is tiny. Therefore, the role of the rarefaction
wave in the entire saturation profile is small as long as the maximal gas
saturation in the main plume is relatively high. The bottom end of this
rarefaction wave is where water saturation is equal to S.. In particular,
1'(Ss) = 0, and only the upper boundary of the bottom rarefaction wave

moves.

Further remarks. The calculations presented above suggest the gas plume
in a brine-saturated aquifer can be modelled as a sequence of travelling and
rarefaction waves. Driven by buoyancy, the plume propagates by stretching
vertically upward, unlike a gas bubble in bulk water. The velocities of prop-
agation of the fronts described by travelling wave solutions are determined

from the conservation of mass and are functions of the saturations ahead of
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and behind the front. As the saturation profile evolves, these saturations
may change. For example, the saturations above and below the intersec-
tion of the bottom profile with profiles (1)—(3) in Figure 2 are not equal.
We have neglected these end-saturation variations. Such a simplification
may be unacceptable when the variations of end-saturations are significant.
However, it affects only the internal structure of the plume, not the profile
at the leading front. The velocity of propagation of the latter eventually
determines the time of plume stretching.

If the initial gas saturation in the plume is low, the flow pattern is differ-
ent. Although such a case is of lesser practical interest, we briefly discuss it
here. The case where Spr < Spin < Sum is similar to the case Sy,;, = Srr
considered above: the downward travelling wave is not present and the bot-
tom end of the rarefaction wave propagates downward until it meets the
bottom travelling wave and the plume collapses.

An interesting case is Sp,;, = Sy By Equation (32), the bottom bound-
ary of the rarefaction wave does not move and the plume collapses when the
bottom travelling wave passes the location where f'(S) = 0.

If Sy < Shin < ST, then both ends of the rarefaction wave behind the
leading part of the plume propagate upward. The saturation Sp can be
significantly different from S,. The magnitude of the velocity of the bottom
of the plume is characterized by the slope of the line between points with
coordinates (Syipn, f(Smin)) and (Sg, f(SB)), Figure 7. Thus, unlike the
practically zero propagation velocity at the bottom of the plume at high gas

saturations, in this case this velocity is relatively high. If

~r(sm) > 15 (38)
the bottom velocity exceeds V(Sr). The inequality (38) can be satisfied
only when gas saturations are low. For example, at later times, when the gas
saturation becomes small in the whole plume, the bottom travelling wave
will accelerate and will eventually stretch the plume to uniform residual
saturation.

The calculations above assumed that the formation is initially fully water-
saturated. However, if the plume follows behind other plumes, the water
saturation at the front of the plume is not one but corresponds to the residual
gas saturation behind the other plumes. If the upper plume has already

stretched to uniform residual gas saturation, then, by Equation (B.8), the
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dimensionless velocity of propagation of the top of the following plume is
given by equation

Vi (S) = f(5)

S 1-5,-8 (39)

Clearly, Vr(S) > V(S). Thus, the “follow-up” plumes propagate faster than
the first one. In particular, subsequent plumes following one another will
likely coalesce after some time.

The fluid displacement mechanism in the part of the plume at initially
high gas saturation is imbibition. That is, water displaces supercritical
gas. At the top, a low-saturation gas flow displaces the reservoir water.
The theory of front stability in two-phase fluid displacement is based on
pressure perturbations [33, 34]. Thus, it is not applicable to buoyancy-driven
countercurrent flow. Pressure perturbations in each fluid are possible only
if the saturation changes. Water saturation behind the front determines the
velocity of propagation, Equation (28). Since the derivative of V' (S) vanishes
at S = Sp, a small perturbation of the saturation behind the front, S =
St + 05, results in a variation of the front propagation velocity of the order
O(85?). Thus, perturbations of the saturation may generate some dispersion
of the front. However, development of instabilities like macroscopic viscous
fingers is unlikely. This observation becomes less counterintuitive once one
notices that the mobility contrast at the front is close to one due to the low
gas saturation.

