% L esson 10 — Bending and stability of cylindrical
TELAUI UNIVERSITY TN 29N-21 NDOTIIN shellswith application to submarine design
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1. Elementsof shell theory. Differential equationsfor
cylindrical shells.

2. Main stresses conditions of shells
a) Membrane stresses
b) Bending stresses
c) General case

3. Bending of areinforced cylindrical shell. Reduction to
the beam on an €astic foundation

4. Interframe shell instability. Mises formula.

5. Stability of reinforced cylindrical shell. Reduction to
the orthotropic shell model.

6. Influenceof inelasticity and shape imperfectionson the
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HMW%H.MWH Submarine hull construction
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Hmm%mmﬂmw Pressur e hull faillure modes
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shedl yvialding shall buckling collapse

Failure modes of ring stiffiened thin circular cylinders
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* Examples of shell yield and shell buckling
TEL AU UNIERSITY 2NN NIPOTIN (models)
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Examples of overal shell buckling (models)
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Inate system for cylindric
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% Forces (per unit length) acting on the shell
TEL AL UNIVERSITY 2NN NMOTNIN element
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Eight unknown forces: T, T, M; M, N; N, S H
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Hmumw%mmﬂmm Equilibrium equations of shell in terms of forces
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ON, |, oN, , N, dw 0w 92w
0x ' dy ' R 09y [y xr +25 dx dy I
02w ] el
M, | OH oM, | OH
Ny = dx U Jy No= oy ' dx

Eight unknown forces: T, T, M; M, N; N, S H
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% Relation between internal forcesand
TELAUL UNIVERSITY JIN 20NN NDORIIN - (fj op)| gcements/midplane defor mations-or thotr opic shell
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% Relation between internal stresses and internal
TELFU) UNIVERSITY IR 20N-0N NOOTOM forces-Kirchhoff theory
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For parabolic distribution of shear stresses through the shell thickness:
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% Equationsfor orthotropic shell in termsof stress
TELAUL UNIVERSITY IR 20N-0N NDOTIN function and normal displacement
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% Equationsfor isotropic shell in terms of stress
TELAUL UNIVERSITY IR 20N-0N NDOTIN function and normal displacement
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% Simplified equationsfor orthotropic shell in terms of
TELAVL) UNIVERSITY IR 20N-21 NOOTIN stress function and normal displacement
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% Simplified equationsfor isotropic shell in terms
TELAUL UNIVERSITY JIN JONNNDOIIN - of ot ess function and normal displacement
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Tammummv%mmﬂmw Typeof stressesin shell
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1. Mixed state-stresses are produced by bending and membrane
forces

2. Purebending state-influence of membrane stressesis negligible

3. Membrane state-influence of bending stressesis negligible

My =M, = H =0,

¢ 8 it 32w W
leh'ﬂ_ljv d.ﬁgﬂﬂyz+ﬂﬂ_0‘

Equilibrium equations in terms of forces
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% Axisymmetric bending of cylindrical shell under
TELAUI UNIVERSITY TN 29N-21 NDOTIIN hydrostatic pressur e-formulation
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% Bending of cylindrical shell under hydrostatic
TELAUIU UNIVERSITY 2NN NMOTNIN preSSlJre'S()l ution
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G2F 32F 93F
Tl—_-raTﬁ: ngr(}t,;;: 5=_I_ij_taﬂ_:
My=—Duw"; My=—nDw"; Ni=—Duo"";, Ny=H=0,

Differential equation in terms of membrane forces

D' (x)=p + T 1w" (x) + To/R.

L

T, o — paR%(2aR) = — pR/2;  Ta= — (Etw/R + upR/2).
Differential equation in terms of displacements
D!V (x) + pRw” (x)f2 + Etw (x)/R?*= (1 — 1/2) p.

