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Abstract- Among the most well-known methods employed for the 

direction of arrival (DOA) estimation is the multiple signal 
classification (MUSIC). MUSIC can resolve closely spaced sources 
in good propagation environments; however, it fails to estimate the 
DOAs in severe environments like low signal-to-noise ratio (SNR) 
and small number of snapshots. In this paper, we propose a new 
approach for DOA estimation with higher resolution capabilities 
than MUSIC. The proposed approach is based on computing the 
second order differential of invariant noise-MUSIC (SODIN-
MUSIC) spectrum. SODIN-MUSIC benefits from extracting useful 
information provided by the second order differential of MUSIC 
spatial spectrum and also utilizing the invariance property of noise 
subspace with respect to changing the power of the emitted signals. 
Our method is developed to estimate both (1-D) and (2-D) DOA. 
Throughout computer simulations, we compared SODIN-MUSIC 
with both MUSIC and other newly developed MUSIC – based 
methods. The results show that SODIN-MUSIC was the only 
method able to resolve closely spaced sources in relatively poor 
environments. 

I.  INTRODUCTION 

Direction of arrival (DOA) estimation is the problem of 
determining the wavenumber or the angle of arrival of a wave 
emitted by a radiating source [1]. In the last three decades, DOA 
has attracted significant attention due to its widespread 
applications such as radar, sonar, seismic systems, electronic 
surveillance, medical diagnostics and treatment, and radio 
astronomy [1-2].  Historically, the first method used for DOA 
estimation is the delay and sum (DAS) method usually known 
as conventional beamforming (CBF). DAS is based on finding 
the DOA by measuring the beamformer power at each possible 
angle of arrival and choosing the angles corresponding to the 
maximum power [3]. This method is known to be of poor 
resolution method because DAS can’t determine the DOA of 
signals sent out by closely spaced sources [4]. Consequently, 
several high resolution techniques [5-8] were developed to 
improve the spatial resolution. The majority of these techniques 
are called the subspace based methods [9] and they utilize the 
properties of the eigenstructure of the spatial covariance matrix.    

Among the subspace based methods, the most popular are 
multiple signal classification (MUSIC) [10], Root-MUSIC [11] 
and estimation of signal parameters via rotational invariant 
techniques (ESPRIT) [12]. ROOT-MUSIC and ESPRIT reduce 

the computations and storage costs required by MUSIC [9, 13]. 
However, they cannot be directly applied to non-uniform arrays 
[14], thus we have focused on MUSIC and its recently modified 
versions because they do not impose specific constraints on the 
form of the array manifold.  

MUSIC algorithm is widely used due to its ability to resolve 
multiple sources [8]. The main principle of MUSIC is based on 
decomposing the sample space into two complementary and 
mutually orthogonal signal subspace and noise subspace. Thus, 
the searching procedure for the signal direction can be restricted 
in the signal subspace rather than searching in the whole sample 
space. The signal subspace usually has a much lower dimension 
than the sample space, thereby significantly reducing the effect 
of noise and improving the resolution capability [15, 16]. In fact, 
MUSIC affords super- resolution and high accuracy in 
estimating the DOAs at relatively large signal-to-noise ratio 
(SNR) and data samples [8, 13]. However, its performance 
degrades in case of low SNR and small number of samples 
where it totally fails to resolve the closely spaced sources. 
Recently, various methods were introduced to mitigate the 
limitations of the conventional MUSIC.  

One of these methods is developed in [17, 18]. This method 
exploits that the conventional MUSIC spectrum has convex 
downward shape around the DOAs. Consequently, the second 
differentiation for the conventional MUSIC spectrum provides 
sharper peaks than that of the conventional MUSIC spectrum. 
This method is quoted here as second order differential MUSIC 
or abbreviated to (SOD-MUSIC). Another method, proposed in 
[19], is based on that the noise subspace is invariant of the 
powers of the sources. In other words, the covariance matrix 
formed due to changing the sources’ powers has the same noise 
eigenvalues and its corresponding eigenvectors of the original 
covariance matrix. This method is referred here as invariant 
noise MUSIC or abbreviated to (IN-MUSIC). Both SOD-
MUSIC and IN-MUSIC provide higher resolution than the 
conventional MUSIC.  

