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Abstract—In this paper, we address the problem of 
cooperation and collision avoidance for multiple DP ships with 
disturbances. The DP ships are regarded as elliptical agents with 
nonlinear Lagrangian dynamics. We design control laws that 
guarantee cooperation as well as collision-free maneuvers. We 
show, using a two-step proof, that the avoidance part of the 
control laws guarantees safety of the agents independently of the 
coordinating part. Then, we establish an ultimate bound on the 
avoidance term. The obtained theoretical results are illustrated 
through numerical examples. 
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I. INTRODUCTION   
Coordination control of multiple DP ships finds various 

applications in fields such as FPSO offloading, supporting, and 
lifting. The DP ships can be regarded as elliptical agents with 
nonlinear Lagrangian dynamics. There is a long line of 
research on fully autonomous consensus seeking methods in 
which a group of agents try to agree on the value of a global 
objective using only local data (see [1,2] for a recent survey of 
the subject). Refs. [3,4] discuss reaching consensus on the 
heading of a group of agents using nearest neighbor rules and 
switching communication graphs. Finite-time consensus has 
been recently treated in Sundaram and Hadjicostis [5], and 
optimal design of the underlying graph has appeared in [6,7]. 
Consensus under communication delays has been treated in 
Lee and Spong [8] and synchronization using passivity-based 
concepts has appeared in [9–11]. Recent results on autonomous 
formation control have appeared in Olfati-Saber [12] using 
potential-based methods, in Tanner et al. [13] using hierarchial 
design, and in Stipanovic ´ et al. [14] using decentralized 
overlapping control. It is also important to mention some new 
modeling techniques for multi-agent systems that take into 
account the control, computation, and communication in one 
modeling framework [15,16,17]. 

With the increasing interest in multi-agent systems, the 
problem of establishing conditions for their safety verification 
has become important. In the case of the non-cooperative 
scenario for a two-agent system, the problem of collision 
avoidance has been studied in Mitchell et al. [18], based on the 
ideas proposed in Tomlin et al. [19], using the level set 
methods[20,21] for computing solutions of Hamilton–Jacobi–
Isaacs (HJI) partial differential equations (e.g., see [22,23] and 
references reported therein). Since these methods were related 

to the viscosity solutions of HJI equations, implying their high 
computational complexity, an efficient polytopic 
approximation method for computing guaranteed avoidance 
strategies for one of the two agents has been proposed in 
[24,25]. However, one of the open problems is how to 
efficiently apply these methods to multi-agent scenarios even 
in the case of very simple dynamic models describing motions 
of the individual agents. In the context of a multi-agent control 
and coordination problem where the agents’ motion is 
described by kinematic models, the collision avoidance was 
addressed using multi-objective and decentralized optimization 
methods in Inalhan et al. [26],heuristic methods in Kim et al. 
[27], stochastic optimization for choosing conflict-free optimal 
maneuvers in Hu et al.[28], navigation functions [29,30,31] in 
Dimarogonas et al. [32], and attractive/repulsive potentials in 
[33]. In this paper, we follow the concept of avoidance control 
that was originally formulated by Leitmann and Skowronski in 
[34], and later further developed in [35-37]. The work of 
Leitmann and his collaborators is particularly important since it 
formulated, for the first time, collision avoidance problem 
using the Lyapunov analysis approach. By doing so, many 
advantages of using the Lyapunov approach such as 
capabilities of including nonlinear dynamics in higher 
dimensions, uncertainties and robustness issues, time-delays, 
multiple agents that may be cooperative or non-cooperative, 
etc., may be explored. A chronological survey with more 
details on avoidance control is provided in Stipanovic ´ [38]. In 
the methods mentioned above, the avoidance region is 
considered as a circular disk which is not accurate for most 
ships. Then the separation condition between the ellipsoidal 
agents proposed by K.D. Do[39] becomes very useful. 

 The work of this paper is development and application 
from refs. [40].The remainder of this paper is organized as 
follows: In Section II we provide the dynamics, separation 
condition, avoidance functions, control laws, communication 
topology, and augmented closed-loop dynamics. In Section III 
we give the main result of the paper which is comprised of a 
preliminary result on collision avoidance under the effect of 
bounded disturbances. A numerical example is provided in 
Section IV, and we give some final comments in Section V. 

