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We consider a wave energy device consisting of a thin vertical surface-piercing
barrier next to a vertical wall in finite depth water. Power is extracted due to a
normally incident wave forcing the free surface of the fluid between the barrier
and the wall to oscillate, in turn pumping the volume of air above the free surface
through a uni-directional turbine housed at the opening of the device. Under the
assumptions of linear water wave theory, the important hydrodynamic properties
are expressible in terms of integral quantities of functions proportional to the
fluid velocity under the barrier. These functions each satisfy integral equations,
the solutions of which are approximated very accurately and efficiently using a
Galerkin method as described in Porter and Evans [Porter, R. & Evans, D. V,,
Complementary approximations to wave scattering by vertical barriers. J Fluid
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Mech., 294 (1995) 155-80].

1 INTRODUCTION

Many of the ingenious devices invented to convert the
energy of ocean waves into a useful form involve the rel-
ative motion of large rigid bodies, the coupling between
the bodies being exploited to extract energy. The low fre-
quency of the motion, typically of the order of 10! Hz
provides a challenge to engineers to convert this motion
to electrical energy where typically frequencies are of the
order of 50 Hz.

One class of device which seeks to avoid this problem,
by the use of high-speed air turbines, is the oscillating wa-
ter column (OWC). The principle of an OWC is simple.
Imagine a vertical circular cylindrical tube open at both
ends, partly immersed in a narrow wave flume. If the tube
is sufficiently narrow, the fluid inside can be regarded as
a rigid body when excited by plane waves of given fre-
quency w/27r. Simple hydrostatic arguments then show
that the fluid in the tube resonates at a frequency given
by w? = g/, where / is the depth of immersion, and a
simple experiment does indeed show large internal mo-
tions of the fluid in the tube. If the top of the tube is now
closed by a cap containing a small hole, the air above the
internal free surface will be subject to increased pressure
as it tries to escape during the upward motion of the in-
ternal fluid surface. By varying the size of the hole, the
amount of damping due to viscous losses at the orifice can
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be altered and energy can be extracted from the incident
waves. In practice, the OWC would be quite different. It
could be standing on the sea-bed and have a ‘mouth’, cor-
responding to the lower opening of the cylindrical tube,
whose shape and size is dictated by both efficiency and
engineering considerations and the trapped air above the
internal free surface would probably be forced through a
uni-directional turbine of the Wells type.

In order to provide an input to design considerations,
it is important to make some estimate of the hydrody-
namic performance of the OWC under typical operating
conditions. Early theories for wave-energy devices con-
centrated on rigid-body models in an attempt to pre-
dict performance of devices such as the Salter ‘duck’, the
Cockerell articulated raft or the Bristol submerged cylin-
der. Thus the work of Evans,! Mei,2 Newman,? and Budal
and Falnes* all provided useful and interesting theoretical
results for such problems, both in two and three dimen-
sions. An application of the rigid-body theory to a simple
OWC model was provided by Evans.> More generally, it
was argued that in long waves at least, the internal fluid
motion could indeed be regarded as a solid mass with the
free surface acting as a light rigid piston. This required
the attribution of a value to the ‘added mass’ of this body
of fluid. In 1980, Falcdo and Sarmento® sought to im-
prove on this model of an OWC by allowing for the in-
creased pressure at the free surface and for the possibility
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of a non-plane wave surface. This work was generalised
by Evans’ who provided a general theory for any number
of fixed rigid bodies each enclosing an internal free sur-
face experiencing an increased pressure. He showed that
there was a parallel with the rigid-body motion, provided
the ideas of exciting forces on fixed bodies and the given
velocities of moving bodies were replaced by the ideas
of volume flux across the internal free surfaces open to
the atmosphere and the given forcing pressures on those
free surfaces, respectively. A further generalisation was
provided by Falnes and Mclver® who, in addition to the
internal pressure distribution, also allowed the possibil-
ity of motion of the rigid bodies. An application of these
ideas to a simple two-dimensional model of an OWC was
given by Smith® who used the method of matched eigen-
function expansions to solve the boundary-value prob-
lems which occur.

