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Abstract 
 
We study the undulatory swimming of a 
rubber fish (nektor) with a focus on the 
output body-wave shape.  We use a 
coupled fluid-structural model to 
simulate the dynamics of the system. 
The inviscid, irrotational flow is 
modeled with an unsteady vortex panel 
method. The structure of the nektor is 
modeled as linear elastic two-
dimensional beam with small 
deflections.  Our goal is to obtain an 
optimal set of forcing and structural 
parameters to best match the midline 
shape of a swimming fish.    We use a 
multi-dimensional Newton’s method to 
obtain the combination of parameters 
that produce the closest match.  We hope 
to better emulate the body-wave shape of 
high efficiency fish utilizing a simple 
elastomer foil. 
 
Introduction 
 
Through evolution, aquatic animals have 
developed efficient ways to propel 
themselves.  Most fish, for instance, can 

maintain fast speeds, accelerate quickly, 
and have excellent maneuverability [1].  
They swim with undulatory motion in 
which waves created by the bending of the 
body propagate from the head to the tail [2].  
Their movement is regulated by various 
characteristics such as tail-beat frequency 
and amplitude.  Armed with a better 
understanding of how fish swim, the affect 
of these parameters on the control of speed 
can be determined. 
 
McHenry et al [3] suggested body stiffness, 
tail-beat frequency, and driving amplitude 
are the control variables for swimming 
speed.  The theory was tested with an 
experimental apparatus in which model 
sunfish were actuated by a mechanical 
bending couple located just posterior to the 
neurocranium.  The wave input signal was 
sinusoidal and tests were run at various 
frequencies and amplitudes.  Results of the 
experiment showed that the predicted 
control variables did indeed dictate the 
swimming speed for the model.  Data from 
live fish allowed for predictions of how 
their swimming differed from that of the 
model.   



For our work we hope to emulate the 
body-wave shape of a swimming fish 
utilizing a simple elastomer foil that is 
actuated in pitch.  We use a two-
dimensional vortex lattice method 
coupled to a linear elastic structural 
model to simulate the dynamics of the 
foil.  To best emulate the motion we 
optimize a simple parameter set of 
elasticity, oscillation amplitude, and 
oscillation phase by utilizing Newton’s 
method to minimize the L2 norm over 
one period of oscillation.   The goal of 
this work is to demonstrate that a simple 
elastomer foil can more closely emulate 
the body motion of a fish by optimizing 
parameters of the foil. 
 
 
Numerical Modeling 
 
Solving this problem required the use of 
hydrodynamic techniques and solid 
mechanics.  The velocity field and the 
pressure exerted by the fluid on the 
nektor must be calculated as the nektor 
moves in time.  The equation of bending 
of the foil is also needed in order to find 
the new position of the foil at each time 
step.  The pressure affects the movement 
of the foil, which then changes the 
circulation in the fluid. 
 
For the computational model, the nektor 
body is approximated as a slender, 
elastic beam.  The leading quarter chord 
of the two-dimensional beam is assumed 
inflexible.  The trailing three-quarter 
chord is compliant and allowed to bend.  
The structural equation is  
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where h  is the vertical displacement of 
the beam from its nondeformed position 
and  p∆  is the hydrodynamic pressure 
difference between the top and bottom of 

the foil.  E  is the modulus of elasticity, I ′  
is the moment of inertia per unit span, and 

Sr ′′  is the mass per unit chord.  We assume 
that the beam is made of a homogeneous 
material with a constant thickness so the 
modulus of elastic ity, moment of inertia, 
and density are constant over the chord.   
 
We assume the fluid is incompressible, 
inviscid, and irrotational over the entire 
flow field.  These assumptions are valid for 
large Reynolds numbers, such as those 
found in the biological system we seek to 
emulate [1].  The equation that describes 
the flow field is  

2 0∇ Φ =  
where Φ  is the velocity potential whose 
gradient is the flow velocity.  The 
relationship between the velocity potential 
and pressure can be derived from the 
momentum equation.  Assuming small 
disturbances and linear theory, the pressure 
difference between the upper and lower 
surfaces of the foil is 
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where r  is the fluid density, U∞ is the mean 
free stream velocity, and ∆Φ is the velocity 
potential difference between the and bottom 
of the beam. 
 
An unsteady discrete vortex lattice model is 
used to describe the hydrodynamic portion 
of the problem.  In this discrete model the 
pressure difference at any panel becomes 
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where iΓ  is the discrete vortex strength at 
panel i .  
 
The unsteady nature of the problem is  
introduced to the otherwise non-time 
dependent hydrodynamic equation through 
the unsteady boundary conditions.  This 
manifests itself in the vortex lattice model 



through the coupled equations that 
describe the induced and prescribed 
downwash at each panel. This equation 
is 
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where a  is the forced angle of attack of 
the leading edge quarter chord.  The two 
summations on the right hand side of the 
equation account for the induced wash 
due to the bound vorticity of the 
structure and the vorticity shed into the 
wake.  The vorticity shed into the wake 
is specified by the Kelvin circulation 
theorem.  For the discrete vortex lattice 
model the strength of the shed vortex is 
given as 
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where the superscripts represent the time 
step for each of the panel’s vorticity 
value.  The vorticity shed into the wake 
is allowed to convect with free stream 
and induced velocity utilizing standard 
numerical models [8]. 
  