II. PROBLEM STATEMENT 

A. Dynamics 
First, Consider the nonlinear equations of motion for the 

i th DP ship  with disturbance: 
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This is the classical DP model developed by Thor I. 
Fossen[41].To simplify the model, the restoring force is 
neglected. The external disturbances are described as iω . 

 For a rigid body the system inertia matrix is positive 
definite and constant, that is 

           0, 0T
i i iM M M= > =�           (2) 

For a rigid body moving though an ideal fluid the Coriolis 
and centripetal matrix ( )i iC ν  can always be parameterized 
such that it is skew-symmetric, that is 

( ) ( ) ,T
i i i iC Cν ν= −             (3) 

The equations of motion (1) when transformed to NED 
frame take the following form: 
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      From (2) and (3), we can easily get the following properties: 
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B. Separation condition between two elliptical disks  
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Fig. 1. Two ellipsoids and their coordinates  

This section presents a condition for separation of two 
ellipses that is applicable for collision avoidance in the 
coordination control design later. As such, we consider two 
ellipses i and j shown Fig.1. In this figure, OXY is the earth-
fixed frame, OiXiYi is the body-fixed frame attached to ellipse 

i , [ , ]T
i i iq x y= denotes the position of the center iO , and 

iψ  denotes the orientation (yaw angles) of the ellipse i . These 
notations are similar for the ellipse j . 

Lemma. Consider two elliptical disks i and j , which have 

semi-axes ( , )i ia b  and ( , )j ja b , and heading angles iψ  and 

jψ ,  and are centered at ( , )i ix y  and ( , )j jx y , respectively. 
And the transformed distance between two elliptical disk is: 

                  1ij ij ijQ qΔ = −                       (6) 

Where 
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With 2 2I ×  being a 2 2×  identity matrix. The vector ijq  
denotes the relative position vector between the ellipsis i  and 
j . The matrix iP  represents the so-called negative inverse of 

the rotational matrix of the ellipse i  by the angle iψ  around 

its axes. The vector ijq  and the matrix iP  are given by 
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The matrix ( )R i represents the three-dimensional rotational 

matrix with respect to the vector i . The matrix Tj  is the 
system matrix of the ellipse j  when the ellipse  i  and j  are 
transformed to the circular –elliptical coordinates detailed. It is 
given by 
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Where 
2 2 2 2

11 11 21 12 11 12 21 22 22 12 22, ,j j jT T Tε ε ε ε ε ε ε ε= + = + = +
 With mnε  for 1, 2m =  and 1, 2n =  being the element 

( , )m n  of the matrix 1 1( ( ) ) ,i ij jA R Aψ− −  with 
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The variable ijκ  is the largest root (the rightmost root) of 
the shortest distance equation 

1
2 2 2 2( ) ( ) 1 0,T T

ij ij j j ij j ijq I T T I T qκ κ− −
× ×+ + − =  (11) 



Where 2 2( ) T
ij jI Tκ −

× + denotes the transpose of the 
1

2 2( )ij jI Tκ −
× + . 

The two ellipsis are externally separated, if 0.ijΔ >  

Remark The transformed distance ijΔ  is a smooth function of 

ijq , jψ  and ijψ . Alternatively,  ijΔ  is a smooth function of 

ijq  and ijψ . 

Proof. See ref[42]. 

C. Avoidance functions 
Our goal is to be able to guarantee that the DP ships arrive 

at a common position, which is taken to be the contour profile 
of the ships, without collisions. In order to do so, there is a 
need to specify a common goal for the ships, sensing capacity 
of the DP ships, and collision avoidance capacity of the ships. 

For the overall system, we define the avoidance region by 
defining the avoidance sets for each pair of ships as 

{ }: ,n
ij ijx x R rΩ = ∈ Δ ≤         (12) 

And the overall system sensing or detection region by 
defining pairwise detection region 

{ }: , ,n
ij i jD x x R x x R= ∈ − ≤        (13) 

Where, r R< , so we have ij ijDΩ ⊂ . 

