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Abstract— Gyro calibration techniques are inves-
tigated for a small, mid-grade inertial measurement
unit suitable for UUV applications. QOur goal is to
characterize calibration requirements and techniques
for small unmanned underwater vehicles that are de-
ployed without reference to a master inertial system.
As a first step toward this goal, we examine calibra-
tion techniques that use either Earth’s rotation rate,
or local pitch, roll, and heading sensors, as a refer-
ence.

I. INTRODUCTION

Our goal is to rapidly and opportunistically de-
ploy small unmanned underwater vehicles (UUVs).
Toward this goal, we are investigating requirements
for aligning and calibrating small, inexpensive guid-
ance systems without the need for a master inertial
reference system. This paper reports our first efforts
to understand calibration of the gyros in a mid-grade
inertial measurement unit.

Guidance system calibration for unmanned vehi-
cles appears in both the UUV literature and the
ground vehicle literature. In [4], on-line electronic
compass calibration is addressed for a UUV, and in
[10] on-line single-axis gyro calibration is addressed
for a micro UUV. In [5] and [7], calibration of a mid-
grade inertial measurement unit (IMU) is addressed
for ground vehicle applications. In [11], several cal-
ibration tests are considered for a small IMU/GPS
navigation package integrated via complementary fil-
ters.

In this work, we concentrate exclusively on gyro
bias calibration for a mid-grade IMU. A least-squares
technique is considered where gyro bias is estimated
by minimizing the error from a set of collected data.
This is an off-line approach, but can be performed
during deployment after a sufficient amount of data
has been collected. While this approach yields a min-

imizing bias error, approximations to the true gyro
dynamics are required to derive a closed-form solu-
tion. Another approach utilizes a nonlinear observer
that asymptotically estimates the bias error in real-
time. The observer accounts for the nonlinear gyro
dynamics and no approximations are required.

II. INERTIAL MEASUREMENT UNIT
CHARACTERIZATION

Initial experiments are designed to establish two
parameters: time after start-up until the IMU
reaches steady-state operation, and the amount of
data that must be collected in order to ensure that
the mean of the data has minimum noise.

Several hours of data are recorded while the instru-
ment is at rest. A plot of the y-axis gyro output is
shown in Figure 1. The points on the plots represent
the mean of 5 minutes of data (the IMU produces 400
measurements per second). A moving average filter
removes higher frequency noise so that low frequency
trends are more clearly displayed. From Figure 1, the
output of the y-axis gyro is essentially stationary af-
ter about 10 minutes. Though not shown here, we
experimentally determined a similar trend for the re-
maining three gyro channels. From the results of this
experiment, we impose a 10 minute warm-up period
for the IMU in all subsequent experiments. The data
shown in Figure 1 was collected when the IMU was in
a sealed vessel, but not submerged. We anticipate a
lower steady state temperature and smaller warm-up
time when the IMU is submerged.

In a second static test, the mean of measurements
is computed for a data collected over a fixed interval.
This processes is repeated continuously, generating
a sequence of means. We expect the sample stan-
dard deviation of the means to decrease by 1/ VT,
where T is the time span corresponding to each set
of measurements. For a sufficiently large interval T,



the sample standard deviations of the means stop
decreasing. During a bench-top test where a single
number is needed to represent the output of an IMU
channel, T, is the length of time over which data
should be collected and a mean computed. Figure
2 shows the standard deviation of the mean versus
time interval for the y-axis gyro. The standard de-
viation of the mean stops decreasing when intervals
are longer than 10 minutes. Thus for a static test,
the mean should be computed from 10 minutes of
measurements.
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Fig. 1. Measured y-axis angular rate over time. Each
point represents the mean of 5 minutes of data.
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Fig. 2. Standard deviation of mean gyro output
versus length of time over which each mean is
computed.