At the pore scale, countercurrent flow consists of numerous flow channels
and pathes, where the fluids flow in the opposite directions. If the per-
meability of the formation is high enough, the buoyancy drive can become
sufficient to support a non-zero macroscopic curl flow. Such a flow is not
countercurrent and the argument above is not applicable. An extreme case

of high permeability is bulk fluid flow, where the front is unstable.

A simple estimate of plume migration time. A rough estimate of the
time needed to trap all the gas initially contained in the plume can be ob-
tained as follows. Due to the high viscosity contrast, the difference between
St and S, is not very large. Viscosity contrast also implies that the function
V(S) decreases sharply as S deviates from Sp. Once water saturation at
the top of the plume becomes larger than Sp, its propagation slows down

dramatically. Further plume stretching happens at low gas saturation and
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decelerates continuously. The active plume stretching continues until wa-
ter saturation in the plume becomes close to Sp. If the initial thickness of

the plume is L, then mass balance yields an expression for the stretched
1 — Smin

1—-Sr
stretching is approximately equal to the velocity of propagation of the top,

plume thickness in the form: Ly = L. Since the velocity of plume

V(St), the time to attain this thickness is approximately

opwl St — Spin
k(ow —0g)9  f(57)
Here we have used the scaling of the velocity into physical units provided
by Equation (B.2).

t =~ (40)

CONCLUSIONS

Interactions of buoyant, capillary, and viscous forces determine the spon-
taneous flow of a gas plume in an aquifer. We focus on vertical flow, assum-
ing either flow in a vertical fracture or flow in the central part of a large
plume away from the lateral boundaries. The two-phase flow is counter-
current, where a volume of one fluid replaces an equal volume of the other
one.

The evolution of a gas plume can be modelled as a sequence of travelling
and rarefaction waves. In a travelling wave, the capillary pressure function
defines the thickness of a stable transition zone in the vertical saturation pro-
file. In a rarefaction wave zone, the saturation variation can only decrease,
so that the impact of capillarity is neglected.

The top and the bottom of the plume are modelled as travelling waves.
At high viscosity contrast between gas and water, the wave velocity at the
bottom part is negligibly small relative to the speed of propagation at the
top. Therefore, the plume does not rise like a bubble in bulk water, but
stretches until it reaches a uniform residual gas saturation or hits a hori-
zontal seal. The theoretical maximum of velocity of the top of the plume
propagation determines how fast the plume stretches in the vertical direc-
tion. This velocity in dimensionless form has been expressed through the
fractional flow function. The physical velocity arises from this dimension-
less velocity through a simple scaling relationship. This calculation leads
to a rough, but straightforward, estimate of the plume propagation time.
Accurate predictions of this time require knowledge of fluid and formation

parameters. Simple calculations presented in this study suggest that the
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velocity of propagation of a plume of supercritical carbon dioxide may reach
values of the order of tens of meters per year in an aquifer whose permeabil-
ity is of the order of 100 millidarcy.

At the beginning, the main part of the plume has much higher gas sat-
uration than the leading top part. This zone of highest gas saturation is
bounded from above and below by two travelling-wave saturation profiles
moving towards each other. Both travelling waves are followed by rarefac-
tion waves. The top rarefaction wave includes a point where the saturation
does not change in time. Surprisingly, this point corresponds to the most
intense fluid flow. Although the total volumetric fluid flow is identically
zero in the plume, the magnitudes of the individual Darcy velocities of gas
and water reach their maximal value. This point also serves as a separa-
tor between the part of the plume above it, where the fluid displacement is
drainage, and below, where the displacement mechanism is imbibition.

If there is a sequence of plumes one above the other, the lower plume
propagates with a higher velocity and there is a possibility of plume coales-
cence.

Accurate prediction of plume migration requires good understanding of
the formation properties, including capillary pressure and relative perme-
ability functions. A new parametrization of the capillary pressure has been
developed in order to achieve a good fit of laboratory core flood measure-
ments for the Frio sandstone.