There are two reasons why the pressure distribution
model is desirable for modelling OWC devices. First is the
pedagogical reason that it is simply a more accurate rep-
resentation of the physical problem since, in experiments,
the internal free surface is often observed to be non-plane.
Secondly, it is now clear that to model accurately non-
linear aspects of the energy conversion, such as the power
take-off mechanism, or to apply modern optimal control
to the overall system, it is necessary to operate in the time
domain rather than the frequency domain. Crucial to
such time-domain modelling is a convolution-type inte-

gral which represents the ‘memory’ of the fluid and which

contains a kernel function which is essentially a sine or
cosine transform of a function in the frequency domain.
This function, which on a rigid-body model would just
be the added mass or radiation damping, and which in a
pressure distribution model is related to the induced vol-
ume flux across the internal free surface, needs to be com-
puted accurately at all frequencies from the steady-state
frequency-domain problem. Furthermore, in any system-
atic optimisation procedure involving a variation in geo-
metric and power take-off parameters, it will be impor-
tant to have an accurate and efficient method for repeated
calculation of this function. This is the purpose of the
present paper. It is shown how the hydrodynamic charac-
teristics for a simple model of a two-dimensional OWC
can be calculated using a Galerkin method. The method
has recently been applied to a number of problems in wa-
ter waves involving vertical barriers in finite depth water
(Porter and Evans!?).

In Section 2, the problem is formulated on the basis
of classical linear water-wave theory and the general re-
sults needed from the pressure distribution theory are
presented. Matched eigenfunction expansions are used to
establish integral equations for the volume flux across the
free surface from which physical quantities of interest can
be determined. The Galerkin method of approximation is
described in Section 3 where it is shown how the problem
can be reduced to a finite system of algebraic equations,
the solution of which yields the elements of a 2 X 2 real

Fig. 1. Definition sketch.

matrix from which all the quantities of interest can be
calculated. An added bonus to the method is the fact that
the various reciprocity relations which are known to exist
between certain hydrodynamical properties of the solu-
tion can be proved directly from this matrix formulation.
In related problems, authors often use such relations as a
check on the accuracy of their numerical computations,
although it is frequently the case that such checks appear
to be independent of the truncation size. In any event, in
the present approach, the relations appear as identities,
The results are described in Section 4 and typical curves
of the hydrodynamical coefficients are presented for a
range of different parameters. The method turns out to
be extremely accurate and efficient computationally and
there is no difficulty in extending the results to high fre-
quencies as required for time-domain approaches.

2 FORMULATION

Cartesian co-ordinates are chosen with the mean free sur-
face at y = 0. The fluid occupies 0 < y < h, 0 < x < o
and the water column device consists of a thin vertical
surface-piercing barrier of length 4, a distance b from a
vertical wall which is situated at x = 0, as shown in Fig.
1. The volume of air above the internal free surface is
connected to the atmosphere via a turbine.

We denote the barrier by Ly={x,y : x =50 < y < a}
and the gap under the barrier by Ly= {x,y: x =b,a<
y < A} and the internal and external free surfaces by Sj=
{x,y: y=0,0<x<bland S ={x,y:y=0, b<x<
oo} respectively.

Under the usual assumptions of linear water-wave the-
ory, the two-dimensional flow can be expressed in terms
of a velocity potential ®(x, y, 7). Then & satisfies

V2o =0,
$, =0,

in the fluid (1)

on solid boundaries 2)

where the suffix n denotes the normal derivative, whilst
the linearised free-surface condition becomes
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o — 20 {P(t)/p. on S;

ot 0, on S, 3)

where p is the density of the fluid and where H (x, ¢) is the
surface elevation and is related to the velocity potential
through

oH

o 3y’

ony=20 “4)

It is assumed that the motion is time-harmonic with
angular frequency w and so we introduce the time-
independent quantities ¢, p and n by

P(x, y, t) =Re {¢(x, y)e—iwr}
P(t) =Re {pe_i“”}
H(x, t)=Re {n(x)e—iwt} (5)

After combining all of the above, the problem can now
be expressed in terms of the time-independent velocity
potential, ¢, satisfying the following