III. NOTATION

The remainder of this paper addresses calibration
three orthogonal gyros on an IMU, and we begin by
briefly describing our notation and conventions. An-
gular rate of the IMU is denoted

and is referred to as the body angular rate. Angu-
lar displacement of the IMU with respect to a local
level (north-east-down) coordinate frame is described
using Euler angles roll, pitch, and yaw, which we de-
note by ¢, 6, and 1, respectively. The vector of Euler
angles is written n = [¢, 0, ]7.

The rotation matrix R = R(n) € SO(3) that trans-
forms vectors in the IMU coordinate frame to vectors
in the local level frame satisfies RRT = I, det(R) = 1
and is written

Ry Ria Ri3
R(¢,0,¢) = |Ryy Rao Rag (1)
R31 Rsa Rs3
where
Ry 1 = cos(6) cos(v)
Ry 2 = sin(¢) sin(f) cos(y)) — cos(¢) sin(t))
R 3 = cos(¢)sin(f) cos(p) + sin(¢) sin())

IV. ANGULAR RATE AND EULER PARAMETERS

We use three different representations for the dif-
ferential relationship between body angular rate and
Euler angles.

A. Euler angle integration

Euler angles are integrated directly using the rela-
tionship

(2)

where
1 sin(¢p)tan(d) cos(¢)tan(6)
Q) = |0 cos(¢) —sin(¢)
0 sin(¢)/cos(d) cos(¢)/ cos(9)



The right-hand side of (2) has singularities at 6 =
2(n—1)7 for n an integer. Thus direct integration of
Euler angles can be problematic in practice. We find
(2) useful since the Euler parameters are generated
directly as a result of integration, and a least squares
approach to gyro bias estimation can be obtained.

B. Rotation matriz integration

A second representation of the differential relation-
ship involves rotation matrices. The time-derivative
of (1) satisfies

R(t) = R(t)S(w(t)) (3)
where
0 —w, Wy
SW=|w 0 —w (4)
—Wy Wy 0

is a skew-symmetric matrix representation of the
cross product (wx). Euler angles are recovered from
(1) using the relationships

tan(g) = 2
sin(f) = —Rs 1
tan(y) = 12

C. Quaternion integration

The third approach uses unit quaternions, a four-
element representation for the transformation matri-
ces SO(3) (the unit quaternion group is onto SO(3),
but not 1 — 1). We partition a unit quaternion

— Vo
where v, € R and v € R3. A unit quaternion ¢

satisfies ||q|| = /v2 +vTv = 1. Let

= |:"Umo:| 7 and y = |:”Uyo:|
Vg Uy
be unit quaternions, then the quaternion product is
defined

[vm —vF
Ty =

x U?IO
Uy S(vg) + Tvge| | vy

Note unit quaternions do not commute over the prod-
uct operator. The identity unit quaternion is

Q
Il
coor

and the inverse of a unit quaternion is

=[]

Integration of rotation matrices defined in (3) is ex-
pressed using unit quaternions as

q(t) = 5T(q(t)w(t) ()

where

T(q) = {S(v)vflvo]

and ¢(t) is the unit quaternion corresponding to R(t)
in (3). Unit quaternions are transformed to rotation
matrices using the relationships

2 .2 2 _ .2
Rii=v,+vi —v; —v3

’

Rl,z = 2(1)11)2 — 1)01)3)

Rq 3 = 2(v1v3 + vo02)
Ry1 = 2(v1v2 + v,o03)
Roo = v2 — v} +v3 — v3
Ry3 = 2(vav3 — v,01)
R3,1 = 2(1}11)3 — UO’UQ)
R3)2 = 2(1}2’03 + 1}0’01)
Rs3 :1)3 —vf —v%—l—v%

Two properties of rotation matrices and quaternions
are needed in the sequel,

Proposition IV.1: Let rotation matrices R; and
R satisfy

Ry(t) = Ry ()S(wi(t))
and

Ry(t) = Ra(t)S (wa(t))
If R3 = RT Ry, then Rj satisfies

Ry(t) = Rs(t)S (w1 (t) — R wa(t))

Proposition IV.2: Let [v,(t), vT'(#)]Y be a unit
quaternion, then

Vo ()00 (t) + 0T (t)0(t) =0

Advantages of integration via rotation matrices or
unit quaternions is matter of debate [8]. For the pur-
poses of our analysis, rotation matrix integration (3)
has the desirable property of being described by a
linear time-varying system. On the other hand, unit
quaternion integration (5) has the property that an-
gular rate enters the dynamics linearly.