Then, the overall avoidance region is given by  

, ,
ij

i j N j i∈ >
Ω = Ω∪               (14) 

And the overall detection region is defined by 
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DEFINITION 1. The dynamic system [ , ( )]x f x u x=�  avoids 

, ,nRΩ Ω ⊂  if and only if for each solution 

0 0( , ), [0, ],x t x t T x∈ = +∞ ∉Ω  implies 0( , )x t x ∉Ω  
for all t T∈ . 

For each pair of ships, we define the following modified 
avoidance functions 
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Compute partial derivative of the avoidance function, we 
can get 
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Note that the function ( , )ijV i i  is continuously 

differentiable outside of the avoidance region ijΩ  and zero 

outside of the sensing region ijD . 

D. Control laws 
    Since the ships communicate with each other, every agent 
i has a group of neighbors iΝ  defined as 

{ {1, , }: }, {1, , }i j N i j i NΝ = ∈ ⋅⋅ ⋅ ∼ ∈ ⋅ ⋅ ⋅  
Where i j∼  indicates that ship i  communicates with ship j . 
We assume that the communication is undirected. We design 
linear state feedback control laws such that if ship i  
communicate with ship j , then the input iτ  and jτ  contain 

an element of the form  ( )i jk η η− −  and ( )j ik η η− − , 

respectively, where 0k >  is a scalar gain. Moreover, we 
assume that the master system has a local control term of the 
form kη− 1 . The latter control term is needed in order to 
guarantee convergence of the whole group to a set point that is 
provided to the master ship, which acts like an anchor for the 
whole group. Therefore, the control law for the master ship 
(hereafter taken to have index i = 1) is given by 
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and the control law for other agents is given by 
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{ , , }i N∀ ∈ 2… , where b > 0 and ρ were defined earlier. 
Finally, we assume that the communication graph is connected. 
Note that there is no loss of generality by considering scalar 
gains b and k instead of symmetric positive definite matrices 

TB B= > 0 and TK K= > 0 , as all the results can be 
rewritten using the maximal and minimal eigenvalues of these 
matrices. 

A.  Augmented closed-loop system 
     By substituting the control law into the dynamic equations, 
We can rewrite the closed-loop system in an augmented form 
as follows: 

* * *( ) ( , ) ( , ) ( ) ( )TM C D b kS S N L Wη η ν η η ν η η η η ρ η η+ + = − − − − +�� � � � � (21)
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componentwise normalized velocity vector, 
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1 … is the 

collision avoidance control part. The matrix S is the 
connection matrix and is defined as follows: Let E contain η1  

as an element as well as the error vector of the form i jη η− , 

if i j∼ are neighbors. Then S is defined such that E Sη= , 

with the first element in E  beingη1 . Since we assume that the 

communication graph is connected, then S has full column 
rank and as such TS S  is a symmetric positive definite matrix. 
This full rank condition is achieved because of the term kη− 1  

in the master’s control law, without which the matrix TS S  
would have rank ( )N n−1 and corresponds to the Laplacian 
of the coordination graph.

 III. MAIN RESULTS 
The main result of this paper is twofold: Coordination and 
collision avoidance. By giving Lemma 2, we show that it is 
possible to have a cooperative scheme that guarantees safety 
of the DP ships. However, in general this scheme may conflict 
with the main objective of each agent. We rule out this 
possibility by showing that once collision-free maneuvers are 
guaranteed, then the effect of the internal forces that provide 
this collision-free guarantee is bounded. Using this latter fact, 
we show in Theorem 1, that the overall behavior of the agents 
can be characterized by an ultimate bound on how far they can 
be away from each other. 
 
Theorem 1. Consider N ships with dynamics(1), the control 
law(7) and (6), and an initial configuration ( )η ∉Ω0 , where 
Ω  is defined in (9). Then the set Ω  is avoidable in the sense 
of DEFINITION 1. 
 