In this paper, we introduce a method combines the benefits 
of both SOD-MUSIC and IN-MUSIC and is called second order 
differential of invariant noise MUSIC spectrum or (SODIN-
MUSIC).  We developed it to estimate one and two dimensional 
DOAs. Moreover, it can work with any arbitrary geometry array. 
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computed at each possible direction  ߠ according to the 
following equation [19]: ܨ෠ఏ ൌ ෠ܴ௫ҧ௫ҧ ൅ ൫ݎݐ ෠ܴ௫ҧ௫ҧ൯ܯ തܽሺߠሻ തܽுሺߠሻ                 ሺ7ሻ 

Where ݎݐሺ. ሻ denotes trace of a matrix. ̂ߤ௠ఏ , m=1,...,M of the 
new matrix ܨ෠ఏ . Where ̂ߤଵఏ ൒ ଶఏߤ̂ ൒ ڮ ൒ ெఏߤ̂  .The spatial 
spectrum of IN-MUSIC is then established and it is given as 
follows: 

ூܲேିெ௎ௌூ஼ሺߠሻ ൌ 1∑ ሺ̂ߤ௠ఏ െ መ௠ሻெ௠ୀொାଵߣ            ሺ8ሻ 

The second order difference of IN-MUSIC or the so called 
SODIN-MUSIC spectrum is then calculated using the following 
expression [17]:  

ௌܲை஽ூேିெ௎ௌூ஼ሺߠሻ ൌ െ ூܲேିெ௎ௌூ஼ሺߠ െ ሻߠ߂ ൅ 2 ூܲேିெ௎ௌூ஼ሺߠሻ െ ூܲேିெ௎ௌூ஼ሺߠ ൅ ሻଶߠ߂ሻሺߠ߂  ሺ9ሻ 

Where ߠ߂  is the interval of discrete azimuth angles. By 
searching for the largest Q positive peaks in the ௌܲை஽ூேିெ௎ௌூ஼ሺߠሻ spectrum, the DOAs can be estimated.  

B. Two Dimensional SODIN-MUSIC  

On the other hand, The (2-D) SODIN-MUSIC algorithm is 
similar to the one used for the (1-D) provided that we recall the 
elevation angle ߶. Therefore the new matrix ܨ෠ఏ,థ  is evaluated 
as follows [19 ]: ܨ෠ఏ,థ ൌ ෠ܴ௫ҧ௫ҧ ൅ ൫ݎݐ ෠ܴ௫ҧ௫ҧ൯ܯ തܽሺߠ, ߶ሻ തܽுሺߠ, ߶ሻ        ሺ10ሻ 

The eigenvalues ̂ߤ௠ఏ,థ , m=1,...,M of the new matrix ܨ෠ఏ,థ is 
then evaluated Where ̂ߤଵఏ,థ ൒ ଶఏ,థߤ̂ ൒ ڮ ൒ ெఏ,థߤ̂ . Consequently 
the IN-MUSIC spectrum will be computed as follows [19]:  

ூܲேିெ௎ௌூ஼ሺߠ, ߶ሻ ൌ 1∑ ሺ̂ߤ௠ఏ,థ െ መ௠ሻெ௠ୀொାଵߣ               ሺ11ሻ 

Finally the SODIN-MUSIC spectrum in (1-D) DOA 
estimation is obtained by [18]: 

ௌܲை஽ூேିெ௎ௌூ஼ሺߠ, ߶ሻ ൌ െ ூܲேିெ௎ௌூ஼ሺߠ, ߶ െ ሻ߶߂ ൅ 2 ூܲேିெ௎ௌூ஼ሺߠ, ߶ሻ െ ூܲேିெ௎ௌூ஼ሺߠ, ߶ ൅ ሻଶ߶߂ሻሺ߶߂  ሺ12ሻ 

The partial differentiation in equation (12) is with respect to 
elevation angles because in case of horizontally positioned 
planar array, the IN-MUSIC spectrum as well as conventional 
MUSIC has poor resolution in the direction of elevation angle 
rather than the azimuth angle [18,20].  

