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Abstract—Real-time smooth reactive control and optimal
damping of wave energy converters in irregular waves is difficult
in part because the radiation impulse response function is real
and causal, which constrains the frequency-dependent added
mass and radiation damping according to the Kramers–Kronig
relations. Optimal control for maximum energy conversion re-
quires independent synthesis of the impulse response functions
corresponding to these two quantities. Since both are non-causal,
full cancellation of reactive forces and matching of radiation
damping requires knowledge or estimation of device velocity into
the future. To address this non-causality and the non-causality of
the exciting force impulse response function, the use of up-wave
surface elevation has been suggested in the literature for synthesis
of the necessary control forces. The overall formulation here
draws on draws on this approach and leads to smooth control
that is near-optimal given the approximations involved in the
time-shifting of the non-causal impulse response functions and the
consequent up-wave distances at which wave surface elevation is
required. A predominantly heaving submerged device comprised
of three vertically stacked discs driving a hydraulic cylinder is
studied. Absorbed power performance with the present near-
optimal approach is compared with two other cases, (i) when
single-frequency tuning is used based on non-real time adjust-
ment of the reactive and resistive loads to maximize conversion at
the spectral peak frequency, and (ii) when no control is applied
with damping set to a constant value. Simulation results are
obtained for wave spectra at different significant wave heights
and energy periods representing three locations along the U.S.
coastline.

Index Terms—wave energy, irregular waves, wave-by-wave
control, up-wave surface elevation

NOMENCLATURE

𝛿(𝑡) Dirac delta function located at 𝑡 = 0
𝜂(⋅; 𝑡) Wave surface elevation at point ⋅ and time 𝑡
𝜇(∞) Infinite-frequency added mass of the three disc body

in heave
𝑐𝑑 Constant damping in the system
𝐷 Power take-off damping in constant damping case
𝐹𝑓 (𝑡) Exciting force in heave on the 3-disc body
𝐹𝑟(𝑡) Actuator applied force on the 3-disc body
ℎ𝑓 (𝑡) Impulse response kernel for exciting force
ℎ𝑟(𝑡) Radiation impulse response kernel
𝐻𝑠 Significant wave height

ℎ𝜆(𝑡) Inverse Fourier transform of radiation damping 𝜆(𝜔)
ℎ𝜇(𝑡) Inverse Fourier transform of frequency-dependent

added mass 𝜇(𝜔)
𝑘ℎ Steady stiffness in the hydraulic power take-off
𝑚 In-air mass of the 3-disc body
𝑅 Device radius
𝑡𝑐 Time duration beyond which ℎ𝑟(𝑡) is truncated to zero
𝑇𝑒 Energy period
𝑡𝑓 Time duration beyond which ℎ𝑓 (𝑡) is truncated to zero
𝑣 Heave velocity of the 3-disc body
𝑣𝑚 Heave velocity under single-frequency tuning control
𝑣𝑜 Device heave velocity under near-optimal control
𝑣𝑜𝑝𝑡(𝑡) Optimal device velocity in heave leading to maximum

power absorption
𝑥𝐴 Distance 𝑑 up-wave of device
𝑥𝐵 Device location relative to origin
𝑥𝑅 Distance 𝑑𝑅 up-wave of device

I. INTRODUCTION

Wave energy conversion technology has developed rapidly
in recent years, and many devices have matured to the point
of full-scale ocean operation [1]. Despite the inherent ad-
vantages of greater energy density and less variability, wave
energy often proves less cost effective than wind and solar
power. Active control of the hydrodynamic response of wave
energy devices can potentially enable over 3-5 fold increase in
overall efficiency, allowing fewer, structurally efficient, smaller
devices to meet the required energy generation targets. This
could make wave energy cost competitive in many locations
and justify the added expense of providing large reactive forces
and short term on-board energy storage.

As pointed out in the literature [2], hydrodynamic control
for optimal energy conversion in irregular waves presents
fundamental physical difficulties. These arise in part from
the fact that a body oscillating in waves also forces the free
surface to make its own waves. The radiation impulse response
function is causal, which implies that the frequency-dependent
added mass and radiation damping satisfy the Kramers–Kronig
relations. Optimal control for maximum energy conversion
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requires independent synthesis of the time-domain impulse
response kernels for these two quantities. Both are non-causal,
since the ‘impedance kernel’ corresponding to added mass
must be an odd function, and that corresponding to radiation
damping an even function. Therefore, real-time generation of
the control force requires knowledge or estimation of device
velocity into the future. Compromise solutions using velocity
estimation based on time-series analysis of past velocities were
reported several years ago [3], [4].

An alternative time-domain latching type control approach
using real-time application of clutching and declutching forces
has been investigated since the mid-seventies by many authors
[5], [6], [7], [8], [9], [10], etc. Recently, the use of a high-
pressure hydraulic power take-off was studied for a heaving
buoy type device to optimize the converted hydraulic power
in the time domain [11]. For a small, tubular oscillating water
column device, a ‘non-predictive’ phase control strategy was
considered more recently [12], with the understanding that the
radiation impedance was small. Frequency domain ‘complex-
conjugate control’ approaches comprising adjustable reactive
loading for selective tuning to changing wave spectra have
been studied since the mid-seventies [13], [14], [15], etc. Such
an approach was tested recently on the Wavestar device in
Denmark [16].

A method based on a coupled fuzzy logic–robust controller
was used for short term tuning with incoming-wave prediction
[17]. Some recently proposed time-domain control approaches
were evaluated in [18]. A stochastic control approach based
on past information only was recently investigated and found
to produce good performance relative to optimal time-domain
control [19]. ‘Hard’ displacement and force constraints on the
primary converter make it necessary but challenging to find
a practical optimal control strategy in the time domain, and
a Kalman-filter based predictor was used to derive a time-
domain constrained optimal controller for a heaving buoy
device [20]. The effect of device geometry on the ‘prediction
horizon’ for real-time control was studied with a view to
velocity/exciting force prediction [21].

This paper adopts the approach first discussed in [2] and
later outlined in [22] to infer the necessary velocity values
from free surface elevation information ‘up-wave’ of the
device (i.e. to the left of the device for waves propagating
from left to right). For up-wave distances on the order of
1000 m, a deterministic understanding of wave propagation
may be valid (especially where a predominant wave direction
is present) [22], [23], [24], etc. Thus, X-band radar technology
has been applied in recent years for real-time wave profile
measurements at a distance of 500–1500 m for use in ship
motion predictions (ahead of offshore operations such as
helicopter landing) [24]. LIDAR technology has also been
considered for such measurements [25].