At depths and length scales, where gas compressibility cannot be ne-
glected, the model described here needs a modification, which is beyond the

scope of this work.
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Absolute permeability in aquifer, £ | 100 millidarcy
Porosity in aquifer, ¢ 20 %
Water viscosity, p, 5.0-107* Pa-s
Gas viscosity, jig 4.38-107° Pa-s
Water density, 0, 1.0-10% kg/m3
Gas density, o4 0.561 - 10® kg/m?
Surface tension coeflicient, o 3-1072 N/m

TABLE 1. Formation and fluid parameters used in the calculations.

APPENDIX A

Here we present the formulae used for the relative permeability and cap-
illary pressure functions in the calculations discussed above.

The parameters characterizing the fluid and rock properties are listed in
Table 1. The fluid properties roughly correspond to the properties of water
and supercritical CO5 at the temperature of 60°C and the pressure of 150
bars.

Accurate estimation of the transition zone in a travelling-wave solution
requires high-quality fitting of the plateau zone on the capillary pressure
curve. In this study, we have used the following parametrization for the

Leverett’s J-function:
ny
J(S) = A (S;M . 1) +B (1 - 532) (A.1)

Here A, B, A are fitting parameters, and

S-Sy

S = 1-5;

(A.2)

with another fitting parameter S;. It turns out that this parametrization
makes possible a significantly better fitting of experimental data for Frio
and Berea sandstone than the traditionally used van Genuchten parame-
trization [17].

The following set of parameters has been used in Figure 8 to parameter-

ize the experimental curve obtained from a drainage experiment on a Frio
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FiGURE 8. The blue curve with circle markers is the data,

the red curve is the fitting curve. Fitting the plateau with

the new parametrization

formation sandstone core involving supercritical CO5 and brine:

A
B
A1
A2
Sy

0.0038
0.28
3.8
5.18
0.06

For the gas relative permeability, a Corey type formula [35] has been used:

krg(S) = (1= 8)*(1 - 57

where

S =

-

(A.4)

5= 5 (A.5)

In this work, the value of S,4, = 0.05 has been used.
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For water relative permeability, a van Genuchten function has been used
NE
kru(S) = V5" [1 - (1 - S*W) ] (A.6)

where S* = S*(9) is defined in

_S_Siw
11— Siw

The numerical values of the parameters for the relative permeability func-

S* (A7)

tions have been borrowed from [36].

APPENDIX B. TRAVELLING-WAVE AND RAREFACTION-WAVE SOLUTIONS

Travelling-wave solution. Let v be the velocity of travelling wave prop-
agation. Then, we seek a solution, which can be presented as a function of
a single composite variable Z = z — tv. From Equation (13),

ws' = (15) (25 - ou-0)) @)

Here the prime denotes the derivative with respect to the composite variable

Z. Define dimensionless plume propagation velocity V as

M
V=-—2"" B.2
k(ow — 04)9 (B2)

Then, in dimensionless variables, we seek a solution in the form

5(¢, ) =5(8) (B.3)
where
E=(C—1V (B.4)
A dimensionless travelling wave solution satisfies the equation
s d ;oo dS
— = — — -1 = B.
v — % (165 (% - 1)) =0 (B5)

¢f (20). The plume migration velocity, V', can be found from the following

considerations. We assume that the saturations at large distance are known:
S(—o0) =51 and S(+o00) =S5 (B.6)

The saturation profile stabilizes at a large distance, so that
dsS _ds

“+o00
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Accounting for the boundary conditions (B.6)—(B.7), integration of Equa-

tion (B.5) yields

1 f(S2) = f(S1)
¢ S2—51

Physically, the latter equation is an expression of mass conservation.

V= (B.8)

If Sy < Sy, then the travelling wave propagates upward (drainage), (V >
0), if £(S2) > f(S1); it propagates downward (imbibition), if f(S2) < f(S1).
Conversely, if Sy > S7, then the travelling wave propagates downward (imbi-
bition) if f(S2) > f(S1); it propagates upward (drainage), if f(S2) < f(S1).
An interesting case is a standing wave, which corresponds to the saturations
Sy and Sp, for which f(S2) = f(S1) and V = 0.