V2¢ =0, in the fluid (6)
$y=0, ony=h ™
$x=0, onx=0 ®)
$x=0, (x, y) €Ly )

with

Ké+5-=1,, on S, (10)

o { —iwp/pg, onS;
where K = w?/g, and
¢, Py are continuous for (x, y) € Ly (11

A suitable radiation condition must also be enforced. Sep-
aration of variables allows vertical eigenfunctions to be
constructed which are orthonormal over [0, A]. They are

Wa(y) = Ny Y2 cosky(h — y) (12)
where
1 sin 2k,h _
Nn*z(l+ o ) n=012.. (13

and where the k, values are the positive roots of
K+ k,tank,h=0, n=1,2,... (14)

whilst ky = —ik and k is the positive root of
K = ktanhkh (15)

Then y, values satisfy

h

1
ZJWn(y)Wm(y) dJ)= 6mn (16)
0

Following the method of Evans,” we decompose the po-
tential into two parts such that

iwp

g P~ (17)

¢ = -
where ¢ is the solution of the problem of the scattering
of a wave incident from x = +o in the absence of an
imposed pressure on the internal free surface and satisfies
eqns (6)—(11) with p = 0 in eqn (10). Here, R is the
solution of the radiation problem defined by eqns (6)-
(11) with eqn (10) replaced by

PR (1, ons
R b i
Kt + = {o, on S, (18)

due to an oscillating pressure distribution on Sj in the
absence of incoming waves.

Thus, the far-field behaviour of these potentials is of
the form

PR (x, p) ~ ARy (y), asx —~ +o0  (19)

¢S(X, y) - (e—ik(x—b) + Re”“x"”))q/o(y),
as x — +oo (20)

where AR is related to the amplitude of the wave radiated
to +oco due to the forcing on the internal free surface
and R is the amplitude of the reflected incident wave in
the scattering problem and will have a modulus of unity
since all the incident wave energy must be reflected for
this problem.

Of considerable interest, in addition to R and AR, is
the induced volume flux across the internal free surface,
Q(t) = Re {ge™'*'}, so that

- g5 - W2 1)

where ¢5 and gR are the volume fluxes across .S; in the
scattering and radiation problems, respectively, so that

SR SR
FR = ——‘gy ax= [ 2£ =gy 22

i 3

and where the final step uses continuity of flux arguments
intheregion0 < y<h, 0< x <b.

Following Evans’ we make the convenient but arbitrary
decomposition of the volume flux due to the radiation
potential, thus

iwp R ~ -
——=q" = (B~id) 23
P p (23)
where 4 and B are real and directly analogous to the
added mass and radiation damping coefficients in a rigid
body system. By analogy with electric circuit theory, and
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following Falnes and Mclver,® we shall call the complex
quantity B — iA the radiation admittance with B the ra-
diation conductance and A the radiation susceptance.
Clearly,

A= ;)‘%Re R} (24)
and
B= pﬂglm '} (25)

With ¢% and ¢R defined in this way, along with the form of
the far-field behaviour given by eqns (19) and (20), we can
find relations that exist between the various quantities so
far introduced. See, for example, Evans.” Those relations
which are relevant here are

B = L Kikh|AR|? (26)
pg

and a relation between the radiated amplitude and the
induced volume flux in the scattering problem, namely

¢S = —2iKkhA® (27)

It is also possible to derive an expression for the efficiency
of the device based on the assumption that there is a linear
relation between the volume flux through the turbine and
the pressure drop across it. Hence, we assume

q=Ap (28)

where A is a real control parameter, giving rise to the
following expression for the maximum efficiency

2B

= 29
Aopt + B 29

Nmax =

where
Aopt = (B? + A2 (30)

Details of the derivation of the above theory can be found
in, for example, Evans’ or Smith.’