A single-mode device with unconstrained oscillations is
used here so as to enable greater insight into potential dif-
ficulties with such control. The primary energy converter is a
submerged body comprised of three vertically stacked discs.
Power absorption and control are by means of a double-acting

Fig. 1. Schematic view of the device being investigated here.

hydraulic cylinder which uses a deeply submerged mass as a
reference.

It was found in an earlier work [26] that the exciting
force and hydrodynamic coefficient variations became flatter
and more ‘broad band’ with increasing depth, leading to
narrower inverse Fourier transforms in the time domain. As
discussed later, this is advantageous because the nature of
these functions determines the up-wave distance at which the
wave surface elevation is needed, and shorter distances imply
greater validity of the present approach and more economical
remote sensing measurement hardware (e.g. a lower-power
X-band radar) in a practical implementation. Performance of
the control based on up-wave surface elevation is compared
with single-frequency tuning, where a reactive load component
cancelling the inherent + frequency-dependent reactance and
a resistive component matching the radiation damping at the
peak frequency is used. The performance is also compared
with a case where no control is used and constant damping is
applied.

Section II following this introduction discusses the overall
formulation and the rationale behind the method. Section
III describes the purpose of the up-wave surface elevation
measurements and the corresponding distances. Section IV
derives the impulse response functions leading to device
response under control. Simulation procedure for a number of
2-parameter spectra is described in section VI. Results for the
three cases are discussed in section VII, and the main findings
are summarized in section VIII.

II. OVERVIEW OF METHOD

The device used in this work consists of three submerged
discs of radius 1 m and stacked at a spacing of 1 m on a single
central axis (Figure 1). With this stack configuration heave
motion is expected to predominate. A double-acting hydraulic
cylinder reacting against an approximately stationary deeply
submerged mass utilizes the disc heave for energy generation.
This submerged device is used here because results for exciting
force and hydrodynamic coefficients are readily available using



the method of [27], and because it was found that deeper
submergence allowed shorter lengths of time beyond which
the radiation and exciting force kernels tended to zero [26].
The equation of motion for heave velocity in an irregular wave
train is,

[𝑚 + 𝜇(∞)] 𝑣̇ + 𝑐𝑑𝑣 +

∫ ∞

0

ℎ𝑟(𝜏)𝑣(𝑡 − 𝜏)𝑑𝜏

+ 𝑘ℎ

∫ 𝑡

−∞
𝑣(𝜏)𝑑𝜏 = 𝐹𝑓 + 𝐹𝑟 (1)

where the convolution integral on the left represents the
radiation force in heave, due to the waves created by de-
vice oscillation near the free surface. The radiation impulse
response function/kernel ℎ𝑟(𝑡) is causal in that only the past
and present velocity affects the radiation force. In other words,
ℎ𝑟(𝑡) = 0, 𝑡 < 0. This implies that its Fourier transform 𝐻(𝑖𝜔)
is analytic in the upper half of the complex-frequency plane
[28]. Further, since ℎ𝑟(𝑡) is real-valued (velocity and radiation
force being real-valued), 𝐻𝑟(−𝑖𝜔) = 𝐻∗

𝑟 (𝑖𝜔). With∫ ∞

−∞
ℎ𝑟(𝑡)e

−𝑖𝜔𝑡𝑑𝑡 = 𝐻𝑟(𝑖𝜔) = 𝜆(𝜔) + 𝑖𝜔(𝜇(𝜔) (2)

where 𝜆(𝜔) and 𝜇(𝜔) are the frequency-dependent radiation
damping and added mass respectively. Since 𝐻𝑟(−𝑖𝜔) =
𝐻∗

𝑟 (𝑖𝜔), 𝜆(𝜔) is an even function and 𝜔𝜇(𝜔) is an odd
function. Further, since both 𝜆(𝜔) and 𝜇(𝜔) → 0 as 𝜔 → ∞,
it can be shown that, for a real-valued 𝜔,

𝑃𝑉

∫ ∞

−∞

𝐻𝑟(𝑖𝜛)

𝜛 − 𝜔
𝑑𝜛 = 𝜋𝑖𝐻𝑟(𝑖𝜔) (3)

which implies that

𝜆(𝜔) =
1

𝜋
𝑃𝑉

∫ ∞

−∞

𝜛𝜇(𝜛)

𝜛 − 𝜔
𝑑𝜛

𝜔𝜇(𝜔) = − 1

𝜋
𝑃𝑉

∫ ∞

−∞

𝜆(𝜛)

𝜛 − 𝜔
𝑑𝜛 (4)

where 𝑃𝑉 denotes principal value. Equation (4) shows the
Kramers–Kronig relations [29]. 𝜆(𝜔) and 𝜇(𝜔) are thus related
to each other and

ℎ𝑟(𝑡) =
2

𝜋

∫ ∞

0

𝜆(𝜔) cos𝜔𝑡𝑑𝜔 = − 2

𝜋

∫ ∞

0

𝜔𝜇(𝜔) sin𝜔𝑡𝑑𝜔

(5)
and it follows that

𝜆(𝜔) =

∫ ∞

0

ℎ𝑟(𝑡) cos𝜔𝑡𝑑𝑡

𝜇(𝜔) = − 1

𝜔

∫ ∞

0

ℎ𝑟(𝑡) sin𝜔𝑡𝑑𝑡 (6)

Note that the full Fourier transforms of 𝜆(𝜔) and 𝜔𝜇(𝜔) must
be even and odd functions of time and equal in magnitude
(= ℎ𝑟(𝑡)/2). Thus,

ℎ𝜆(𝑡) =
1

2𝜋

∫ ∞

−∞
𝜆(𝜔)e𝑖𝜔𝑡𝑑𝜔

ℎ𝜇(𝑡) =
1

2𝜋

∫ ∞

−∞
𝑖𝜔𝜇(𝜔)e𝑖𝜔𝑡𝑑𝜔 (7)

are both non-causal. The exciting force 𝐹𝑓 (𝑡) may be written
in terms of the wave surface elevation 𝜂 at the device centroid
𝑥𝐵 as

𝐹𝑓 (𝑡) =

∫ ∞

−∞
ℎ𝑓 (𝜏)𝜂(𝑥𝐵 ; 𝑡 − 𝜏)𝑑𝜏 (8)

With respect to 𝜂(𝑥𝐵 ; 𝑡), ℎ𝑓 is not causal, and ℎ𝑓 (𝑡) ∕= 0, 𝑡 <
0. For maximum energy absorption, the reactive terms in
equation (1) need to be externally forced out, and the rate
of energy radiation from the device needs to be equaled by
the rate of energy absorption by the power take-off. In some
cases, such as with the present hydraulic power take-off, the
same mechanism may be used for reactive force cancellation
and energy absorption. Thus, for maximum power absorption,
the force 𝐹𝑟(𝑡) needs to be