Solution
w (x) =[pRY(EN} (1 — p/2) + Cychdxcosyx + C,shdx sin yx +
+ C;5ch dx sin yx + C4sh dx cos yx.

where cﬁzaﬂr’rl-—-ﬁ; }*zu*\fl+ﬁ,
a =3I =W (RF); p=(RiN?p B — 1) /(2E). e




Hmm%mm”,mw Bending of cylindrical shell between stiffeners
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Symmetry:. Co=Ly=10

w(x) = [pRY}(ED] (I — u/2) + C, ch dx cos yx + Cy shdx sin yx.
BC.. ix=x+4 £

I 8 dx 0; x=If2 w=2D0R*w"{(EF}.
£ i 2nR? [E ll-) iy choaty sin g + iég 51 1 COS itg i
gea Et 2 ey sh 2uy - 1y sin 2u; £
O, 2pR? (1 p.] g ch iy sin tp — 4y 5h uy cos u; &
2 EX g i, =h 20y + oy sin 2uy 1*

where

1 Gl vi —
p— . — R ] - - oy == —— == [} l —
O TR R (u, wafF - T2 =uN1+p; == v B

. =75 ¢h2u; —cos2u . . L
Fi(uy, w)=+1—p* 1g sh '«lu: + uy Eil'lT_}HE » o w=0,6425
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% Bending of cylindrical shell between stiffeners-
TELAUL UNIVERSITY IR 20NN NDODIIN . Sanden and Gunther solution

. NEAR FRAME
AMid hil}" DUTSIDE e MIDBAY FRESSURE, B
i Ta,;i._;._LJ.,L.L.a_.u.J:HHJ;.;_L"‘L__
oy = —p— [l + I(Hy = pHy)] I e '
-— H T =l : SR——
Tz = _;’J L]f"ﬁ = I1HH] | | 3 =
' ot ek -
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oy = —? X {1 5= [l +: ® (1— ) h:’ Effective frame area
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LT = ==
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* Bending of cylindrical shell between stiffeners-
TELAUIUUNIVERSITY N 20NN NDODIN Sanden and Gunther solution (cont)
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_
A <O
where = Wi { i
v b b width of faying Hange, in,
_pR t = shell thickness, in.
—y hoop stress, psi A = [rame area, sq in,
i = radius to midplane of shell, in. 8w AN 1 Rl T Y
p = external pressure, psi A+ b h\ai — péj) (Aeet)s
r = I;rlmue dglpr-tm; ]m::;lglfterﬂ _ 135N (R il
B _]:‘"'"Ir. -::j — i ::l- e ]’nr u o= nra ."1 3 lr?l' P
. T 1 where
# = ratio of shell area under the frume fuyving
Aange, to total frame arca plus shell area N = tosh 8 — cos @
under frame faying fange. “inh # + sin #
g = degree of flexibility provided by [rame (for
a very [arge area 8 will approach zero) # it 31 — w1+ 1285L
fi = a slenderness parameter dependent on shell MU R T ippis or =03
thivkness, frame spacing, and radius of :
eurvature of shell plating oot i) *-Jﬂﬂ:.'_xm {i“:’ -;;m_-,-h 8/2 sin 8/2
N, H, K = transeendental funetions that define bending B sinh # + sind
effect on shell due to local framing, where S e
N = effect on deflection of frame He = =2 ( 4 ) h
H = bending effect in shell reflected at midspan | — p®
K = hending effect in shell reflected near frame " [ﬂl:h B/2 eos 8/2 — cosh 8/2 sin g/2
sinh@ + sing
; sinh # — =in #

HilTﬂ—l— sin § o
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Sanden and Gunther solution-expression of
critical pressureresulting in yield

where

2,1

i

p=
ﬂ:|—]31ﬁ(

(). "m — B
| + &
(vielding at frame)

2or.d

D

?_i -3 — = T
1+ H (“‘f“*: B)
1 4+ 8

(viclding at midbay)

o, = yield stress, i
H = Hy + ull,

- iy

Iut YT
|:l - (J— e ;) :’smla g +-a.-:ﬂ
d — 3 2

: Jur 4o @ . &
-2 ] = i wash = i
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* Sanden and Gunther solution-chartsfor
TEL RIS UHIVERSITY 1N SZ. SN OO functionsN,K H
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Hmm*mm”,mw Stability of shell-formulation
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) ‘ Variations of equilibrium position
lEJ{.'{, y)=wsy(x, y)— ey (x, J}! F[I y) Fa(x, y}_Fl {:I, H)