2.1 The radiation problem

We write the generalised radiation potentialin 0 < x < b
as

PR (x, y) = BY coskxyy(y)
+ > BR coshknxa(y) + ;15 31
n=1

and in x > b as
PR(x, ) = ARFD o (y)

+ Z A'I'{e—kn(x—b)wn (y) (32)

n=1

such that eqns (6)—(9) are satisfied and where the 1/K
term in eqn (31) is included to satisfy eqn (18), the free

surface condition. The continuity of the potential and
velocity across the gap under the barrier and the no-flow
condition on the barrier still need to be imposed. Let

as®

ax = lkAR(I/() (y) - Z k,,A,Il{(‘U,, (y)

x=bh n=1

UR(y)

(33)
= —kBY sinkbyq(y)
+ > k.BR sinhk,bw,(y) (34)
n=1

Using the orthogonality of the , values, we obtain

kAR = —kBR sinkb = % j UR()wo(y) dy = UR (35)
Lll

kAR = kB sinhkib = 3 [ UR 0w dy = U
L!l
(36)

where the fact that UR(y) = 0 and y = Ly, has been used,
so that

URGp) = > URw, () (37)
n=0

Let the jump in potential (or pressure) across x = b be
defined by PR(y) = [¢p]1=s. Then

PR(y) = (AR — BR coskb) o (y)

+ > (AR - BR cosh kb)Y, () — %
n=1

= AR(1 +icotkb) o (y)

1 i U"R(l + cothk, by, (y) (38)
I% s k, D) Pnly
From eqn (11), PR(y) = 0 for y € L,. Using this and eqn
(36) in eqn (38) we obtain

IUR(I)K(y, 1) dt = [AR(1 +1 cotkb)yo(y) — K~'1kh
LE

(39)

where

o

Ky, 1) = Z

n=1

k(1 + cothk,b)

% Wn (V) Wa(t) (40)

We now write UR (¢) as the combination of two functions
u1(¢) and uy(¢) in the form

aUR(t) = =K 'khu (t) + AR (1 + icotkb)khuy(t) (41)

Hence, if u;(¢) and u,(¢) satisfy

Jul(t)K(y, Hdr=1 yel, (42)
L&
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and

Jum)K(y. D dr = wo(y), yelL, @3)

L,

then UR(r) defined by eqn (41) will satisfy eqn (39). We
write the above as

Iu,-(t)K(y, ndt =di(y), i=1, 2,

Ly
thdipy =4 > 1] (44)
WEREY = woty), i=2
and define the 2 X 2 matrix S by
Sy = Iu,-(t)dj(t) de, ij=1 2 (45)

Ly
Now from eqn (35)
ikhA® = J URGwo(y) dy

Lg
= —khK~'S)3 + AR(i cotkb + 1)khS,, (46)

after use of eqns (41) and (45), yielding

R K_lslz
T (1+1 cotkb)Sy —i

(47)

on rearrangement. Also, from eqn (22)

g~ = J UR(y) dy
Ly

= AR(1 +1i cotkb)khSy — K~'khSy,  (48)
where eqns (41) and (45) have been used. Substituting
from eqn (47) and simplifying gives

R _ —K'kR[(1+1i cotkb)A —iSy;] 49)
B (1 +icotkb)Sy —i

where A = 511522 - S]2S2].

2.2 The scattering problem

This problem is identical to the symmetric part of another
well-documented problem, namely the scattering of waves
by two equally submerged barriers in a finite depth and
the derivation of the integral equations for this problem
is not difficult, the resulting approximations to which can
be found in Porter and Evans.!® The general scattering
potential can be written in 0 < x < b as

$S(x, p) = By coskxyo(y) + > BS coshk,xw,(y) (50)

n=1

andin x > b as

d3(x, y) = (e—ik(x—b) + Reik(x—b)) Wo(y)

+ Z A,S,e—k"(x_b)(lln(J/) (51)

n=1

whereby all that remains to be satisfied are the conditions
on x = b. This leads to the following integral equation
for the unknown horizontal velocity, US(y), across the
gap under the barrier

JUS(t)K(y, t) dr
L

g

= {(R+1) +icotkb(R - D} ko (), v € Ly (52)

where K (y, 1) is defined by eqn (40) and R = Re~2ik>_and
s0 if u(¢) is the solution of eqn (43), then US(y) defined
by