To best match the midline shape of a 
swimming fish, we wish to minimize the 
L2 norm between the time dependent 
centerline displacements of our model 
and experimentally determined data.  For 
this work we do not allow our model to 
heave.  We place the point of pivot for 
the forced pitching at near quarter chord 
of the nektor which is the experimental 
observed point of minimum centerline 
displacement for swimming mackerel 
[7]. To minimize the L2 norm and 
achieve the best match we allow the 
amplitude of forced oscillation, 
structural modulus of elasticity, and 
forcing phase to be varied. We utilize a 
Newton method to minimize the L2 norm 

by obtaining the optimum combination of 
amplitude, elasticity, and phase [6]. 
 
Results 
 
We choose to use the data obtained by Katz 
and Shadwick [7] as the experimentally 
determined midline position used for 
comparison to our model.  To 
mathematically represent the time 
dependent midline position obtained 
experimentally we choose  
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where ( )g x  is the amplitude envelope of 
oscillation,  l  is the propulsive wavelength 
of the body, and f  is the frequency of 
oscillation.  The values for wavelength and 
frequency are obtained directly from Katz 
and Shadwick [7]. These values are f = 
4.6Hz and l =1.2L, where L is the body 
length which is equal to 25.5cm.  The 
representation for the amplitude envelope is 
obtained by fitting a curve to the 
experimental values given by Katz and 
Shadwick [7].  Figure 1 shows the 
experimental data obtained by Katz and 
Shadwick for the amplitude envelope of 
body undulations. Superimposed on this 
graph are exponential and cubic curve fits.  

 

Figure 1: Comparison of Plots for Amplitude 
Envelope of Body Undulations 

Although it is more standard to have the 
amplitude envelope in the form of an 



exponential, we have chosen to use a 
cubic because it is a much better 
approximation of the experimental data, 
also Katz and Shadwick use a fourth 
order polynomial to describe the 
envelope of much of their experimental 
data.  The cubic equation of our curve fit 
is  
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where x  is the position along the body 
in centimeters.   

 
Figure 2: Midline Displacement Surface for 

Experimental Data Fit 

Figure 2 shows two cycles of the midline 
displacement for the time dependent 
experimental data utilizing the curve fit 
equations. 
 
Utilizing our coupled model of a flexible 
nektor harmonically pitched at the 
quarter chord, we minimize the L2 norm 
of the error between the model and 
experimental data by varying a limited 
number of nektor parameters.  For this 
work we optimize the parameter set of 
elasticity, oscillation amplitude, and 
oscillation phase by using Newton’s 
method.   

 
Figure 3: Amplitude Envelope Comparison of 
Desired Envelope and the Optimized Envelope 

Figure 3 shows a comparison between the 
amplitude envelope for the experimental 
data and the envelope obtained when the L2 
is minimized.  The optimum parameter set 
to obtain the minimum L2 norm is an 
oscillation amplitude of ±5.73°, a phase 
angle of −71.1°, and an infinite modulus of 
elasticity.  The minimized L2 envelope of 
Figure 3 clearly shows the need to add a 
heaving variable to the parameter set to 
allow for a more closely matched set of 
data near the current “pinned” pitching 
position of the nektor.  
 

 

Figure 4: Midline Displacement Surface for 
Optimized Parameter Set 



Figure 4 shows two cycles of the midline 
displacement for the nektor with the 
parameter set that minimizes the L2 
norm.  Figures 2 and 4 show a graphical 
representation of the data that was 
compared to obtain the minimum L2 
norm. 
 
Conclusions  
 
In this work we demonstrated a method 
to maximize the emulation of a complex 
body-wave shape of an aquatic animal 
by optimizing a parameter set for a 
simply actuated compliant foil.  The 
results for the parameter set we chose for 
this work did not allow enough degrees 
of freedom to simulate the experimental 
data well.  In particular, the inability of 
our foil to heave causes a substantial 
inherent error that the chosen parameter 
set could not compensate for.  We did, 
however, optimize the shape for the 
limited number of free parameters we 
chose. 
 
We plan on using this work as a 
foundation for future work on this topic.  
We will utilize a larger nektor parameter 
set to more closely match the body-wave 
shape of aquatic animals.  We will 
modify our model to include a heave 
component.  The variables we plan on 
adding to our parameter set include 
magnitude and phase of heave, pitching 
point location, and thickness variations 
along the chord.  We also plan on using 
this same methodology to optimize the 
propulsive efficiency of simply actuated 
oscillating foils.  
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