Differential equation of stability of the shell

B FF, % A?F  glw OtF. 9%
ﬂvﬂvw:z[_ L SO I 0w
ciyz dx? dy* gx* 5 dx dy dxdy +

ﬂEF ﬁEWi_ lﬂ'EFl ﬂ.' aaﬁ.]
R dx dy dxd;)—[_ o2 ( ;T _'“)f

"gg“(ﬁ + am' )]

?zvgﬁﬁ E(E ﬂgwl e o f] w; EE'E_ . E}E.E' (}ﬁ.‘] . L dEEEF)
dx dy odx dy dxt  dy? dx? gy® O
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Hmm%mmﬂmw Stability of the smple supported shell
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bbbyl }

= | 21 %Jn
a2/ 443
1‘f‘|‘|‘+$‘H1’l~|“.|'T
l |
e -

Relations for the membrane state of the shell

(T =—pR[2; (T3)y=—pR; (S),=0, wi(x)==const
53F1=H£@~ 62F|_______FR_ !'::E.Fl _D

dy? g dx: 5 ! dxay -

2~ ___ __ PR %@ @ a*d O ot fw; Y
Dvgvmr— -2 ﬂxi .IDR(RE + ﬁyg)_}- ﬂri (?_{_ Rg),
a2 £ '@
LAk e R ax?
Stability equation

%@

: o2z 1 PR 5, 0% E %
Vv [ DV + BT+ R (g + g )|+ 5 S =0
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Hmm*mm”mmw Stability of ssmple supported shell-Misesformula
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245
@ (¥, 4)= 0y, sin max/lsin nay/R ( BC. @ =55 =0)

L
“mPaiRE(21%) + nt — | X

. El
pﬂ i {pfﬂﬂ}min = IT1n {E

it R 12 D , .
= [if““'-*l"ﬂi;'fz—l— e + g (MR A nﬂf]}'

Mises formula m =1

= min { i | & K £ 2 2
Pe= R 05u®+n2—1 [lua_i_nz}z T 12(1 — p?) RE (" +n }]}

where o —=naR/|
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% Stability of smple supported shell-David Taylor
TELAUL UNIVERSITY FIRE 20N-21 MO mode basin formula
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Assumption

0,60° 4+ n* — 1 =~ 0,502 + n2

2.42E (t/2R)™
(1 —Vz)u'ﬁ [(L/2R) - 0.447 (‘l’fZR}y']

Py =

where E = Young’s modulus of elasticity
v = Poigson’s ratio
t = wall thickness of cylinder
R = mean shell radius
L = length between adjacent stiffeners
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Hmm%mmﬂmw Stability of ssmple supported shell-refined model
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The model takes into account theterms~ N,/R

[ Lt | 2 —— ;
PEE”“"[ R 050 F nE—1 {iEH - ﬁ“’:ﬁ"ﬂr[{-w =1 — “}“L]+

s (#ini)g[ﬂg'}' 12 (1 —IELF]' R? (0% — pn’) (@® + 1 — “]}]

where o =nR/|

Infinitely long shell o« =10
p,—min[D (n* — 1]/R*] = 3D{R?,
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General instability of reinforced shell-

TELAU ummw%mm MIPOIN
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_ila b
T ok ok ol - I o 5 T
§|____. I 1 hfl p, =min {[D,/R® + 1B .’ /(R )]/}
: f
G o L ol
ARSI W —

D, = D\a* + 2D.a2 (n® — 1) + D, (12 — 1) 4 (D3 — uyx D) 0%
B, =02+ (a® — py,n?) [Da? + D? (n2 — DI(E,RY); a= aR/L;
t, = a'd, + 2830°n° + 8,n; v, = 0,50 + n* — 1,

8y = l/Ey; 8y=1/E,; 83=1/(2G,,) — B, /Ex.
Ejt=E(t+ f\/b); D,==El b+ D; Ejt=E(t+ [oll); Dy=ELfl+ D.
E.=E[1+ /00 E,=El + [,/Ut)); Dy==D + EI,/b; Dy= D + El,/l
D;=G#12=(1 — p) D/2.
Wey =WBEIE,; Wyx=WE/E; G=E/[(2(1+4 n)
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% Solution for the shell with circular framesand no
TEL AU LUINIUSRSITY 0NN NIOTRAIN Stl‘ingel‘s
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Ex=FE; E,—E[l+ )], Dy=D; Dy= Ell+ D;
By — 1, llyu:HEny: D5:EDI+ I-I‘.tyD1=D;
b,=1/E; 8=1/E,; 8=(1+p— nE/E,)E.

