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Introduction

The purpose of this presentation is to give a very concise introduction to the concepts of Bayesian inference and networks, with indications about how and where this technology can be used.  This is a rapidly growing technology whose successful application has been enabled by the recent impressive advances in computing power. Given the large amount of data MBARI has been collecting as well as the qualitative nature of much of this data (video and sample collections) it seems inevitable that Bayesian methods will be utilized to mine MBARI’s data.

There is no attempt here at rigor or completeness. This is an attempt to create a basic conceptual map, with some examples, of what this technology is and where it came from.

Basic Probability
The classical (frequentist) basis of discrete probability is that it is a measure of the likelihood of a given event among a class of related events. If all outcomes are equally likely then this measure is defined by 


P(E) = (number of outcomes in E)/ (number of possible outcomes).

The set of possible outcomes is called the event space. Any subset of this space can be called an event. Events generally have a description that specifies the subset of outcomes belonging to the event.

For example, what is the probability that a card drawn from a pack of 52 cards is an ace?

What is the probability that if two balls are drawn from a set of five balls, two of which is white and three of which are black, that at least one will be black ?

Probability measures have several classical properties. Let E and F represent events in a sample space S.

1. P(E)  
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2. P(S) = 1.

3. P(E 
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 F) = P(E) + P(F) , if E and F are disjoint.

So far this is how probability is defined when the sample space consists of a finite number of outcomes.

 Conditional Probability

In some cases an event may be related to another event. For example the event of being dealt a pair of cards in a five card hand is a subset of being dealt three of a kind, or a full house.  Given two events, E and F, the conditional probability
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, is defined as the probability that E occurs given that it is known that F has occurred.

For example if E is the event that two black balls are drawn in the above example, and F is the probability that at least one black ball has been drawn, 
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 is the probability that two black balls are selected given that at least one has been selected.

Conditional Independence

Given two events E and F, E is said to be conditionally  independent of F, if 
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Otherwise we say that E is conditionally dependent on F. 

For example in the case above of selecting balls, E is conditionally dependent on F. 

The Chain Rule for Conditional Probability
Given two events E and F,  we call the event 
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 the joint event. The notation EF or the expression E,F is also used for the joint event. This is the event that both E and F have occurred.  It can be shown that 
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This is called the chain rule for conditional probability.

Bayes Law

The above chain rule leads to an interesting probability law known as Bayes Rule. Given events E and F, we have
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But since 
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Or,
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(Bayes Rule)

Conventionally, each element of the law is given a name, based on an interpretation of Bayes rule that we will  examine below...
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Note also that in general 
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 can always be written as a sum of joint probabilities:


[image: image15.wmf]12

()(,)(,)...(,)

n

PFPFEPFEPFE

=+++

,

where 
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,  are mutually exclusive events that cover all possible outcomes, that is, 
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This method of calculating the probability 
[image: image18.wmf]()

PF

is called marginalization.

Example of Bayes' Rule...

Suppose you have been tested positive for a disease; what is the probability that you actually have the disease? It depends on the accuracy and sensitivity of the test, and on the background (prior) probability of the disease. 

Let us suppose that P(Test =+ | Disease=true) = 0.95, so the false negative rate, P(Test =- | Disease=true), is 5%. Let P(Test = + | Disease=false) = 0.05, so the false positive rate is also 5%. Suppose the disease is rare: P(Disease=true) = 0.01 (1%). Let D denote Disease.  Then   by Bayes Rule,           
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Or , using marginalization on the denominator,
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But by applying  the chain rule in the denominator, this equals,
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Or, in this case,
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So the probability of having the disease given that you tested positive is just 16%. This seems low, but here is an intuitive argument to support it. Of 100 people, we expect only 1 to have the disease, but we expect about 5% of those (5 people) to test positive. So of the 6 people who test positive and possibly one person that has the disease but does not test positive, we only expect 1 of them to actually have the disease; and indeed 1/6 is approximately 0.16. 

In other words, the reason the number is so small is that you believed that this is a rare disease; the test has made it 16 times more likely you have the disease, but it is still unlikely in absolute terms. 

A better approach is to use a plausible prior (eg P(D = T)=0.01), but then conduct multiple independent tests; if they all show up positive, then the posterior will increase. For example, if we conduct two (conditionally independent) tests Test1, Test2 with the same reliability, and they are both positive, we get 
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  Assuming Test1 and Test2 are independent we have, 
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 Or,
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The assumption that the pieces of evidence are conditionally independent is called the naive Bayes assumption. This model has been successfully used for classifying email as spam (Spam = true) or not (Spam = false) given the presence of various key words (Word i =+ if word i in a list is in the text, else Wordi =-). It is clear that the words are not independent, even conditioned on spam/not-spam, but the model works surprisingly well nonetheless.

Random Variables 
A random variable is a real valued function defined on the event space of the sample space for a random phenomenon. A random variable can be discrete (has a finite number of values) or continuous  (has a infinite, continuous number of values). 

For example, in the above example, the function that assigns to a selection of the two balls the number that are white is a discrete random variable with the values 0,1, and 2.

The function that assigns to the random phenomenon of waiting for a train the amount of time we wait is a continuous random variable.

If X is a random variable, events are described by describing something about the values of X. For example, for the selection of two balls, P(X=1) would represent the probability that exactly one white ball is selected.

If X were the time someone waits for a train, the P(X < 10) represents the probability of the event of waiting for the train for less than 10 minutes.

If the event is a measurement of temperature in the ocean at a certain place, the function that assigns to the action of measuring the value of the temperature is a continuous random variable. Note that if the value of the random variable were a range of temperatures, then the variable might be a discrete random variable.