𝐹𝑟(𝑡) = [𝑚 + 𝜇(∞)]𝑣̇ + 𝑘ℎ

∫ 𝑡

−∞
𝑣(𝜏)𝑑𝜏 + 𝐹𝑐(𝑡) (9)

where the first two terms contain the frequency-independent
inertia and stiffness effects only, and can be derived in real
time using velocity and acceleration measurements at the
current instant and no prediction is required. 𝐹𝑐(𝑡) is the
part that needs to provide the correct power absorption rate
and cancel the remaining reactive effects. 𝐹𝑐(𝑡) is the inverse
Fourier transform of 𝐹𝑐(𝑖𝜔) where

𝐹𝑐(𝑖𝜔) = −[𝜆(𝜔) + 𝑐𝑑]𝑣(𝑖𝜔) + 𝑖𝜔𝜇(𝜔)𝑣(𝑖𝜔) (10)

Thus,

𝐹𝑐(𝑡) = −𝑐𝑑𝑣(𝑡)−
∫ ∞

−∞
ℎ𝜆(𝜏)𝑣(𝑡−𝜏)𝑑𝜏+

∫ ∞

−∞
ℎ𝜇(𝜏)𝑣(𝑡−𝜏)𝑑𝜏

(11)
Substitution of equations (9) and (11) into equation (1) results
in 𝑣(𝑡) ≡ 𝑣𝑜𝑝𝑡(𝑡) with

2

(
𝑐𝑑 +

∫ ∞

−∞
ℎ𝜆(𝜏)𝑣𝑜𝑝𝑡(𝑡 − 𝜏)𝑑𝜏

)
= 𝐹𝑓 (𝑡) (12)

Equivalently,

2

∫ ∞

−∞
[𝑐𝑑𝛿(𝜏) + ℎ𝜆(𝜏)]𝑣𝑜𝑝𝑡(𝑡 − 𝜏)𝑑𝜏 = 𝐹𝑓 (𝑡) (13)

In practice ℎ𝑟(𝑡) [and therefore ℎ𝜆(𝑡) and ℎ𝜇(𝑡)] → 0 beyond
𝑡 → 𝑡𝑐, where 𝑡𝑐 may be several seconds. Similarly, ℎ𝑓 (𝑡) →
0, 𝑡 < −𝑡𝑓1 and ℎ𝑓 (𝑡) → 0, 𝑡 > 𝑡𝑓2, where 𝑡𝑓1 and 𝑡𝑓2 may
be equal and set to 𝑡𝑓 (alternatively, 𝑡𝑓 = max[𝑡𝑓1, 𝑡𝑓2] may
be used). Thus, in practice, the following approximations may
be used.

𝐹𝑐(𝑡) ≈ −𝑐𝑑𝑣(𝑡)−
∫ 𝑡𝑐

−𝑡𝑐

ℎ𝜆(𝜏)𝑣(𝑡−𝜏)𝑑𝜏+

∫ 𝑡𝑐

−𝑡𝑐

ℎ𝜇(𝜏)𝑣(𝑡−𝜏)𝑑𝜏

(14)
and,

𝐹𝑓 (𝑡) =

∫ 𝑡𝑓

−𝑡𝑓

ℎ𝑓 (𝜏)𝜂(𝑥𝐵 ; 𝑡 − 𝜏)𝑑𝜏 (15)

To synthesize 𝐹𝑐(𝑡) therefore, estimates of velocity up to
𝑡 = 𝑡𝑐 into the future are required. If the force 𝐹𝑓 is used in
this estimation, then 𝐹𝑓 estimates are required up to 𝑡 = 𝑡𝑓



further into the future (i.e. up to 𝑡 = 𝑡𝑐 + 𝑡𝑓 ). Finally, with
𝐹𝑐(𝑡) approximated as in equation (14), the device dynamics
under near-optimal control will reduce to,

2

(
𝑐𝑑 +

∫ 𝑡𝑐

−𝑡𝑐

ℎ𝜆(𝜏)𝑣𝑜(𝑡 − 𝜏)𝑑𝜏

)
= 𝐹𝑓 (𝑡) (16)

where now 𝑣(𝑡) is replaced by 𝑣𝑜(𝑡), which is the device
velocity under near-optimal control as enabled by 𝐹𝑟(𝑡) based
on the approximate 𝐹𝑐(𝑡).

III. USE OF UP WAVE SURFACE ELEVATION

As mentioned previously, a deterministic analysis of prop-
agation in the predominant wave direction may be valid over
distances on the order of 1000 m. The surface elevation for a
uni-directional wave propagating from left to right over 𝑥 > 0
is described as

𝜂(𝑥𝐵 ; 𝑖𝜔) = 𝐴(𝑖𝜔)e−𝑖𝑘(𝜔)𝑥𝐵 (17)

where

𝜂(𝑥𝐵 ; 𝑡) =
1

2𝜋

∫ ∞

−∞
𝜂(𝑥𝐵 ; 𝑖𝜔)e

𝑖𝜔𝑡𝑑𝜔 (18)

The complex amplitude 𝐴(𝑖𝜔) contains both amplitude and
phase information [22]. Ignoring any viscous attenuation ef-
fects, if 𝑥𝐴 is a point to the left of, i.e. up-wave of 𝑥𝐵 , so
that 𝑥𝐵 −𝑥𝐴 = 𝑑, then for the frequency 𝜔 and wave number
𝑘(𝜔),

𝜂(𝑥𝐵 ; 𝑖𝜔) = e−𝑖𝑘(𝜔)𝑑𝜂(𝑥𝐴; 𝑖𝜔) (19)

The time-domain relation between the surface elevations 𝜂
at 𝑥 = 𝑥𝐴 and 𝑥 = 𝑥𝐵 is generally not causal [2], [22], given
the theoretical presence of zero-frequency or infinite-period
waves. However, only a range of frequencies is relevant in
practical wave spectra, and though longer water waves travel
faster, a maximum velocity limit is reached in finite water
depth ℎ. Past this limit (=

√
𝑔ℎ), group velocity equals phase

velocity and propagation becomes nondispersive and causal1.
This observation is used to define the time-shifted impulse
response functions below and to determine the location of the
surface elevation used in control. The exciting force 𝐹𝑓 (𝑖𝜔)
in the frequency domain can be written as

𝐹𝑓 (𝑖𝜔) =

∫ ∞

−∞
𝐹𝑓 (𝑡)e

−𝑖𝜔𝑡𝑑𝑡 (20)

and equation (8) transforms to,

𝐹𝑓 (𝑖𝜔) = 𝐻𝑓 (𝑖𝜔)𝜂(𝑥𝐵 ; 𝑖𝜔) (21)

where

𝐻𝑓 (𝑖𝜔) =

∫ ∞

−∞
ℎ𝑓 (𝑡)e

−𝑖𝜔𝑡𝑑𝑡 (22)

is the complex frequency response function for the exciting
force. Following arguments similar to [22], one can construct