: 1 ElsT: s : 2 a 5
P, = MiNg=rr—— { o | — 1 + j:_n (n? — 1) (a2 — un"}] -+

+ - LA B [ @ ) @ P — 1) +
+ (1 —wa* + @+ n>— 1Y]},
k=P Ay=(®+n) + ki’ [2(1 + p)a® + n%].
For FEl,>>pDl, k<<1 onecanput: k=0, D=0

A .E .f:g b t ':'-'l
— min - .
Pe {Dfﬁu*-l-nﬁ—l [HEI (n = R (a?+ n?)° J}
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Hmm*mm wonnn  G€neral instability-K endrick-Bryant formula

FACILTY OF EMCEMEERING aeETiaY aevipxan
_ a (n? — 1)EI
Py = 3

where
" I
L,
L, = length between bulkheads

L]

#t = number of cireumferential lohes

I = inertin of frame including one frame space of
shell plating

R = mean shell radius
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“Thumb” rulesfor the preliminary thickness

mmmummﬁw%m-mﬂmnw and frame spacing selection

FACILTY OF EMCIMEERING neTia? neripsan

Fel
oy

P

t = thickness of shell |
Pc = collapse pressure = pressure at maximum
operating depth times factor of safety

R = mean radius of shell
gy = yield strength of material
8 = frame reduction factor
L, = frame spacing A, = sectional area of frame
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Hmm%mm wonnn  EuUler forceand influence of plasticity

FACILTY OF EMCIMEERING neTia? neripsan

=7T2EI_
©o(u)y

2
T, = mE 1. E, —tangent modulus

Tty

T

Euler

: ==
e s = = BN
b ;;’;1 Intermediate:
Shart - columns RN 1
columns; —. = * Long C
[roese —= —_ feolumns
| L J 5 |

a7 o ! | L
[ | | i -
A Y 20 25 300,/0,
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% | nfluence of the inelastic behavior and
TELAUL UNISRSITY IR 20NONN0OIN . imper fections on the critical pressure
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TELAU ummu%mm MIPOIN

FACILTY OF EMCIMEERING neTia? neripsan

| nter frame shell collapse results-empirical data

related tothe“boiler” stress
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H T i
R ANTNAAR A AL AW For high values of
R
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bR
Typical scatter band of fest results

Pemd By

Empirical plot of model pressure test results ( Burcher and Rydill )
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FACILTY OF EMCIMEERING

| nter frame shell collapse results-empirical data
related to the shell yield stress
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Interframe shell collapse results ( Burcher and Rydill )
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Hmm%mm aopow 1 NiNNessratio-shell stability

FACILTY OF EMCIMEERING neTia? neripsan

Shedll instability

A=[(L2RY / (V2R)’]"* V (0,,/ E) = Windenburg thinness ratio ‘A’,
L = unsupported length of the shell between adjacent frames

t = wall thickness

R = mean shell radius

0,, = yield stress

E = Young’s modulus of elasticity

General instability

A = [LyDY/t/DY 1> V (0,,/E)

Ly, = length between bulkheads

D¢ = diameter of the centroid of the ring-shell combination

t' = wall thickness of an unstiffened vessel equivalent to the ring-stiffened case

For columnswe had:

L . L
A=—; 1 =1/%: —radiusof giration b
r 20VN OXTINON NV
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Hmm%mm wopnn Onell instability-design charts

FACILTY OF EMCIMEERING neTia? neripsan
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Design chart for the shell instability of machined circular cylinders



Hmm%mmﬂmw Thinnessratio-example of calculation

FACILTY OF EMCIMEERING neTia? neripsan

Sample Calculation for A' for model

A typical ring-shell combination is shown in Figure 23, where the dimensions are in mm

I-b "'H'" 1 2S
i+5
B = i X
- 112.9 -1

Internal diameter = 101.6mm
Fimll't‘ 3 Twvniral rinm.chall samhbinatian fam madal DA

O = = J e AL AL WLSLLLLVELLERRIR LY LRPE BRIV §T
L, = 217mm
0, =  200MPA
E = 200 GPa

v (0,,/E) = v (2007200 x 10°) = 0.0316
A = cross-sectional area of a typical ring-shell combination

- 28 161 mm?