 
 

IV. SIMULATION WORKS  

In this section we compare SODIN-MUSIC with the 
conventional MUSIC, IN-MUSIC and SOD-MUSIC algorithms 
in both (1-D) and (2-D) DOA estimation.  

A. One Dimensional DOA Estimation 

In this simulation, two uncorrelated sources impinging from ߠଵ ൌ 0௢and ߠଶ ൌ 5௢ to 10 elements uniform linear array (ULA) 
with half wavelength radius. The number of snapshots was 
selected 100 samples and the SNR was assumed -5dB. Figure 3 
compares the spatial spectrum of the four methods and it shows 
the usefulness of SODIN-MUSIC. It can be depicted in  Figures 
3(a),(b) and (c) that the spectrums of the conventional MUSIC, 
IN-MUSIC and SOD-MUSIC have only one peak and therefore 
these methods fail to resolve the two sources. On the contrary, 
Figure 3(d) shows that the spectrum of SODIN-MUSIC 
demonstrating the capability of the new method with a spectrum 
depicting the two peaks at the sources’ locations. 

(a) (b) 

(c) 

 
 
 
 
 
 
 
 
 
 

(d) 
Figure 3. an example of (1-D) DOA estimation using (a) conventional MUSIC 
(b) IN-MUSIC (c) SOD-MUSIC (d) SODIN-MUSIC 

B. Two Dimensional DOA Estimation 

For the case of (2-D), We assumed two incident signals 
coming from two sources located at ሺߠଵ, ߶ଵሻ ൌ ሺ15௢, 15௢ሻ, and ሺߠଶ, ߶ଶሻ ൌ ሺ25௢, 25௢ሻ  to 7- elements uniform circular array 
(UCA) with half wavelength radius. The number of snapshots 
was selected 100 samples and the SNR was assumed 3dB.   

Similar to (1-D) case, (2-D) SODIN-MUSIC is able to detect 
and accurately estimate the bearings of the two sources that 
manifest themselves with the two peaks shown in Figure 4(d). 
The other methods could not separate the two sources and only 
one peak was detected as indicated in Figures 4(a), (b) and (c). 
It is obvious how the second order derivative imposed to both 



the conventional MUSIC and IN-MUSIC spectrum improves 
the performance (i.e. enhances the spatial resolution) presented 
by SOD-MUSIC and SODIN-MUSIC, respectively.  

(a)        (b) 

 (c)          (d) 
Figure 4. an example of (2-D) DOA estimation using (a) conventional MUSIC 

(b) IN-MUSIC (c) SOD-MUSIC (d) SODIN-MUSIC 

V. CONCLUSION AND FUTURE WORK 

This paper suggested a new approach named SODIN-
MUSIC to estimate the DOA with super- resolution capabilities. 
This method works with all array configurations moreover it is 
developed to estimate (1-D) (i.e. azimuth only) and (2-D) (i.e. 
azimuth and elevation) DOAs. It was shown via simulation 
scenarios how SODIN-MUSIC beats the conventional MUSIC 
and its recent versions like IN-MUSIC and SOD-MUSIC in the 
challenging environments including relatively low SNR and 
small numbers of snapshots. The price of this advantage is that 
it has more computational burden compared to conventional 
MUSIC and SOD-MUSIC. However, SODIN-MUSIC has 
almost the same computational load of IN-MUSIC because the 
computation of second order differentiation is negligible with 
respect to the computation of the IN-MUSIC spectrum. In the 
future work, we will perform a comprehensive study on 
SODIN-MUSIC to assess its probability of resolution and root 
mean square error versus all the environment parameters such as 
SNR, number of snapshots, angular separation and correlation 
between the sources. 
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