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Strong Solutions of the Navier-Stokes Equations
in Aperture Domains.

MARTIN FRANZKE (*)

SUNTO - In questo lavoro consideriamo le equazioni di Navier-Stokes non stazionarie in
un dominio con un’apertura, che consiste di due semispazi separati da una parete,
ma collegati da un’apertura in quest’ultima. In questo dominio particolare & necessa-
rio imporre, per avere un’unica soluzione, una opportuna condizione ausiliaria. Que-
sto puo essere fatto sia assegnando il flusso attraverso I'apertura sia prescrivendo il
salto di pressione tra i due semispazi. Qui costruiamo degli operatori di Stokes op-
portuni per ambedue i tipi di condizioni ausiliarie e mostriamo come essi generino
semigruppi olomorfi. Dimostriamo, quindi, esistenza e unicita di soluzioni, assieme
ad una stima di massima regolarita per le equazioni di Stokes soggette ad una delle
condizioni ausiliarie. Per le corrispondenti equazioni di Navier-Stokes, dimostriamo
esistenza e unicitad di soluzioni locali nel tempo.

ABSTRACT - We consider the nonstationary Navier-Stokes equations in an aperture do-
main Q ¢ R? consisting of two halfspaces separated by a wall, but connected by a hole
in this wall. In this special domain one has to impose an auxiliary condition to single
out a unique solution. This can be done by prescribing either the flux through the
hole or the pressure drop between the two halfspaces. We construct suitable Stokes
operators for both of the auxiliary conditions and show that they generate holomor-
phic semigroups. Then we prove the existence and uniqueness of solutions as well as
a maximal regularity estimate for the Stokes equations subject to one of the auxil-
iary conditions. For the corresponding Navier-Stokes equations we prove existence
and uniqueness of local in time solutions.

(*) Indirizzo dellautore: Technische Universitit Darmstadt, Fachbereich
Mathematik, SchloBgartenstralle 7, 64289 Darmstadt.
E-mail: franzke@mathematik.tu-darmstadt.de
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1. - Introduction.

The flow of a viscous incompressible fluid in a region £ with rigid walls is
governed by the following Navier-Stokes equations:
w,—Au+u-Vu+Vp=f in 2x(0,7),
w(0)=u, in 2,
divu=0 in Q x(0,7T),
u=0 on 9R2x(0,7T),

where u is the velocity field and p the pressure. It turns out, that for some do-
mains Q2 even the stationary Stokes equations are not uniquely determined by
the corresponding equations, but one has to impose an auxiliary condition to
single out a unique solution. This was first discovered by Heywood, consider-
ing a so called aperture domain, see [4]:

ey

DEFINITION 1. Let R3 ={xeR? *ux,>d2}, d=0 and B={xeR?:
|¢| <R}, R>0. Then we call QcR® an aperture domain, if Q is a domain
and

QUB=R3UR* UB.

Since we are interested in strong solutions we further assume that 02 N B
is of class C1 1.

. O Q+
M
|v
Q.

Figure 1. - An aperture domain

In the following we first consider some suitable function spaces for the set-
ting of the Navier-Stokes equations. Defining the Stokes operators associated
with a prescribed flux or pressure drop, we show that they generate holomor-
phic semigroups. Then we prove existence, uniqueness and a maximal regular-
ity result for the Stokes equations subject to one of the auxiliary conditions.
Finally the local existence and uniqueness of strong solutions for the corre-
sponding Navier-Stokes equations is shown.

The local existence and uniqueness of strong solutions with a prescribed
flux was already shown by Heywood, [6]. He also constructed generalized sol-
utions for both of the auxiliary conditions, see [4], [5].
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2. — The basic function spaces.

For a proper setting of the (Navier-)Stokes equations we have to introduce
some appropriate function spaces for the velocity % and the pressure p. In each
of the cases we have two different possibilities:

DEFINITION 2. Let Cy,(£L2) be the subspace of all solenoidal vector fields
of Cy* ()% Then we define

J1(2) = closure of Cy*,(2) in H1(Q)%3,
JHE(R)={veH}(Q): divv=0}.

Let Cy" (Q) be the functions of C;” (R?) restricted to 2, and LZ.(Q) the func-
tions belonging to L%(2 N B) for every finite ball B. Then we define

G(2)={VpeL*(Q)P: peL2.(Q)},

loc

G*(2)=closure of {Vp:peCy>(Q)} in L*(Q)>.