1In case ℎ → ∞, a finite depth ℎ𝑠 may be used for which the exciting
and radiation force impulse response functions very closely approach those
for infinite depth [22].

a version ℎ𝑓𝑑(𝑡) of ℎ𝑓 (𝑡) that is right-shifted on the time axis
by 𝑡𝑓 seconds so that,

ℎ𝑓𝑑(𝑡) = ℎ𝑓 (𝑡 − 𝑡𝑓 ) (23)

Since ℎ𝑓 is truncated to zero for 𝑡 < −𝑡𝑓 , ℎ𝑓𝑑 is approxi-
mately causal, or ℎ𝑓𝑑(𝑡) ≈ 0, 𝑡 < 0. In the frequency domain,

𝐻𝑓𝑑(𝑖𝜔) = 𝐻𝑓 (𝑖𝜔)e
−𝑖𝑘(𝜔)𝑑 (24)

where
𝑑 = 𝑣𝑚𝑎𝑥𝑡𝑓 , where 𝑣𝑚𝑎𝑥 =

√
𝑔ℎ (25)

𝑣𝑚𝑎𝑥 is the fastest wave speed (for the longest wave) in the
spectrum at a roughly constant water depth ℎ [22]. From
equation (19),

𝜂(𝑥𝐴; 𝑖𝜔) = e𝑖𝑘(𝜔)𝑑𝜂(𝑥𝐵 ; 𝑖𝜔) (26)

where 𝑑 is as determined in equation (25). Therefore,

𝐹𝑓 (𝑖𝜔) = 𝐻𝑓 (𝑖𝜔)𝜂(𝑥𝐵 ; 𝑖𝜔) ≈ 𝐻𝑓𝑑(𝑖𝜔)𝜂(𝑥𝐴; 𝑖𝜔) (27)

Taking the inverse Fourier transform of equation (27),

𝐹𝑓 (𝑡) ≈
∫ 𝑡𝑓

−𝑡𝑓

ℎ𝑓 (𝜏)𝜂(𝑥𝐵 ; 𝑡 − 𝜏)𝑑𝜏

=

∫ 2𝑡𝑓

0

ℎ𝑓𝑑(𝜏)𝜂(𝑥𝐴; 𝑡 − 𝜏)𝑑𝜏 (28)

𝜂(𝑥𝐴; 𝑡) is the surface elevation at a station 𝑥𝐴 up-wave of the
device. The present and past values of 𝜂(𝑥𝐴; 𝑡) from 0 to 2𝑡𝑓
are required for a good approximation of 𝐹𝑓 (𝑡) at the present
instant.

The near-optimal control force to be synthesized according
to equation (14) has two integrals with non-causal impulse
response kernels ℎ𝜆 and ℎ𝜇. Analogously to ℎ𝑓𝑑, the time-
shifted versions of ℎ𝜆 and ℎ𝜇 can be found as

ℎ𝜆𝑐(𝑡) = ℎ𝜆(𝑡 − 𝑡𝑐)

ℎ𝜇𝑐(𝑡) = ℎ𝜇(𝑡 − 𝑡𝑐) (29)

Since ℎ𝜆 and ℎ𝜇 are approximately zero for ∣𝑡∣ > 𝑡𝑐, ℎ𝜆𝑐 and
ℎ𝜇𝑐 are approximately causal, i.e. ≈ 0, 𝑡 < 0. In light of the
above discussion, a distance 𝑑𝑐 can be defined in the up-wave
direction such that

𝑑𝑐 = 𝑣𝑚𝑎𝑥𝑡𝑐, with 𝑣𝑚𝑎𝑥 =
√

𝑔ℎ (30)

In the frequency domain, this defines two functions,

𝜆𝑐(𝑖𝜔) = 𝜆(𝜔)e−𝑖𝑘(𝜔)𝑑𝑐

𝜇𝑐(𝑖𝜔) = 𝜇(𝜔)e−𝑖𝑘(𝜔)𝑑𝑐 (31)

With the waves propagating from left to right, were the device
placed a distance 𝑑𝑐 up-wave of its current location 𝑥𝐵 at a
distance 𝑥𝐶 , where 𝑥𝐶 = 𝑥𝐵 − 𝑑𝑐, then, within linearity,
its velocity in the frequency domain would be related to the
current device velocity according to,

𝑣𝑐(𝑖𝜔) = e𝑖𝑘(𝜔)𝑑𝑐𝑣(𝑖𝜔) (32)



In light of equations (31) and (32), the control force 𝐹𝑐(𝑖𝜔)
in the frequency domain can be expressed as,

𝐹𝑐(𝑖𝜔) = −𝜆𝑐(𝑖𝜔)e
𝑖𝑘(𝜔)𝑑𝑐𝑣(𝑖𝜔)− 𝑐𝑑𝑣(𝑖𝜔)

+ 𝑖𝜔𝜇𝑐(𝑖𝜔)e
𝑖𝑘(𝜔)𝑑𝑐𝑣(𝑖𝜔)

= −𝜆𝑐(𝑖𝜔)𝑣𝑐(𝑖𝜔)− 𝑐𝑑𝑣(𝑖𝜔) + 𝑖𝜔𝜇𝑐(𝑖𝜔)𝑣𝑐(𝑖𝜔) (33)

which in the time domain takes the form,

𝐹𝑐(𝑡) =−
(

𝑐𝑑𝑣𝑐(𝑡) +

∫ 2𝑡𝑐

0

ℎ𝜆𝑐(𝜏)𝑣𝑐(𝑡 − 𝜏)𝑑𝜏

)

+

∫ 2𝑡𝑐

0

ℎ𝜇𝑐(𝜏)𝑣𝑐(𝑡 − 𝜏)𝑑𝜏 (34)

where the two impulse response kernels ℎ𝜆𝑐 and ℎ𝜇𝑐 are causal
to the degree of approximation implied in equation (14). The
velocity under near-optimal control in the frequency domain
can be expressed as,

𝑣𝑜(𝑖𝜔) =
𝐻𝑓𝑑(𝑖𝜔)𝜂(𝑥𝐴; 𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)]
(35)

If the device were a distance 𝑑𝑐 up-wave of the location 𝑥𝐵 ,

𝑣𝑜𝐶(𝑖𝜔) = 𝑣𝑜(𝑖𝜔)e
𝑖𝑘(𝜔)𝑑𝑐 (36)