Proof. Considering the following Lyapunov-type function  
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N

T T T a
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The derivative of colV  along the trajectories of the augmented 
system is given by 

( ) ( )( )* * *
a aN

ij ijT T T T T
col i j

i j i i j

V V
V C D b N kS S L W M k S Sη η η η ρ η η η η η η η η η

η η= ≠

⎛ ⎞∂ ∂
= − − − − − − + + + + +⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

∑∑
1

1 1
2 2

� � � � � � � � � � �
(23) 

Using the properties P1 and P3, we obtain that (10) can be 
upper bounded as follows: 
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It is not difficult to show, by change of indices and the use of 
avoidance function, that 
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Moreover, by the assumption (2) and the way we defined ρ , 
we have that 

( )( ) ( )
N

T
i i

i

W Nη ρ η η ω ρ− ≤ − ≤∑ 0� �     (26) 

Therefore, colV is bounded as 

                      colV b η≤ − ≤2 0� �            (27) 

Since colV ≤ 0� , then the function colV is non-increasing in the 
sensing region D ,Also, notice that the values of the function 

colV are finite for finite values of its argument η  that are 

outside of the region Ω , that is, when cη ∈Ω where 

\c nNRΩ = Ω  denotes the set complement of Ω . Due to 
the continuity of solutions of the system (8), the assumption 
that the initial condition satisfies ( ) Cη ∈Ω0 , and that the 
following conditions hold: 

( ) { }lim , , , , ,
ij

a
ij i jr

V i j Nη η
Δ → +
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We conclude that the partial state trajectory 

( ) ( )( ), ,tη η η0 0�  will never enter Ω . Note that in 

(28), ij rΔ → + denotes convergence to r from above. 
The result in Theorem 1 says nothing about the whereabouts 
of the various agents, the only conclusion we can deduce is 
that collisions are guaranteed not to occur. In the Lemma 2, 
we will develop a bound on the effect of the avoidance terms 
on the performance of the ships. 
 
Lemma 2. In the control law above, The effect of the collision 
avoidance terms on the overall system can be viewed as a 
disturbance and can be upper bounded as 
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Moreover, we have that 
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Using this last fact, we can show that 
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Where g is a bounded positive constant. Therefore, the effect 
of the collision avoidance terms on the overall system can be 
viewed as a disturbance and can be upper bounded as 

( )( )
{ }, ,

sup max sup
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i Nt tj i i

V
L t N N gη
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∂
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IV. SIMULATION RESULTS 
In this section, we provide a numerical simulation to 

illustrate the effectiveness of the proposed coordination 
control design stated above. Consider a group of N agents 
with the same dynamics given by the following equation: 

, {1, ,4}i i ix d iτ= + ∀ ∈�� …  

where 1d  has a fixed value 1

5
5

d ⎡ ⎤= ⎢ ⎥
⎣ ⎦

, which is used to drive 

the whole formation to a given set-point. The remaining 
disturbance inputs 2d , 3d and 4d  are chosen to be uniformly 

distributed in the range [ ]3, 3− . We take the communication 

graph to be 1 2 3 4∼ ∼ ∼ , and design the control laws 
according to (19) and (20) with 10b k= = and 

{ }10, 1,2,3,4i iρ = ∀ ∈  This choice of iρ  satisfies the 

requirement . The sensing radii are chosen to be 30R =  for 
the all ships, but the avoidance regions are different from each 
other. The elliptical regions are chosen as  
( ) ( ) ( ) ( )2 5 , 1 0 , 1 0 , 2 5 , 2 5 , 1 0 , 2 5 , 2 5  

from 1 to 4, respectively. 
  The agents are chosen to lie initially at the corners of a 
square shape of length 100 units, as shown in Fig. 2 (top-left). 
The large circles indicate the sensing region of every ship, 
whereas the solid disks indicate the avoidance regions of each 
agent. The evolution of all the agents over time is shown in 
Fig. 2.   
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Fig. 2. Snapshots of the agents’ trajectories at t1= 0 s(top-left), t1= 80 s(top-

right), t1= 120 s(down-left),t1= 300 s(down-right)  

V. CONCLUSION AND FUTURE WORK 
In this paper we presented a unified framework that 

guarantees the safety of multiple DP ships while performing a 
specific coordination task, through the use of cooperative 
collision avoidance schemes. It is shown that this scheme 
works in the presence of unknown but bounded disturbances 
with a known upper bound. An ultimate bound is calculated 
how far agents can be away from their desired goals due to the 
avoidance control effect. Further research is needed to address 
the issue of including delays in the sensing between the agents, 
as this would make this approach even more applicable to 
realistic scenarios. 
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