In the case where the domain £ is the whole space, a halfspace, a bounded
or an exterior domain, J*(£2) and J(Q) as well as G() and G * () coincide,
see [2], [4].

For investigating the case of an aperture domain, we have to define the
physical flux precisely:

DEFINITION 3. Let M c QN B be a smooth 2-dimensional manifold, such
that Q\M consists of two disjoint domains Q . and Q _ with M =09Q , N
N 0L _. Furthermore let v be the normal vector on M directed into 2 _. Then for
wed () we define

d(u) = fu-vdo
M

to be the flux through the aperture from Q , to Q _

By the trace theorem it is easy to see, that @ is a linear functional on
J (). Moreover @ does not depend on the special shape of M, because the
vector fields are solenoidal; e.g. we can take M =R3 N 9B.

Now we can show the following characterization:
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THEOREM 1. Let 2 be an aperture domain. Then
a) dim (J{*(2)/J,(2)) =1 and J,(2) = {veF(2): d(v) =0}.

b) There are constants p. e R, such that
lp = leso., < CVPlL2e .-
The pressure drop [pl=p., —p_ can be estimated by
|[p]] < C”VPHLZ(Q)'

Moreover dim (G(22)/G*(2)) =1 and G*(2) = {Vpe G(Q):[p] =0}, i.e for
every Vpe G(Q) we have the unique decomposition

Vp=Vp*+I[plVy,, Vp*eG*(RQ),

where 1, s a smooth function with n,=1 on 2 _ \B and 7, =0 on
Q _\B.

Proor. Let {n,, 7., n_} be a partition of unity in 2 with the following
properties: 0 <7, 7., n_ <1 and there exists a ball B’ = {x e R® || <R '},
R'>R, such that ;=1 on QNB, n,=1 on Q,\B’' and n_=1 on
Q _\B'.

Now let ueJ*(Q) with @&(u) =0. Then for u, =uy ., g, =u-Vy, we
have divu_, = ¢g.. Because of the compatibility condition

j g, dx= j U, -ndo= J u-ndo=—Pwu) =0

Q.NB’ aQ,NB") Q. NoB’

we can use [3], Theorem I11.3.2 to get a vector field v, e Hj (2 , N B’), such
that dive, =g,. Hence u, —v, € J*(2 ,). In the same way we get a vector
field v_e Hy (2 _NB’), such that u_ —v_eJ*(Q _). Setting u,=wun, and
vy=v, +v_, we have uy+vyeJ*(QNB)andu=(u, —v, )+ (u_—-v_)+
+ (uy +vy). Now J* and J; coincide for the perturbed halfspaces €2 . and the
bounded domain 2 N B’, see [3], Chap III. 4, hence ueJ,(£).

It remains to show, that there exists a vector field u e J*(2) with a non
vanishing flux: For the special aperture domain {xeR?: x;#=0 or |x| <1}
Heywood, [4], constructed an explicit vector field veJ* N H2N C*, such that
@(v) = 1. Using once more [3], Theorem II1.3.2, we find a vector field v, e
e Cy" (2 N B') solving the problem div v, = g, = v-V#y,. Now it is easy to see,
that u =vny—vyeJF(Q2)NHZ(2)NC*(2) with &(u) =1.

A proof of b) can be found in [2]. =
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COROLLARY 1. Let ued*(2) and VpeG(RQ). Then

3) fvp-udx = — [p] D(w).
Q

Proor. Let weJ*(R). Then for p* e Cy* () we get by the Gauss diver-
gence theorem

JVp”“udac:O.
Q

This carries over to Vp*eG*(2) by density. Taking #, instead of p*
yields

JV;h-udac: J' Vi -ude = J un . -ndo=— d(u).
Q Q.,NnB’ R, NB")

Using the decomposition (2) we obtain (3). =

THEOREM 2. Let J(R2), J*(8Q) be the closure in L%(Q2)? of J,(2), JF ()
resp. Then we have the orthogonal decomposition

4) LAQP = J*(Q) BG*(Q) = () BCR).