Defining 𝑥𝑅 as a station 𝑑𝑐 up-wave of 𝑥𝐴(= 𝑥𝐵 − 𝑑), such
that 𝑥𝑅 = 𝑥𝐴 − 𝑑𝑐,

𝜂(𝑥𝐴; 𝑖𝜔) = e−𝑘(𝜔)𝑑𝑐𝜂(𝑥𝑅; 𝑖𝜔) (37)

implying that,

𝑣𝑜𝐶(𝑖𝜔) =
𝐻𝑓𝑑(𝑖𝜔)𝜂(𝑥𝑅; 𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)]
(38)

In the time domain, this can be expressed as

𝑣𝑜𝐶(𝑡) =

∫ 2𝑡𝑅

0

ℎ𝑜𝐶(𝜏)𝜂(𝑥𝑅; 𝑡 − 𝜏)𝑑𝜏 (39)

where

ℎ𝑜𝐶(𝑡) =
1

2𝜋

∫ ∞

−∞

𝐻𝑓𝑑(𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)]
e𝑖𝜔𝑡𝑑𝜔 (40)

is causal to the approximation implicit here, and 𝑡𝑅 = 𝑡𝑓 + 𝑡𝑐.
Further, 𝑥𝑅 = 𝑥𝐵 − 𝑑 − 𝑑𝑐 = 𝑥𝐵 − 𝑑𝑅,

𝑑𝑅 = 𝑣𝑚𝑎𝑥(𝑡𝑓 + 𝑡𝑐) = 𝑣𝑚𝑎𝑥𝑡𝑅, with 𝑣𝑚𝑎𝑥 =
√

𝑔ℎ (41)

Generation of the near-optimal 𝐹𝑐(𝑡) therefore requires use of
the surface elevation information a distance 𝑑𝑅 up-wave of the
device.

IV. FORCES SYNTHESIZED

In a response simulation in the time domain according to
equation (1) or in experimental testing, it is straightforward,
knowing the physical parameters of the device and its infinite-
frequency added mass in heave to construct the causal part of
the control force as,

𝐹𝑠(𝑡) = [𝑚 + 𝜇(∞)]𝑣̇(𝑡) + 𝑘ℎ

∫ 𝑡

−∞
𝑣(𝜏)𝑑𝜏 (42)

Application of this force requires real time measurement of the
device velocity (at least). With 𝐹𝑠 applied, the device velocity
in the frequency domain is,

[𝑖𝜔𝜇(𝜔) + 𝜆(𝜔) + 𝑐𝑑]𝑣(𝑖𝜔) = 𝐹𝑓 (𝑖𝜔) + 𝐹𝑐(𝑖𝜔) (43)

𝐹𝑐(𝑖𝜔) may be constructed based on the second of equations
(33). Using the ‘desired’ 𝑣𝑜(𝑖𝜔) and 𝑣𝑜𝐶(𝑖𝜔) to generate
𝐹𝑐(𝑖𝜔),

𝐹𝑐(𝑖𝜔) =
[𝑖𝜔𝜇𝑐(𝑖𝜔)− 𝜆𝑐(𝑖𝜔)]𝐻𝑓𝑑(𝑖𝜔)

2[𝑐𝑑 + 𝜇(𝜔)]
𝜂(𝑥𝑅; 𝑖𝜔)

− 𝑐𝑑𝐻𝑓𝑑(𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)]
𝜂(𝑥𝐴; 𝑖𝜔) (44)

Substituting (44) into equation (43), and solving for 𝑣(𝑖𝜔) ≡
𝑣𝑎𝑐𝑡(𝑖𝜔),

𝑣𝑎𝑐𝑡(𝑖𝜔) =
[𝑐𝑑 + 2𝜆(𝜔)]𝐻𝑓𝑑(𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)][𝑖𝜔𝜇(𝜔) + 𝜆(𝜔) + 𝑐𝑑]
𝜂(𝑥𝐴; 𝑖𝜔)

+
[𝑖𝜔𝜇𝑐(𝑖𝜔)− 𝜆𝑐(𝑖𝜔)]𝐻𝑓𝑑(𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)][𝑖𝜔𝜇(𝜔) + 𝜆(𝜔) + 𝑐𝑑]
𝜂(𝑥𝑅; 𝑖𝜔)

(45)

Introducing the impulse response functions ℎ𝐴(𝑡) and ℎ𝑅(𝑡)

ℎ𝐴(𝑡) =
1

2𝜋

∫ ∞

−∞

[𝑐𝑑 + 2𝜆(𝜔)]𝐻𝑓𝑑(𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)][𝑖𝜔𝜇(𝜔) + 𝜆(𝜔) + 𝑐𝑑]
e𝑖𝜔𝑡𝑑𝜔

ℎ𝑅(𝑡) =
1

2𝜋

∫ ∞

−∞

[𝑖𝜔𝜇(𝜔)− 𝜆(𝜔)]𝐻𝑓𝑑(𝑖𝜔)

2[𝜆(𝜔) + 𝑐𝑑][𝑖𝜔𝜇(𝜔) + 𝜆(𝜔) + 𝑐𝑑]
e𝑖𝜔𝑡𝑑𝜔

(46)

𝑣𝑎𝑐𝑡(𝑡) in the time domain can be evaluated as

𝑣𝑎𝑐𝑡(𝑡) =

∫ 2𝑡𝑓

0

ℎ𝐴(𝜏)𝜂(𝑥𝐴; 𝑡 − 𝜏)𝑑𝜏

+

∫ 2𝑡𝑓

0

ℎ𝑅(𝜏)𝜂(𝑥𝑅; 𝑡 − 𝜏)𝑑𝜏 (47)

If the present simulations work correctly, 𝑣𝑎𝑐𝑡(𝑡) must be
nearly identical to 𝑣𝑜(𝑡). In a practical implementation any
difference between 𝑣𝑎𝑐𝑡 and 𝑣𝑜 arising from disturbances
could be corrected using negative feedback based on the
difference (and its derivative and integral if needed). However,
a controller leading to maximum power absorption will still
need 𝑣𝑜𝐶 up-wave (or future-velocity estimates such as based
on time-series models) as, in a sense, a ‘feedforward’ input.

The part of the control force 𝐹𝑐 responsible for power
absorption can be expressed in the frequency domain as,

𝐹𝑙(𝑖𝜔) = −𝜆𝑐(𝑖𝜔)𝐻𝑓𝑑(𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)]
𝜂(𝑥𝑅; 𝑖𝜔)− 𝑐𝑑𝐻𝑓𝑑(𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)]
𝜂(𝑥𝐴; 𝑖𝜔)

(48)
so that, in the time domain,

𝐹𝑙(𝑡) =−
∫ 2𝑡𝑅

0

ℎ𝑙1(𝜏)𝜂(𝑥𝑅; 𝑡 − 𝜏)𝑑𝜏

−
∫ 2𝑡𝑓

0

ℎ𝑙2(𝜏)𝜂(𝑥𝐴; 𝑡 − 𝜏)𝑑𝜏 (49)



The impulse response functions ℎ𝑙1 and ℎ𝑙2 can be found as
follows.