V. CALIBRATION

Let wy be the body angular rate measured by the
IMU. We assume that the true body angular rate is

w(t) = wr(t) + b+ RT (n)w.
where b € R? is a bias error,

cos(L)
we = 7.2921 x 107° 0
—sin(L)

is earth rate in the local level frame, and L is the
local latitude.

The remainder of this paper concerns determina-
tion of the bias error b. We present three different
methods for computing the bias error. Other er-
ror sources are possible and likely. These include
scale factor errors, temperature dependence, non-
orthogonality, and g-induced biases [1], [8].

A. Static bias estimate

If the exact orientation of the IMU is known, it
is possible to calibrate the bias error by comparing
the output of the gyro to earth-rate. A modification
of this approach is suitable when north is difficult to
determine.

If the IMU is level, the outputs of the two horizon-
tal gyros are

We, = 7.2921 x 1075 cos(tp) cos(L) +b,  (6)
wy, = 7.2921 x 10™° cos(¢)) cos(L) + b,  (7)

If the IMU is rotated about the vertical axis by 180
degrees, then (6) and (7) yield

Wy = 7.2921 x 107° cos(tp + ) cos
Wy, = 7.2921 x 1077 cos(3 + ) cos

(L) +b:  (8)
(L) +by,  (9)

Summing (6) with (8) and (7) with (9) yields

Wy, + Wy
b:z;: 12 2
b — wyl +wy2
Y 2

Using this test, we computed

by =4.3x107°
by =—-34x10""
Bias for the remaining gyro is computing by repeat-

ing this test with the IMU rotated to place the re-
maining gyro axis in the horizontal plane.

VI. DYNAMIC CALIBRATION

When direct Euler angle measurements are avail-
able, the bias calibration can be computed from dy-
namic measurements.

A. Least squares

Let n(k), k = 1,... ,n, be a set of discrete Euler
angle measurements, and let 7(k) be a corresponding
set of Euler angle estimates obtained by integration
of body angular rates using (2). A least squares es-
timate of the bias error b minimizes the functional

Z In(é) — 7(@)]1*

for a given estimate of the initial condition 7(0). Al-
though direct Euler angle integration is not typically
implemented due to singularities, we choose Euler
angle integration for the least squares problem since
it directly relates the bias error in the body angular
rate to Euler angles, which are the physical variables
of interest.

Euler angle integration (2) is approximated in
discrete-time as

ik +1) = 0(k) + hQ(A(k))(wr + b+ RT (7(k))we)

= Q(n(k))
R(n(k)), then for any subsequent time

where h is the sample period. Let Q(k)
and R(k) £
step,

Nk +n) ~ H(k

+hZQ
+hZQ(z‘)b
i=k

R (i)we)

(10)

The approximation in (10) arises from neglecting that
b enters into Q(+) and R(-) through previous values of
f(k). Note that we use Q(n(k)) and R(n(k)) instead
of Q(7(k)) and R(7(k)). We find experimentally that
this approximation results in reasonable estimates of
b.

From (10), we construct the overdetermined sys-
tem
y = Ab (11)
where
(k1) = (k) ~ hQUK) (wr (k) + BT (K)we)
y =

n(k +n) — (k) —
(12)

h Z?;f Q((i)) (wr(i) + RT (i)we)



and

hQ(k)
A .

hYio Q)
From (12), the least squares estimate of b is

b= (ATA)~1ATy (13)

B. Quaternion observer

A nonlinear observer can asymptotically estimate
bias error without an approximation of the nonlinear
gyro dynamics. Our observer is based on the atti-
tude observer presented in [6]. An similar observer
appears in [9] and was tested in simulation only. Our
result differs largely with respect to the proof, and
we verify the result with experimental data.