USp) = {(R+ 1) +icotkb(R ~ )} khua(y)  (53)
will satisfy eqn (52). It can also be shown that
J USpwo(y) dy = —ikh(1 — R) (54)
i

(3

={(R+1) +icotkb(R - D} khSy (55)
from eqns (53) and (45). Rearranging the above gives

N 9 S92 — (S cotkh — 1)
R=R 2ikb _ _
© Sy + i(Sp cotkd — 1)

(56)
and clearly |R| = 1 as expected. From eqn (22)
¢=-|vma
LL

= {(R+ 1) +icothkb(R~ D} khSy  (57)

using eqns (53) and (45). Substituting eqn (56) into the
above gives

—21khS
S _ 21
T = U+icotkb)Sy —i (58)
Combining eqns (44) and (45) gives
S[j = JJuJ(I)K(y, t)ui(y) dtdy: Sji (59)

Ly Ly

since K(y, ) = K(¢, y) and so the matrix S is symmetric.

We have shown how the quantities gR, and hence 4, B,
45, AR and R can all be determined in terms of the real 2x
2 matrix S;;, i, j = 1, 2 with S>; = S}». In the next section
we shall provide an accurate Galerkin approximation to
the system eqn (44) from which the S;; values can be
determined easily and accurately. However we first show
how the various reciprocal relations which exist for these
problems can be shown to be satisfied identically. For
example, it is a simple matter to verify eqn (27) using eqns
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(47) and (58), whilst using eqn (49) in eqn (25) confirms
eqn (26) once eqn (47) is used and shows that
wb  kh(Kb)~'S%,

j= 20 60
pg (cotkbSy; — 1)2 + S§2 (60)

In a straightforward application of the method of
matched eigenfunction expansions which leads to the
solution of infinite systems of equations, it is not evi-
dent that these relations are satisfied identically. See for
example Smith.’

3 THE GALERKIN APPROXIMATION

In operator notation, eqns (44) and (45) can be written

Ku;=d, i=12 with {d‘ =1

dr = o 61

and
(u;, dj) = Sij (62)

where (x, y) denotes the inner product. Once the matrix
has been found through a suitable approximation to u;
in eqn (61), all the important properties of the problem
are easily obtained. A Galerkin approximation involves
expanding the unknowns ;(y) in a truncated series of test
functions with associated unknown coeflicients as follows

N
wi(y) = di(y) = > alvu(y), i=1,2 (63)

n=0
and inserting into eqn (61) to give

N
> aP Ky, = d; (64)
n=0

Multiplying through by v,,(3), m = 0,..., N and inte-
grating over L, gives

N
2 algi)(vtm Kvg) = (v, di), m=0,..., N (65)
n=0
or
N ] .
z a,(:)](mn = LI(;l) (66)
n=0

where Ky = (v, Kvy) and LY = (v, d;). Also the
approximation Sj; to S; is

N N
Sij= > a (v, dj) = > a’LY (67)
n=0 n=0

Now

Kn = (v, Kvp) = Jvm(y) JK()’, B, (1) dt dy
Ly L

o (1 +cothk,b
=k (WLC,(E—) J m )W (y) dyj vn (O, (1) di

r=1 iy i

=k2 (1 + coth k,b)

% By By (68)

r=1

where eqn (39) has been used, and E,, = (v,,, @,). Note
that

Fup = (v, WYo) = (v, d2) = L;(;%) (69)
Choosing v,,(y), as in Porter and Evans’ eqn (2.43),'° to
be

2(=1)" h—y
Vm(J/) = Tm( ),
m{th—a)?— (h—y2}? " \h—a
a<y<h (70)

where T,,(x) = cosn, x = cos @ is a Chebychev polyno-
mial, gives

By = N;1/2J2m {ly(h—a)} (71)

For a detailed discussion of the choice of the test func-
tions, v,,(y), see Porter and Evans.'® It is sufficient for
now to say that the above choice incorporates the ex-
pected behaviour of the velocity at the barrier tip and is
complete over the expansion interval. From eqn (68) we
have

o

Ko = D (kNJ) 71 (1 + coth k,b)Jo (ki (h — a)}

r=1

X Jou {ky (h — @)} (72)
whilst
L = By = (=1)"Ng "Iy {k(h — @)} (73)
and
LY =, 1)