ℎ𝑙1(𝑡) =
1

2𝜋

∫ ∞

−∞

𝜆𝑐(𝜔)𝐻𝑓𝑑(𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)]
e𝑖𝜔𝑡𝑑𝜔

ℎ𝑙2(𝑡) =
1

2𝜋

∫ ∞

−∞

𝑐𝑑𝐻𝑓𝑑(𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)]
e𝑖𝜔𝑡𝑑𝜔 (50)

The reactive part of 𝐹𝑐(𝑡) can be written in the frequency
domain as,

𝐹𝑎(𝑖𝜔) =
𝑖𝜔𝜇𝑐(𝑖𝜔)𝐻𝑓𝑑(𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)]
𝜂(𝑥𝑅; 𝑖𝜔) (51)

and in the time domain as,

𝐹𝑎(𝑡) =

∫ 2𝑡𝑅

0

ℎ𝑎(𝜏)𝜂(𝑥𝑅; 𝑡 − 𝜏)𝑑𝜏 (52)

where

ℎ𝑎(𝑡) =
1

2𝜋

∫ ∞

−∞

𝑖𝜔𝜇𝑐(𝑖𝜔)𝐻𝑓𝑑(𝑖𝜔)

2[𝑐𝑑 + 𝜆(𝜔)]
e𝑖𝜔𝑡𝑑𝜔 (53)

V. WAVE SURFACE ELEVATION AT 𝑥𝑅 AND 𝑥𝐴

As mentioned earlier, radar-based non-contact measurement
techniques may be used to obtain the real-time surface el-
evation at 𝑥𝑅 and 𝑥𝐴 [23], [24], etc. In case significant
reflections from the device or shore exist, measurements at
at least two additional points in the predominant propagation
direction would be needed for separation of the incident and
reflected wave components at 𝑥𝐴 and 𝑥𝑅. In the present
simulations, the surface elevations at 𝑥𝑅 and 𝑥𝐴 are generated
numerically. Phase angle is generated at 𝑥 = 𝑥𝑅 using a ran-
dom number generator over [0, 2𝜋]. Two-parameter Pierson–
Moskowitz type spectra are fitted to observed wave parameters
at 3 U.S. coastal locations: (i) National Data Buoy Center
(NDBC) station 51207 in Kaneohe Bay (water depth 100 m),
Hawaii: 𝐻𝑠 = 2.4 m, 𝑇𝑒 = 9.0 s; (ii) NDBC station 44017 at
Montauk Point off New York (water depth, 52 m): 𝐻𝑠 = 2.6
m, 𝑇𝑒 = 10.8 s; and (iii) NDBC station 46239 at Point Sur
off California (water depth 366 m): 𝐻𝑠 = 1.4 m, 𝑇𝑒 = 14.0 s.
Note that these conditions are not annual averages but rather
conditions observed at the time of the calculation. Further,
even though a Pierson–Moskowitz type spectrum appears to
fit the Kaneohe Bay and Montauk point data, it does not fully
capture the somewhat bimodal spectrum at Point Sur at the
time of observation. For the spectral density 𝑆(𝜔) inferred
from the above 𝐻𝑠 and 𝑇𝑒, the wave amplitude 𝐴(𝜔) is,

𝐴(𝜔) =

√
𝑆(𝜔)

2
(54)

which is consistent with the inverse Fourier transformation
procedure used here for computing 𝜂(𝑥; 𝑡). Thus, the surface
elevation at 𝑥𝑅 is generated using

𝜂(𝑥𝑅; 𝑡) =
1

2𝜋

∫ ∞

−∞
𝐴(𝜔)e−𝑖[𝑘(𝜔)𝑥𝑅−𝜔𝑡+𝜃(𝜔)]𝑑𝜔 (55)

where 𝜃(𝜔) is the random phase angle mentioned above. The
surface elevation at 𝑥𝐴 is computed as

𝜂(𝑥𝐴; 𝑡) =
1

2𝜋

∫ ∞

−∞
𝐴(𝜔)e−𝑖[𝑘(𝜔)𝑥𝐴−𝜔𝑡+𝜃(𝜔)]𝑑𝜔 (56)

VI. SIMULATIONS

Time domain calculations were performed for the present
submerged 3-disc device with disc radius 𝑅 of 1 m and disc
vertical spacing of 1 m. Submergence depth of the topmost
disc was 2 m, to prevent loss of static submergence up to
wave amplitudes approaching 2 m. The hydraulic power take-
off was assumed to be capable of generating the large control
forces required in swell-dominated irregular waves. Energy
storage was also assumed to be available near the device, so
that the required reactive power could be supplied. For small
devices such as the present device, the need for large control
forces and energy storage represents a design challenge.

The exciting force and hydrodynamic coefficients in heave
were computed as discussed in [30]. A disc thickness of 0.2
m was used for each disc, and a steady stiffness 𝑘ℎ =10 kN/m
was used for the hydraulic power take-off. The depth ℎ was
as specified above for the three locations, except that where it
exceeded 225 m, a value ℎ = 225 m was used.

A program developed within Matlab was used to simulate
the velocity response in the present wave conditions. The
standard Discrete Fourier transformation routine in Matlab
was used here for the various inverse Fourier transform
calculations. For each spectrum, the response was computed
over 10 minutes. 𝑣𝑎𝑐𝑡(𝑡) and 𝑣𝑜(𝑡) were compared over this
duration. For the control forces applied, 𝑣𝑎𝑐𝑡(𝑡) was plotted
alongside 𝐹𝑓 (𝑡) to test whether velocity was synchronous with
exciting force. Also computed was the average power absorbed
over the 10-minute interval, and this was compared with the
incident power at the given 𝐻𝑠 and 𝑇𝑒. The device response
and absorbed power were also found when (i) single-frequency
tuning control was used, where the forces were tuned to cancel
the reactive terms and match the radiation damping at the
spectral peak frequency; and when (ii) just constant linear
damping was applied with no active control. In the case with
single-frequency tuning, the device velocity in heave could be
expressed in frequency domain as,

𝑣𝑚(𝑖𝜔) =
𝐻𝑓𝑑(𝑖𝜔)𝜂(𝑥𝐴; 𝑖𝜔)