1
Proor. We prove J*(2)* =J#(Q2)* =G*(2), hence J*(2) D G*(Q).
Let v=Vp*eG*(2). Then by (2.4) we have veJ;*(2)L. Now let ve
eJ [ (2)t cL%(2)3. Then

Jv-udw =0
Q

for ueJ*(2). Because of Cy”,(2)cJ*(2) and [3], Lemma III.1.1, we have
v=VpeG(RQ). Now (3) yields [p] =0, hence v=VpeG*(2) by Theorem
1b). N

The proof of J(22) @ G(L) follows the same lines. =

The orthogonal decompositions (4) are called Helmholtz decompositions.
They imply the existence of the associated Helmholtz projections P* on
J*(R2) and P on J(R).
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3. — The Stokes operator in aperture domains.

Consider the Stokes equations in an aperture domain
w—Au+Vp=f in Qx(0,7),
w0)=u, in 2,
divu=0 in Qx(0,7),
u=0 on 92 x (0, T),

®)

under the auxiliary condition
P(u)=a or [pl=p.

We have two Helmholtz projections, one for each of the different auxiliary
conditions, yielding two different abstract formulations:

First we consider the Stokes equations with a preseribed pressure drop:
Let u be a solution of (5) with [p] = 5. Applying P* to the first equation and
using the decomposition (2) we obtain

(6) w,+A*u=1*  u0)=u,,

where A*=P*(—A4) and f*=P*(f—Vn,).

The Stokes equations with prescribed flux ecan be reduced to the case of
vanishing flux by subtracting a suitable vector field carrying the flux. Hence it
is sufficient to consider the case of vanishing flux:

Let % be a solution of (5) with @(u) = 0. Then by applying P to the first
equation, we obtain

@) w+Au=g, u(0) = uy,

with A = P(—A4) and g = Pf.

Note the difference between the two auxiliary conditions: Prescribing the
flux is a Dirichlet type boundary condition, where we have to impose the condi-
tion @(u) = a by choosing a suitable function class. In contrast, presecribing
the pressure drop is a Neumann type boundary condition, leading to an addi-
tional term on the right hand side of the differential equation.

Now let D(A*)=H*(Q)NH}(2)NJ*(2) and DA)=H?*(Q)NHI(2)N
NJ(L2). Then we call

A*: DA*)cI*(Q)—=>J*(2), A*=P*(-A4)
the Stokes operator associated to a prescribed pressure drop and
A:DA)CJ(Q)—J(Q2), A=P(-4)

the Stokes operator associated to a prescribed fluw.
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The following results will imply, that the above Stokes operators generate
holomorphic semigroups:

THEOREM 3. Let Q be an aperture domain with C*' boundary and 0 <
<e<a. Then for every fe L*(Q) and Ae 2,

)
€

2:={0%zeC: |argz| <m—¢}

&

there exists a unique solution (u, Vp)e H?(2)x G() of the resolvent
system

® —Au+Vp=f, divu=0, u|,=0, [p]=0.
Movreover
©) | A leell + 192 2all + [Vl < M, [ £]],

where V2u is the matrix of the second order partial derivatives.
The theorem continues to hold with @(u) =0 instead of [p] = 0.

Proor. See [1], Theorem 1.2.

COROLLARY 2. Let 0 <e<m Then we have
(10) AA*=+0"t <M, ie.
Hence A* is the generator of a bounded holomorphic semigroup on J*(£).
For we D(A*) we have

(11) IVl < ClA* ]| .

Moreover D((A*)1?) =J*(Q) and

(12) lcA =) ) = [Vl

for we (). The corollary holds true with A* substituted by A.

Proor. Let fed *(2) and u be the solution of (8). Then by applying P* to
(8) we obtain

(13) Ju+A*y=f.

Hence (A * + 1) is surjective. Now let u e D(A*). Then u is the solution of (8)
with f= (A* + A)u and by (9) we have

|2 ull + V2]l < M, A= + 2) ]

Hence (A * + 1) is injective and (10) holds true. By letting 4 \ 0 in the above
estimate we obtain (11).
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For ue D(A*) integration by parts yields
lA*) 2l = (A*u, u) = (- Au, u) = |[VulP.

By the density of D(A*) in D((A *)2) and J;*(£), the assertion follows. The
proof for the operator A is analogous. ™

4. — The nonstationary Stokes equations

We show that the solutions of the abstract equations (6) and (7) are indeed
the unique solutions of the Stokes equations (5) under the auxiliary conditions
[p] =8, ®(u) = a respectively.