2(=1)" h—y)
jrr{(h—aﬁ—(h—y)z}”z ’ (h—a y

a

1
2("'1)'” T2m(t)

= d

m S a-mm Y

m w2
=2(_1) Jcos2m9d9
K
0
= 6mO (74)

To summarise, we calculate the entries K, of the sym-
metric matrix K using eqn (72) and the two right-hand
side vectors with entries LY given by eqns (73) and (74).
The solution of this (N +1) X (N + 1) system yields coeffi-
cients a{) which when inserted into eqn (67) give S;;, the
approximation to S;;. Note that the values obtained for
S;; are in fact lower bounds to the true values of S;;. This
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can be shown as follows. Consider Sy;, i = 1, 2 first. Then
multiplication of eqn (65) by a{ and summation over m
shows that the Galerkin approximation u;(y) satisfies

(&, Kiy) = (i, di) = Sy (75)
where Ku; = d;. Now
Sii — Su = (i, Kuy) — (&, Kiiy)
= (w;, Ku;) — 20, Kil) + (@, Ki)
= (u;, Kuy) —20d;, Kuy) + (i, Ki)
= (u; — d, K —u;)) =0 (76)

where the result (u, Kv) = (Ku, v) = (v, Ku) has been
used. Thus

0< 5,’,’ < Si (77)
To show that S‘U < Sy, i # j, we consider the inequality
0 < (#y, Kiy) = (uij, Kuyy) (78)

and we now choose @;; = #; + ii; as an approximation to
ui; = u; £ u; to give

0< (a;+ ﬁj, %(ﬁiiﬁj)) < (u; + uj, K(u; = u,))

Expanding both sides and subtracting the two inequali-
ties gives

ISy < |Syl, i=j (79)

4 RESULTS

We introduce the non-dimensionalised quantities yu and
v to represent the radiation susceptance and radiation
conductance coefficients through

Pg ~
= —= 80
u wa (80)
and
Pg 5
= —= 81
v bi (8D

The efficiency, max, 18 then given by

2v

from eqns (29) and (30).

One of the quantities of interest, l¢5], is non-
dimensionalised by the volume flux across the internal
free surface of a mass of fluid oscillating as a solid body
with amplitude and frequency of the incident wave, |4,
say, giving rise to

(82)

Nmax =

1451 _ No"lg°) &)
lg']  kbsinhkh

where ¢° is defined by eqn (58).

Table 1. Convergence of the elements of S with increasing
N in the case a/h=112, b/h=1/8 and Kh=1.55

N Su S =% S
0 0.360999 0.264645 0.194008
1 0.412472 0.319606 0.252694
2 0.414681 0.321857 0.254988
3 0.414719 0.321895 0.255027
4 0.414720 0.321896 0.255027
5 0.414720 0.321896 0.255027
8
"

Kh

Fig. 2. The radiation susceptance coefficient against KA

in the case of a/h = 1/2 for various barrier-to-wall

spacings: b/h = %;———b/h= %;----b/h= %;
------ blh=1.

It is noted that the K,,, values given by eqn (72) require
the evaluation of an infinite sum. This is done numeri-
cally by truncating the series at a value of M, say. The
asymptotic form of the series is used to approximate the
remainder as in Porter and Evans!® in order to provide
increased accuracy.

Table 1 illustrates the rapid convergence of the method
for a set of parameters KA, a/h and b/h. The series was
truncated at M = 1500. It can be seen that convergence
is extremely rapid, the elements S, ; approaching S;; from
below with six-figure accuracy for N as low as 4. Dif-
ferent sets of parameters give equally satisfactory results
although larger values of M and N are needed when a/h
is very small.