Let R be an estimate of the true rotation matrix
R, and define the estimation error R = RTR. If the
estimate is perfect, then R = I. Thus the observer
must satisfy R(t) — I as t — oo. From (3), the

observer is based on
R(t) = R(t)S(wr(t) + b+ RT (n(t))we) (14)

Let R and b be estimates for R and b, respectively.
Then an observer for (14) is

R(t) = S(R(wi () + b
+ RT(n(t))we + k1e(t) sgn(eo(t)))
b(t) = koe(t) sgn(eo(t))

7

(15)
(16)

where [e,, eT]7 is the quaternion representation of
the observer error R, and the signum function is de-
fined sgn(e,) = 1 if e, > 0 and sgn(e,) = —1 if
e, < 0.

Theorem VI.1: For any initial conditions 1%(0),
b(0), and scalars ky > 0, ko > 0, ||b(t) — b(t)|| — 0
asymptotically.

_ Proof:  Using property IV.1, the observer error
R = RT R satisfies
R(t) = R(t)S(b — k1e(t) sgn(eo(t)))

- (17)
b(t) = —koe(t) sgn(ey(t))

where b = b—b is bias estimation error. Using quater-
nions, (17) is equivalent to

[ééo((tt))] -3 [Ieo(t_) fgge(t))] (5= Fre(r) seneo()

b(t) = —kse(t) sgn(eo(t))
(18)

To compute equilibria for (18), we note that [e,, e?]7

is a unit quaternion and that e2+eTe = 1. Thus (18)
is written

0(t) = —3eT(O(t) + Hh1 (1 — eB(1)) sen(eo(t))
é(t) = 3 DIC

o(t)I — S(e(t)) (b(t) — kre(t) sgn(eo(?)))

b(t) = —Lkae(t) sgn(eo(t))
(19)

From (19), the equilibria for the error dynamics are

€o -1

Il
o

1
= |0f, or
0
both of which correspond to the same rotation ma-

trix. To verify asymptotic stability, define v =
[eo, €T, bT]T and consider the Lyapunov function can-

VAR
o o

Then using property IV.2

V(u(t) = 267 (1) (= s hae(t) sen(eo(t)))
—2ka6,(t), eo(t) >0
* 2kaéo(t), eo(t) >0
= klkgeT(t)e(t)
Thus V(v(t)) < 0 for all v(t). Define Q =

{v|V(v(t)) = 0}. For asymptotic stability, it re-
mains to apply LaSalle’s Theorem and show that v(t)
can only remain in Q for all future time if v(¢) is at
an equilibrium. Note that v(t) € Q if and only if
e(t) = 0, thus v(t) € Q implies that

Tki (1 — €2(t)) sgn(e,(t))
&(t) = Leo(t)b(1)
' 0

If the error dynamics (18) are not at an equilibrium,
then either é, or é is nonzero. If é is nonzero, we
are done. If é, is nonzero, then e2 # 1 and e cannot
remain at zero since e2 + eTe = 1. Thus by LaSalle’s
Theorem, the error dynamics are asymptotically sta-
ble. ]



VII. EXPERIMENTS

The bias estimation techniques presented in Sec-
tion VI were experimentally tested using data col-
lected during deployment of the Johns Hopkins Uni-
versity Remotely Operated Vehicle (JHUROV) at
the United States Naval Academy Hydromechanics
Laboratory. Euler angles were obtained from pitch
and roll sensors, and from a gyro-stabilized magnetic
compass on board the JHUROV. The IMU was de-
ployed in an inertial guidance package mounted on
the ROV. The inertial package was developed by
USNA Midshipmen and is described in the Appen-
dix.