By virtue of the Lagrange finite increments theorem, Equation (B.8) im-

plies that

L
V= _E f (S)‘szg (B.9)

for some saturation S between S1 and So. Therefore, the fastest travelling
wave propagation corresponds to a pair of saturations both close to the
maximum of the absolute value of the derivative f’(S). In a typical case,
the function f(S) has two intervals where it is convex, and one interval
where it is concave, see Figure 5. The maximum of the absolute value of
f/(S) is attained at a saturation where f”(S) =0, i.e., at a dividing point
between adjacent intervals of convexity and concavity.

Integration of Equation (B.5) from —oco to § and from £ to +oo yields

¢vw@>&>::vﬂ$3%aj§fw@»+fwn (B.10)
wd&—S@D==—ﬁﬂ$J%$i?+f@@D—f@ﬂ (B.11)

Explicit solutions to the last two equations can be obtained in the form
§ = ¢(9):
dg Vf(8)T'(S)

- - (B.12)
S (IR TN
d¢ 1f(S)T'(5)
& = (B.13)
O (R CUCEES

One can verify that equations (B.12) and (B.13) are equivalent. Moreover,

the denominator in either equation is the difference between f(S) and a
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linear interpolation between f(S1) and f(S2). Therefore, the denominator
vanishes both at § = 51 and § = S5. A travelling wave solution can be
obtained by explicit integration of either one of the equations (B.12)—(B.13)
if the denominator does not vanish between S7 and S5. For example, this
holds true if both S and Sy are in the same interval of convexity or concavity
of function f(S). A solution £(S) is determined up to a vertical shift of the
coordinate. Let us pick a saturation value Sy between S; and Sy. Putting
& =& (Sp), one obtains
S

fm)J'(n)
£(8) =&+ g o dy  (B.14)
s{ 7o) — s(sy) - TN, )
2 1
or, equivalently,
7 ORA0)
£(8) =&+ SEAIRN dy  (B.15)
5[ ) — pisa) - LI

The function £(S) characterizes the transition of the saturation between
the two extreme values S7 and Ss in the propagating wave. The size of this
transition zone is, in particular, determined by the structure of Leverett’s [J-
function and the dimensionless factor v. A smaller surface tension coefficient

or higher permeability result in a sharper transition front, see Equation (19).

Rarefaction wave. A rarefaction wave is a self-similar solution obtained
for the hyperbolic approximation (25). The term comes from gas dynam-

ics [37]. To find such a solution, put

(B.16)

where (p is the location of the center of the wave. Then, Equation (25) takes
on the form
—¢n = f'(S) (B.17)
The last relationship provides a solution in the form n = 7(s), ¢f Equa-
tions (B.14)—(B.15).
Equation (B.17) can be converted into S = S(n) if the derivative f'(.9) is
monotone with respect to S. In other words, the second derivative, f”(S)
must not change the sign. In particular, the range of saturations in a rarefac-

tion wave must be contained in a single interval of convexity or concavity.
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In terms of variables ( and 7, a self-similar solution is provided by

C=Go T;f’ (5(r,0)) (B.18)

In particular, the velocity of propagation of the part of the rarefaction wave,

where brine saturation is S is equal to

Ve (S) = ——f'(9) (B.19)
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the storage reservoir itself—which is not the caSpecifically, we consider a situation where a
certain amount of gas is not forced, but migraf@sard under the control of buoyancy, viscous,
and capillary forces. We agree with the revieweat the situation considered in the manuscript
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is idealized. This idealization is used to hightithe impact of buoyancy and capillary forces in
a porous medium on the transport of gas in a pamedium. The main finding is that two-
phase flow and variation of gas saturation creat&tuation, which is very different from a
bubble of gas (or oil) rising in bulk water. Ifetimodel included all thinkable heterogeneities,
thermal variations, etc., this phenomenon wouldcehaeen obscured. We do understand though
that the impact of heterogeneity may change the flattern, both qualitatively and
quantitatively.