N OYTINDN NIV

L = Unsupported length between adjacent frames = 22.9 mm 1IN WOND



Hmm%mm wonnw  Thinnessratio-example of calculation (cont)

FACILTY OF EMCIMEERING neTia? neripsan

AY

first moment of area of the ring-shell combination about XX

Y 0o 1
. A L.

18.991 mm®

distance of centroid of the ring-shell combination from XX

Ay/A

¥=0.674 mm

Dy

- diameter of the centroid uf the ring shell combination

101.6+27

D:=102.95 mm

IEIJ:

- 2nd moment of area of ring-shell combination about 32X

229x L1293 +1.6x1.512+1.6x 1.5 x 1.875° n v

LONO



Hmm%mm wopon 1 NiNNessratio-example of calculation (end)

FACILTY OF EMCIMEERING

neTIaY nevipsan

I.=19.756 mm

hw = 2nd moment of area of the ring-shell combination about its own neutral
axis

= I, -FixA
- 19.756 - 0.674" x 28.163
Lia=6.962

Lett' = thickness of an equivalent unstiffened cylinder, so that,

I:I
229 = t

=]
12 MNA

t'=1.530 mm
A = [LyDy? / t' DY 1V (0,/E)

= [(217/102.95)/(1.539/102.957 % x 0.0316

| nYSN NIV
=09 N 900N



HMW*HM wonnny  P€Sgn chart for general instability

FACILTY OF EMCIMEERING neTia? neripsan

)
Plot of 1/A aqainst P,/ Py
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Design chart for the general instability of machined rine-stiffened circular 2R DTS THY
cylinders The Per calculated using FEM or by Bryant/Kendrick formula '
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HMW%M-MWN Spherical shells

neTIaY nevipsan

FACILTY OF EMCIMEERING

o
L
h

1’)

1

21 (

Ay
R

modulus of elasticity ;
shell thickness ;

Py

(31 — )]

elustic buckling pressure ; R

M

mean radius of shell ;
Poisson’s ratio.
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% Spherical shell-influence of inelasticity and
IA.EI'E-I.T;T'JIH EMEMEERING ::Ei;?: nP'.l"InFHﬁwI'I ImperfeCtlonS

David Taylor moded basin formulas

1A=
P == N f;l' A
Py = 0.84 7 ( H”)

P; = empirical buckhng pressure for near pericet
sphere

Ry = outer shell radius
s G =
f}ﬁ' — G,H‘1 {f‘;ﬁfﬂ‘r} " ( 'rlll' o = {.}.1]
bitt
where
I, = inelastic collapse pressure of near-perfect sphere
E, = secant modulus

I,

tangent modulus; and change in Poisson’s ratio
from eclustie to plastic range is negleeted, a
conservative assumption o BT T
AN IVVNO
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Hmm%mmﬂmw Appendix I-Pressure hull materials

FACILTY OF EMCIMEERING

Material Oyrs(MPa) E (GPs) p Oyrs/P E/p

kg/m m/s (m/s)?
Medium strength 370 200 7840 47 x 1(¢ 26 x 10°
mild steel
High-strength mild 1550 200 7840 198 x 10° 26 x 10°
steel
Aluminium alloy 430 70 2800 154 x 10° 25x 108
Titanium alloy 690 120 4500 153 x 1¢¢ 27 x 10°
High-strength GFRP 1600 60 2000 800 x 10° 30x 10°
CFRP 1400 170 1600 875 x 10° 105 x 10°
Boron composite 1300 270 2000 650 x 10° 135 x 10°
Piano wire 3000 200 7840 380 x 10° 26 x 10°
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