Both bias estimation techniques are tested using
Euler angle data that is shown in Figure 3 and cor-
responding body angular rates that are not shown.
The vehicle remained in a fixed position and oscil-
lated £5° in yaw at % Hz. After 340 seconds, the
JHUROV increased yaw oscillation frequency to %
Hz. After 650 seconds, the vehicle ceased yaw os-
cillation and oscillated about % meter in surge. By
limiting the JHUROV to small motions, are intent
was to limit errors in the compass measurements.

For both calibration techniques, the bias errors
were computed from the first 340 seconds of data.
Estimated Euler angles were then computed by in-
tegrating measured body angular rate over the en-
tire data set using the estimated bias errors. Perfor-
mance of the bias estimation techniques is evaluated
by comparing the estimated Euler angles from those
obtained by direct measurement.
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Fig. 3. True Euler angles as measured by the JHU
ROV.

A. Least squares estimation

Least squares estimation (13) was applied to the
first 340 seconds the data corresponding to Figure 3,

yielding

7.7103 x 10~°
5.4113 x 1076
—3.0985 x 107°

b= (20)
The entire data set was integrated using the bias es-
timate (20). The absolute value of the error in each
gyro is shown in Figure 4, along with the error when
the bias estimate is zero. Improvement is seen in
each axis except the y-axis . The least squares al-
gorithm minimizes the root-sum-squared error of all
three axes, not the error in individual axes. Let e,
ey, €, be the error in each channel. The root-sum-

squared error, /€2 + e2 + eZ, is shown in Figure 5.
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computed from least squares (- - - - ), and zero
bias (— ). Data has been smoothed using a 10
second averaging window.

B. Observer

The observer (15) and (16) was implemented on
the first 340 seconds of data corresponding to Figure
3, yielding

4.7527 x 1075
4.3960 x 1075
—2.257 x 1075

b= (21)
The bias estimates are shown in Figure 6. After 340
seconds, the observer is stopped and the bias estimate
is fixed at the current value. The entire data set was
integrated again using the bias estimate (21). The
absolute value of the error in each gyro is shown in
Figure 7, along with the error when the bias estimate
is zero. Improvement is seen in each axis except the

y-axis . The root-sum-squared error, ,/e2 + €2 + €2

is shown in Figure 8.
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VIII. CONCLUDING REMARKS

Since true values of the bias errors are unknown,
the only possible test is to compare integrated body
angular rates with know Euler angles. In our tests,
the least squares technique was superior in minimiz-
ing Euler angle error (compare Figures 5 and 8). Yet
we believe that overall, our experiments remain some-
what inconclusive. Although bias error is a major
contributor to Euler angle error, other error sources
are likely evident. These include scale factor and
alignment errors. Further test will be conducted in
which bias, scale factor, and alignment errors are es-
timated simultaneously.
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APPENDIX

The USNA guidance package, including Litton
IMU is briefly described. The guidance package was
designed and constructed by a team of Midshipmen
at the Unites States Naval Academy, including the
second author. The interior electronics shelf of the
guidance package is shown in Figure 9 and the water
tight pressure vessel is shown in Figure 10. The pres-
sure vessel contains an LN200 inertial measurement
unit from Litton Guidance, a TCM2-50 electronic
compass module from PNI, Inc., and a PC104 stack
with CPU and A/D converters. The PC104 stack
also contains an RS485 synchronous serial card from
SeaLevel Inc. to enable frame-based IBM Synchro-
nous Data Link Control protocol communications be-

tween the IMU and CPU. Externally, the guidance
package communicates via a standard RS232 serial
port and requires 24 volt DC power. The IMU gen-
erates acceleration and angular rate for each of three
orthogonal axes at 400Hz. The PC104 stack com-
putes the mean of 40 samples, which is transmitted
through the RS232 port at 10 Hz.

4 stack
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|

Fig. 9. Electronics shelf of the USNA inertial guid-
ance package.

Fig. 10. USNA inertial guidance package mounted
on the JHUROV.
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