Site characterization is not the focus of this wovke have added two references to papers,
where a pilot C@injection field is discussed in more detail (beftine last paragraph of
Introduction).

2. The characteristic data discussed briefly in Appendix A are not presented in enough detail to
judge whether this information is meaningful for field-scale application asis being attempted

here. There should at least be a reference to a source describing the actual testing done to
determine these characteristics. Also apparently hysteresis effects were neglected in the
characterization. Why is thisjustified in the CO2 case?

Parameters describing gas and water flow at antiojesite are subject to a great uncertainty.
To use relevant numbers, we have utilized core mreasents carried out at LBNL for Frio
sandstone, which was the formation of a CO2 inpactield test conducted in 2006. Detailed
analyses of the coreflood measurements and fistchte both beyond the scope of this
publication. We have added references to pubtinatdescribing Frio pilot project in detail (see
the last but one paragraph of Introduction). Tlogivation for proposing a parameterization of
the capillary pressure curve was that that the contyrused van Genuchten parameterization
produced poor fitting of the data.

3. The analysis assumes a homogeneous medium, yet decades of research has shown that all

natural geologic media exhibit irregular variationsin hydraulic properties within a

hydrogeologic unit. In the case of two-phase flows it has been shown that even relatively minor
intra-formational variationsin texture can very dramatically affect flow characteristics, and
strongly influence the effective capillary pressure and relative permeability properties applicable

at the field-scale appropriate for the CO2 storage situation.

We do agree with this remark. We are preparindhergaper where the issue of heterogeneity
will be addressed. Here, however, our objectivte isighlight the impact of the two-phase
nature of the flow on the character of gas migratigvVe believe that the model employed in the
paper includes the most important forces affedtegflow, which are the gravity, viscous
friction, and capillarity. Therefore, the calcutats provide some insights and suggest simple
relationships. Accurate predictive simulationsuiegdetailed site characterization and multi-
scale numerical simulations, which are outsidesttape of this work.

We have added a clarification of our motivation o idealized settings of the problem in
Introduction, first paragraph on page 3.

4. Both the density and viscosity contrast between water and the injected CO2 are favorable for
unstable displacement with the fingering of CO2 into the water. This possibility is not even
mentioned in the paper. What is the basis for ignoring this process, which could accelerate CO2
movement? Only if these effects are accounted for or shown to be inconsequential, isit
appropriate to argue that this analysis applies to the CO2 storage situation. At least there must
be some acknowledgement of the possibl e influence of the ignored processes.



One of the predictions of the model is that in npzsts of the plume the displacement
mechanism is imbibition, that is, water displacas.gOn the top, low-saturation gas flow
displaces water. In all cases, we deal with a myaarrent flow. Thus, the classical front
stability criteria, see, for example, G. Saffman & G. |. Taylor, 1958, The penetration of a fluid
into a porous medium or Hele-Shaw cell containing a more viscous fluid, Proc. Royal Society,
245, p. 312-329 are not applicable. Since we are not aware ofighddl front stability analysis
for countercurrent flow, we have added two pardggdp the section called “Further remarks”,
where we address the issue of stability of theldcgment.

5. With the paper in its current form, the first paragraph of the abstract is misleading. Certainly

it is not been shown that the feasibility of CO2 storage technology can be assessed via this
approach.

We have removed the first paragraph of the Abstratthough this study has been motivated by
underground C@storage, the subject is not a £@jection technology, but a study of buoyancy-
driven vertical gas migration. The last two sen&nin the Abstract clarify that this solution
may be applicable to studying leakage rates froofoggcal storage reservoirs for G@nd

natural gas. The last sentence of the first papdigirathe Introduction defines the focus of this
work.

To summarize, we thank the reviewers for critiealding our manuscript. Their thoughtful
remarks helped us to revise our original submissie hope that we have answered the
guestions and addressed the concerns of the ragewée kindly ask to consider the modified
manuscript for possible publication in TransporPorous Media.

Yours truly,

Dmitriy Silin,

on behalf of all authors.