Therefore we need the following lemma, which is well known, e.g. [8]:

LEmMA 1. Let H be a Hilbert space and let A : D(A) c H— H be the gen-
erator of a holomorphic semigroup e ~*A. Then for every fe L%(0, T; H) and
uye D(AY?) the abstract evolution equation

w,+Au=f, u(0)=u,
has a unique solution uweS(0, T) :=L2(0, T; D(A)NWV2(0, T; H). This
solution is given by

t
w(t) =e Auy+ Je ~U=94 £(s) ds
0

and satisfies

7 T

14) f\lutHZ + (4wl at < C(HA“%H2 + fllfHZdt)-
0 0

Movreover

(15) S(0, T) <> C([0, T1, D(A'?)).

Using this lemma, we can prove existence, uniqueness and maximal regu-
larity of the nonstationary Stokes equations subject to the auxiliary condi-
tions. First we consider a prescribed pressure drop:

THEOREM 4. Let fe L%(0, T; L2(2)*), BeL?*(0, T) and u,e H'(Q)? sat-
isfy the compatibility conditions wu | ;o = 0 and div u, = 0. Then there exists a
unique solution

(u, Vp) e WH2(0, T; L*(2)*) N L*(0, T; H*(2)*)) X L*(0, T; L*(2)*)
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of the Stokes equations
(16) u,—Au+Vp=f, divu=0, u(0)=u, ul;0=0, [p]l=4.

Furthermore the solution satisfies
T T
A [l + 1920 + [9plP e + o) [ < O IVaolE + [ 1717 de + Bl ),
0 0
as well as the energy equality

t t
18 [u®F+ [[Vulpdr =gl + [(f, u) + pd(w) dz, 0<t<T.
0 0

PrROOF. By assumption f*=P*(f—Vy,)eL?0, T; J*(Q)) and u,e
eJ*(2). Lemma 1 asserts the existence of a unique solution w e S*(0, T') =
=L2(0, T; DIA*)) N WL 2(0, T; J*(2)) of (6). It follows by (4)

(19) u,—Au—f+BVy, =Vp*eL?0, T, G*(Q)).
Hence (u, Vp) is the unique solution of (16).

From (3), the Poincaré inequality and Theorem 1b) for p = Vu, it follows
that

|P(u) | = S CH“”LG(9+ np S Cl[valls < Cl[V*ul .

fu-%hdx
Q

Moreover we have %Gb(u) < C|lu, |. Now using the estimates (11), (12) and

I <|lfll+C|B|, as well as (19), we deduce (17) from (14).
Taking the scalar product of (16) with % and integrating in 7 e (0, ¢) yields
18). =

For a prescribed flux we have an analogous theorem:

THEOREM 5. Let fe L?(0, T; L%(2)?), ae H'(0, T) and u,e H'(2)? sat-
isfy the compatibility conditions wug|s0=0, divuy,=0 and P(u,) = a(0).
Then there exists a unique solution

(u, Vp) e (Wh2(0, T; L*(2)*) N L*(0, T; H*(2)*)) x L*(0, T; L*(2)*)
of the Stokes equations
20) w,—du+Vp=f, divu=0, w0)=u;, u|l;p=0, Du) =a.
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Furthermore the solution satisfies
T T
@D [l |+ [92l® + I9plE e + p1IE < € | IV + [I71 e + el
0 0
as well as the energy equality

t t
(22) [t [P + NV@LHZdrzHuonJr f<f, u)+alpldr, 0<t<T.
0 0

Proor. Let y e D(A*) with ¢(x) =1 be given. Then by assumption v, =
=uy—a(0)yed;(2) and g=P(f—a'y+ ady) e L%(0, T; J()). Hence by
Lemma 1 we obtain an unique solution veS(0, T) =L2(0, T; D(A))N
NWH2(0, T; J(2)) of (7). Setting u =v + ay we proceed as in the proof of
Theorem 4. =

5. — Local solutions of the nonstationary Navier-Stokes equations.