Note that often in discussing a random variable X, people will discuss the probability P(X), when in fact they mean P(X = x) for some value x.

In most of what follows we will be looking mostly at discrete random variables.

Bayesian Networks

In complex applications it is easier to represent the conditional relations between many random variables by use of a directed graph. The nodes of the graph are the random variables which describe events by the values these variables have. In addition at each node, we must specify the conditional probability for the events defined, given the events at any parent node. If the variables are discrete, this can be represented as a table, which lists the probability that the child node takes on each of its different values for each combination of values of its parents. Consider the following example, involving the relation between random variables that describe whether it is cloudy, whether a sprinkler is on, there is rain, and finally whether the grass is wet.  In this case all the random variables are binary, i.e., have two possible values, which we will denote by T (true) and F (false). 

Example Bayesian Network
....
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We see that the event "grass is wet" (W = T) has two possible causes: either the water sprinker is on (S = T) or it is raining (R = T). The strength of this relationship is shown in the table. For example, we see that P(W = T | S = T, R = F) = 0.9 (second row), and hence, P(W = F | S = T, R = F) = 1 - 0.9 = 0.1, since each row must sum to one. Since the C node has no parents, its table specifies the prior probability that it is cloudy (in this case, 0.5). 

The simplest conditional independence relationship encoded in a Bayesian network can be stated as follows: a node is independent of its ancestors given its parents, where the ancestor/parent relationship is with respect to some fixed topological ordering of the nodes. 

By applying the chain rule of probability from right to left, the joint probability of all the nodes in the graph above is 

P(C, S, R, W) = P(C)*P(S|C)*P(R|C,S)*P(W|C,S,R)

By using conditional independence relationships reflected in the Bayesian network  we can rewrite this as 

P(C, S, R, W) = P(C)*P(S|C)*P(R|C)*P(W|S,R).

We were allowed to simplify the third term because R is independent of S given its parent C, and the last term because W is independent of C given its parents S and R.  This enables the computation to be made using only the conditional tables associated to the nodes on the network.

We can see that the conditional independence relationships allow us to represent the joint probability more compactly. 
It is important to point out that if the prior probabilities of a set of variables are known and their joint probability is known, all the conditional probabilities involving these variables can be inferred using the chain rule for probability. Conversely, if the priors are known and all conditional probabilities are known, the complete joint probability can be inferred. However, even for ‘n’ binary random variables, the number of entries to the joint probability table is 2n, which grows very rapidly. So Bayesian networks can also be viewed as a scheme for representing complex information compactly. 

Bayesian Inference and Causality
The most common task we wish to solve using Bayesian networks is probabilistic inference. For example, consider the water sprinkler network, and suppose we observe the fact that the grass is wet. There are two possible causes for this: either it is raining, or the sprinkler is on. Which is more likely? We can use a Bayes Network, the chain rule, and marginalization to compute the posterior probability of each explanation. 
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is a normalizing constant, equal to the probability (likelihood) of the data. 

So we see that it is more likely that the grass is wet because it is raining: the likelihood ratio is 0.7079/0.4298 = 1.647. This establishes a relative causal relation between the wet grass and rain.

In this example, notice that the two causes "compete" to "explain" the observed data. Hence S and R become conditionally dependent given that their common child, W, is observed, even though they are marginally independent. For example, suppose the grass is wet, but that we also know that it is raining. Then the posterior probability that the sprinkler is on goes down:
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This is called "explaining away". In statistics, this is known as Berkson's paradox, or "selection bias".

 In this example, we had evidence of an effect (wet grass), and inferred the most likely cause. This is called diagnostic, or "bottom up", reasoning, since it goes from effects to causes; it is a common task in expert systems. Bayes nets can also be used for causal, or "top down", reasoning. For example, we can compute the probability that the grass will be wet given that it is cloudy. Hence Bayes nets are often called "generative" models, because they specify how causes generate effects. 

Knowledge Representation

The above example also illustrates how a Bayesian network can represent knowledge drawn from data. First the network represents conditional dependencies that random variables may have on each other. Second, the conditional probability tables at each node can be based on and therefore express, actual observations about the random variables themselves. 

For example, correlations between data may indicate that the corresponding random variables are conditionally dependent. If the observations involve features of objects that we are attempting to classify then feature analysis, the correlation of features with the object they characterize, and each other, based on observational data, becomes the basis of the structure of the Bayesian network upon which the classification depends.  

To illustrate the potential complexity of some Bayesian analysis, we show below a feature analysis used for classifying objects from genetic data.
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 It should be relatively clear that the probability of priors must be inferred directly from data.  The extraction of a Bayesian network structure from data can be very computationally intensive. 
Classification and Learning

The basic concept of how a Bayesian network can be used for classification is that it enables the computation of conditional probabilities such as:

“Given that I have observed features F1, F2, ..., Fk, of an object in my video, what is the probability that the object observed is in class Cj ?”.

Features can include environmental data such as temperature, oxygen level, not just features in the image.  And given that I subsequently validate that this classification is correct, I can then use this data as training data to update the Bayesian network itself.  That is, its conditional probability tables can be incrementally recalculated to reflect this knowledge. It may even happen that new data may cause an adjustment to the structure of the network (its graph).  Additional random variables and nodes may need to be added. In this sense, the Bayesian network learns from new data. So classification, or any inference application, and learning using Bayesian networks, are closely related. 

Probability Distributions

Distributions are a convenient way to describe a probability function for a random variable. It turns out that the two notions are completely interchangeable.

A real valued function F(x) defined for real values x, is a probability distribution for the random variable X if and only if, 
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