𝑖𝜔[𝜇(𝜔)− 𝜇𝑜] + [𝜆(𝜔) + 𝜆𝑜 + 2𝑐𝑑]
(57)

where 𝜇𝑜 is the frequency-dependent added mass at the peak
frequency in the spectrum, and 𝜆𝑜 is the frequency-dependent
radiation damping for the device at the peak frequency. No
measurement of 𝜂(𝑥𝐴; 𝑡) is required for this case in practice,
and only periodic updating of the incoming-wave spectrum is
needed (as implemented in [16]). The simulation here uses it
simply as a means to evaluate the time domain velocity 𝑣𝑚(𝑡)
within the existing formulation. Thus, in the time domain,

𝑣𝑚(𝑡) =

∫ 2𝑡𝑓

0

ℎ𝑓𝑐(𝜏)𝜂(𝑥𝐴; 𝑡 − 𝜏)𝑑𝜏 (58)



where

ℎ𝑓𝑐(𝑡) =
1

2𝜋

∫ ∞

−∞

𝐻𝑓𝑑(𝑖𝜔)

𝑖𝜔[𝜇(𝜔)− 𝜇𝑜] + [𝜆(𝜔) + 𝜆𝑜 + 2𝑐𝑑]
e𝑖𝜔𝑡𝑑𝜔

(59)
For the case with constant damping 𝐷 and no active control,
the velocity in the time domain is,

𝑣𝑛𝑐(𝑡) =

∫ 2𝑡𝑓

0

ℎ𝑛𝑐(𝜏)𝜂(𝑥𝐴; 𝑡 − 𝜏)𝑑𝜏 (60)

where

ℎ𝑛𝑐(𝑡) =
1

2𝜋

∫ ∞

−∞
𝐻𝑛𝑐(𝑖𝜔)e

𝑖𝜔𝑡𝑑𝜔 (61)

where

𝐻𝑛𝑐(𝑖𝜔) =

𝐻𝑓𝑑(𝑖𝜔)

𝑖𝜔[𝑚 + 𝜇(∞) + 𝜇(𝜔)]− 𝑖(1/𝜔)𝑘 + [𝜆(𝜔) + 𝑐𝑑 + 𝐷]
(62)

The incident power in kW incident over the device diameter
2𝑅 for a given 𝐻𝑠 and 𝑇𝑒 combination was found using

𝑃𝑖𝑛𝑐 = 0.49𝐻2
𝑠𝑇𝑒(2𝑅) (63)

The average power absorbed in the three cases could be found
over a simulation duration of [0, 𝑇 ] seconds as follows.

𝑃𝑤 =
1

𝑇

∫ 𝑇

0

[𝐹𝑙(𝑡) + 𝑐𝑑𝑣𝑎𝑐𝑡(𝑡)]𝑣𝑎𝑐𝑡(𝑡)𝑑𝑡 (64)

for near optimal control. For single-frequency tuning,

𝑃𝑓 =
1

𝑇

∫ 𝑇

0

[𝜇𝑜 + 𝑐𝑑]𝑣
2
𝑚(𝑡)𝑑𝑡 (65)

With no control and constant damping,

𝑃𝑛𝑐 =
1

𝑇

∫ 𝑇

0

𝐷𝑣2
𝑛𝑐(𝑡)𝑑𝑡 (66)

The simulation used discrete-time approximations for the
various continuous-time expressions in this treatment. The
sampling period was linked to the calculation time window
(and frequency range).

VII. DISCUSSION

It is seen that ℎ𝑟 (and consequently ℎ𝜆 and ℎ𝜇) → 0 beyond
𝑡 → 5.5 s, and ℎ𝑓 → 0 beyond ∣𝑡∣ → 4 s, and these values
are used, respectively, as 𝑡𝑐 and 𝑡𝑓 here for the determination
of distances 𝑑𝑐 and 𝑑 and the synthesis of the near-optimal
control forces [30]. The impulse response functions ℎ𝑛𝑐, ℎ𝑓𝑐,
and ℎ𝑜 are also discussed in [30]. ℎ𝑓𝑐 need not be used in
practice for the single-frequency tuning control if the power
take-off is simply continually re-tuned to different frequencies
based on measurements of the incoming spectra at a point
in the vicinity of the device. This process only requires a
look-up table with known frequency distributions of the added
mass and radiation damping along with the terms comprising
the fully-causal 𝐹𝑠(𝑡). Re-tuning may be carried out at 10-
15 minute intervals (e.g. as in [16]). Surface elevation from
𝑥 = 𝑥𝐴 is used for finding the 𝑣𝑜(𝑡) at the current instant. ℎ𝑜
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Fig. 2. Impulse response function ℎ𝐴 used in evaluating device velocity.
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Fig. 3. Impulse response function ℎ𝑅 used in evaluating device velocity.

is used in these simulations simply to obtain 𝑣𝑜 for comparison
with the 𝑣𝑎𝑐𝑡 resulting from the applied control forces.

Figures 2 and 3 show the impulse response kernels ℎ𝐴

and ℎ𝑅 [equations (46)]. Both are seen to be nearly causal
with respect to the surface elevation information they each
receive [𝜂(𝑥𝐴; 𝑡) for ℎ𝐴 and 𝜂(𝑥𝑅; 𝑡) for ℎ𝑅]. The impulse
response functions ℎ𝑙1 and ℎ𝑙2 are shown in Figures 4 and
5 and are also seen to be almost causal. These kernels have
a long memory, however, which is likely due to the highly
oscillatory phase variation introduced by the e−𝑘(𝜔)𝑑 (and like)
operators. It is recalled that for the left → right propagating
waves here this substitutes for the Fourier transform of the
time-shift operator subject to the arguments in section III,
[2] and [22]. The greater the up-wave distance, the more
sensitive the phase angle becomes to 𝑘. As mentioned, this
work uses the standard Discrete Fourier transformation in
Matlab, but alternative approaches including a purely time-
domain implementation with nested convolutions need to be
considered. The wave profiles at 𝑥𝑅 and 𝑥𝐴 are generated
using equations (55) and (56) respectively. Figure 7 shows the
velocity 𝑣𝑎𝑐𝑡 resulting from the force applied based on ℎ𝐴 and
ℎ𝑅. This matches the desired 𝑣𝑜 very closely once the control
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Fig. 4. Impulse response function ℎ𝑙1 used in evaluating control force.
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Fig. 5. Impulse response function ℎ𝑙2 used in evaluating control force.
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Fig. 6. Impulse response function ℎ𝑎 used in evaluating control force.
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control.
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Fig. 8. Exciting force and velocity 𝑣𝑎𝑐𝑡 under near-optimal control.

force is fully synthesized. The heave exciting force and device
heave velocity are shown in Figure 8. The velocity seems to be
synchronous with the force for the most part, although small
differences exist, which may have resulted from an incomplete
synthesis of the terms used to compute 𝑣𝑎𝑐𝑡 and 𝐹𝑓 and errors
in the inverse Fourier transformations.