To solve the Navier-Stokes equations we use the contraction mapping the-
orem. Therefore we need suitable estimates for the nonlinearity:

LEMMA 2. Let v, we H2(R)2. Then we have
(23) [v- Vo[ < ClIVo[[Veo |2 [V2 202

Furthermore for uweJ*(2) and v, we H'(2)* we have

(24) J(u-Vw)-vdx= - J(u-Vv)-wdx.
Q Q

Proor. Using the Hélder inequality as well as Theorem 1b) for v and Vw
we obtain

lo- Vool < [lollg[IV2olly < olls Voo [V2([Vaolly < CIVo[[[Vao |2 |72 0],

Let v; and w,c Cy* (2)® be sequences approximating v, w respectively in
H'(Q)%. Then we have by Corollary 1

0= fu'V(vj'wk) do = I(u-ij)-wkder J(u-Vw,i)-vjdac.
Q Q Q

Now letting j, k— o yields (24). =
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Using Lemma 2 we prove the following existence and uniqueness result
for the Navier-Stokes equations.

THEOREM 6. Let the assumptions of Theorem 4 hold. Then there exists a
time Ty >0 and a unique solution

(u, Vp) e (WV2(0, Ty; L2(R)*) N L2(0, Ty; H*(2)*)) x L*(0, T,, L*(2)?),
of the Navier-Stokes equations
(25) w—Au+u-Vu+Vp=f, divu=0, u(0) =uy, u|;=0,[pl=4.

If (0, T,) is the maximal interval of existence, then Ty> (CM)™t, where
T
M= |Vuo P + [l e, f*=P*(f=pVn ).
0

Furthermore the solution satisfies the energy equality (18).

Proor For 6 >0 we define the following equivalent Norm [||-[||7, on
S§*(0, Ty):

Ty Ty

o1, = max {02 o(O)|E, [ o [Faz, [lla*olFa}.
0 0
Then for v, weS*(0, T,) we get by (23), (11) and (15)
T, T,

@6 [lo-Voolrde < Cllvll3, lwllz, [ 1A *wldt < T o], w3, -
0 0

Now by Lemma 1 it is easy to show that (u, Vp) is a solution of (25), if and only
if ueS*(0, T,) is a fixed point of ¥,

t
Po(t) =e 4y, + Je =AY (fE(5) — P*(v-Vo)(s)) ds .
0

To solve the fixed point problem we consider the iteration u,_ , = WYu,, k=1,
where

t
uy (£) =e 4wy + Je “U=9AT £ (g) ds
0

is the solution of the Stokes equation to the given data. Now we show that ¥
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fulfills the conditions of the contraction mapping theorem on
NG ={veS*0, To): |[[v—u ||, <M},

where T, is suitably chosen: Setting 6 < M,/|[u,| we get by Lemma 1
|21 ||| 7, < M. Moreover using the estimate (26) we obtain for v, w e IIGF

1190 =y, < CTY* [0, < CT Ul =y 7, + w1, < 4CTS Mg,
[P0 —=¥wl||, < CT¢" ([I[v[ll 7, + 1wl ) 1= w7, < 4CT"* My [I[v — w|l| .-
Hence for T, < (4CM,)* the operator ¥ has a unique fixed point in J¢}. Con-

sidering (23) we obtain the energy equality as in the linear case, see Theorem
4. The standard argumentation yields the uniqueness of the solution. =

We have a similar result for the Navier-Stokes equations with prescribed
flux:

THEOREM 7. Let the assumptions of Theorem 5 hold. Then there exists a
time Ty >0 and a unique solution

(u, Vp) e (Wh2(0, Ty; L*(2)*) N L*(0, Ty; H*(2)*)) x L*(0, Ty; L*(2)*)
of the Navier-Stokes equations
@0 w—dutu-Vu+Vp=f, divu=0, w(0)=uy, u|;0=0, ®(u)=a.

Furthermore the solution satisfies the energy equality (22).
ProoF Letv=wu— ay,vy=u,— a(0)y and g = P(f— ay + ady), where y €

e D(A*) with @(y) = 1. Then it is easy to show, that (x, Vp) is a solution of the
Navier-Stokes equations (27), if and only if veS(0, 7,)) is a fixed point of ¥,

t
Pw(t) =e " vy + Je ~Em9A%(g(s) — P((w — ay)-V(w — ay))(s)) ds .
0

Now we proceed as in the proof of Theorem 6. =

Under the same assumptions on the data as in the above theorems, we can
construct global weak solutions for both of the auxiliary conditions, following
an idea of Miyakawa and Sohr, see [7].
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