Figures 9–11 plot the absorbed power over 10 minutes at the
three locations. Note that the vertical-axis units are different
for the top two figures than for the bottom figure. Near-
optimal control provides the best power absorption of the three
cases. Some negative values are observed, as also noted in [2].
These are likely largely due to the inherent approximations in
the numerical routines being used in the number of inverse
Fourier transformations used in arriving at these results. As
seen here, peak-frequency tuning control enables a reasonably
good performance. Constant damping without control leads to
almost negligible power absorption for this submerged device
[31]. The following summarizes the 10-minute mean powers
in the three cases at the three locations (recall that the disc is
submerged 2 m below the surface, and that the incident-wave
effects decrease exponentially with depth).

∙ 𝐻𝑠 = 1.4 m; 𝑇𝑒 = 14.0 s (Point Sur, CA; NDBC 46239;
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Fig. 9. Instantaneous power absorbed in the three cases studied. (i) Top: near-
optimal control; (ii) Middle: peak-frequency tuning; (iii) Bottom: constant
damping, no active control. Note that the vertical scale for the bottom plot
different from that for the top two.

July 11, 2013 AM): 𝑃𝑖𝑛𝑐 = 26.9 kW; 𝑃𝑤𝑐 (10-minute
average)= 8.8 kW (efficiency: 32.5 %); 𝑃𝑓𝑐 (10-minute
average) = 4.8 kW (efficiency: 18%); 𝑃𝑛𝑐 = 0.3 W.

∙ 𝐻𝑠 = 2.4 m; 𝑇𝑒 = 9.0 s (Kaneohe Bay, HI; NDBC
51207; July 11, 2013 AM): 𝑃𝑖𝑛𝑐 = 50.8 kW; 𝑃𝑤𝑐 (10-
minute average)= 14.1 kW (efficiency: 28.0 %); 𝑃𝑓𝑐 (10-
minute average) = 8.7 kW (efficiency: 17%); 𝑃𝑛𝑐 = 1.8
W.

∙ 𝐻𝑠 = 2.6 m; 𝑇𝑒 = 10.8 s (Montauk Point, NY; NDBC
44017; March 8, 2013 PM): 𝑃𝑖𝑛𝑐 = 71.5 kW; 𝑃𝑤𝑐 (10-
minute average)= 24.3 kW (efficiency: 34.0 %); 𝑃𝑓𝑐 (10-
minute average) = 13.7 kW (efficiency: 19%); 𝑃𝑛𝑐 = 1.8
W.

Greatest 10-minute average conversion efficiency is seen
to be dependent on the energy period, but seems greater for
longer energy periods in general [30]. This is desirable, as
greater energy is available in the swell-dominated spectra. This
does imply a need for greater control forces and greater stored
energy, however. Simulations such as these should be carried
out for wave parameters observed throughout the year for a
better assessment of annual productivity. The average reactive
power spent in near-optimal control at each location was found
to be 1–2 % of the average power absorbed. This should
ideally equal actuator power losses which are ignored here.
Hence, this non-zero average appears to be due to numerical
inaccuracies.

VIII. CONCLUSION

The main goal of this study has been to investigate a close
approximation to real-time optimal control of a wave energy
converter. Wave surface elevation up-wave of the device was
used as discussed in the formulations of [2] and [22]. Control
was applied to cancel out the reactive forces acting on the
device and to match the radiation damping in irregular waves.

0 100 200 300 400 500 600

0

5

10

15

x 10
4

N
e
a
r 

O
p
ti
m

a
l 
(W

)

0 100 200 300 400 500 600

0

5

10

15

x 10
4

T
u
n
in

g
 (

W
)

0 100 200 300 400 500 600
0

10

20

30

N
o
 C

o
n
tr

o
l 
(W

)

Time (s)

Fig. 10. Instantaneous power absorbed in the three cases studied. (i)
Top: near-optimal control; (ii) Middle: peak-frequency tuning; (iii) Bottom:
constant damping, no active control. Note that the vertical scale for the bottom
plot different from that for the top two.
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Fig. 11. Instantaneous power absorbed in the three cases studied. (i)
Top: near-optimal control; (ii) Middle: peak-frequency tuning; (iii) Bottom:
constant damping, no active control. Note that the vertical scale for the bottom
plot different from that for the top two.

In the approach followed here, the predominant wave di-
rection is thought to be from left to right over 𝑥 > 0, and
wave surface elevation is measured at an up-wave distance
determined using (i) the time shift required to make the
inverse Fourier transform of the radiation damping approxi-
mately causal, (ii) the time shift needed to make the inverse
Fourier transform of the exciting force variation approximately
causal, and (iii) the maximum wave propagation speed at the
water depth of operation at which propagation becomes non-
dispersive.

A submerged device comprised of three vertically stacked
discs was used, since greater submergence was recently found
to require shorter up-wave distances at which wave surface



elevation was needed. The problem of evaluating the control
force and the resulting device velocity was formulated using a
combination of derived impulse response functions operating
on the free surface elevation at two up-wave stations. Simu-
lations were carried out in ‘fitted’ wave spectra at three US
coastal locations. Such simulations need to be performed in a
large number of wave conditions observed over an entire year
for a better assessment of annual productivity increase with
control. The velocity under control (termed ‘near-optimal’
due to the necessary approximations implied in (i), (ii), and
(iii) above) and the control force were computed over time
values ranging from 0 to 600 s. The wave profile at the
two stations was here synthesized numerically. The velocity
was plotted alongside exciting force over 600 s, and the two
were found to be nearly synchronous. The absorbed power
was also computed at each instant and averaged over the
simulation duration. Results were compared with two other
conditions: (i) when single-frequency tuning was used to set
the reactive force and power take-off damping to provide
reactive force cancellation and radiation damping match at the
peak frequency in a spectrum, and (ii) when no control was
used, with damping maintained at a constant value.

Device velocity was unconstrained in this work, but con-
straints may be applied in practice by introducing deliberate er-
rors in the impulse response functions used in synthesizing the
control force. Such errors may be programmed to increase with
the approaching significant wave heights once they exceed a
known energy capture limit. Given the large forces involved
in near-optimal control, energy storage on-board or near the
device may be required. Such storage would be particularly
important for small devices if they are efficiently to convert
large amounts of energy from swell-dominated wave spectra.
A convenient way to measure wave surface elevation would
be to use a radar type remote sensing technique designed to
provide this information in real time.
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