In the graphs which follow, truncation parameters of
N =4 and M = 500 give at least five-figure accuracy in
all cases. Figures 2-5 are all for the case of a fixed barrier-
to-depth ratio of a/h = 1/2, and barrier-to-back-wall
spacing, b/h, varying from 1/8 to 1, whilst Figures 6-9
are all for a fixed barrier-to-back-wall spacing of b/ h = 1
and barrier-to-depth ratios a/h varying from 1/8 to 3/4.
The figures show how y, v, |¢5|, 8,5 (the phase of ¢%) and
Nmax computed from eqn (82) all vary with dimensionless
frequency Kh.

There are two situations in which large motions can
arise inside the OWC. The more dominant of these, and
therefore the one we are more interested in capturing in
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Fig. 3. The radiation conductance coefficient against Kh
in the case of a/h = 1/2 for various barrier to wall
spacings:

...... bih=1.

f L L 1 L 1

2 25 3 as 4
Kh

Fig. 4. (a) the magnitude, and (b) the phase of the in-

duced volume flux due to the scattering potential against

Kh in the case a/h = 1/2 for various barrier to wall

spacings: bih= %;—-717//1: A]—‘;---—b/h: %;
...... bih=1.

terms of wave energy, occurs when the fluid between the
barrier and the back wall is excited by the incident wave
into a resonant piston-like motion inside the OWC. An
approximation to this natural frequency of oscillation can
be obtained under the assumption that b/a is small and
so the fluid in between the walls can be regarded as a
solid body. Simple hydrostatic modelling of this situation
gives rise to the condition Ka = 1 for resonance. Thus
it can be seen from Fig. 3 that the expected resonance
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Fig. 5. Efficiency against K/ in the case of a/h = 1/2

for various barrier to wall spacings: bih = %;

777b/h=};;---—b/h=%; ...... bih=1.
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Fig. 6. The radiation susceptance coeflicient against Kh

in the case of b/h = 1 for various barrier submergence

depths: a/h=%;—~—a/h:%;—---a/h:%;
...... alh= %

at Kh = 2, corresponding to Ka = 1, is approached for
smaller values of b/k, whilst the effect of a larger spacing
is to decrease the frequency at which this resonance oc-
curs, which is explained physically as follows. Increasing
the width of the device, b/#A, increases the distance a typi-
cal fluid particle must travel during a period of motion, a
result which can also be obtained by increasing the depth
of immersion of the barrier. This argument leads directly
to a decrease in the value of KA at which resonance oc-
curs and since clearly an increase in b/ allows more lo-
cal fluid motion inside the OWC and thus a breakdown
in the solid-body model of resonance, the amplitude of
oscillation is decreased.

Large motions inside the OWC can also occur when the
incident wave frequency is such that the fluid is excited
into an antisymmetric sloshing mode, as though it were
in a closed tank with parallel sides. Such a resonance will
become more prominent the further the barrier is sub-



Characteristics of an oscillating water column device 163

25 T T — T T T T

Fig. 7. The radiation conductance coefficient against K
in the case of b/h = 1 for various barrier submergencl:e
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Fig. 8. (a) the magnitude and (b) the phase of the induced
volume flux due to the scattering potential against Kh
in the case of b/h = 1 for various barrier submergence
depths: alh = %;—A—a/h= %;--—-a/h: %;

...... a/hz%

merged. In a closed tank, it is straightforward to show
that the sloshing frequencies occur at values of the di-
mensionless wavenumber kb = n1r and this explains the
spiky behaviour in Figs 2-5 for the curve corresponding
to b/h = 1, the first sloshing mode occuring at K4 =
in this case. For larger values of K/, all geometries will
give rise to varying degrees of this behaviour and this
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Fig. 9. Efficiency against K4 in the case of b/h =1 for
various barrier submergence depths: alh = é;
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Fig. 10. Asymptotic behaviour of g, the radiation sus-
ceptance, as Kh — oo, corresponding to the curves in
Fig. 2.

is shown clearly in Figs 6-9, where b/4 is fixed and the
depth of submergence of the barrier is allowed to vary.
Here, it is seen that for a barrier immersed to only a
small proportion of the depth, the resonant effect of the
sloshing frequency is small and relatively far away from
kb = 1. Increasing the immersion of the barrier moves
the resonant frequency nearer to the sloshing frequency
in a closed tank, whilst the peak becomes much larger
and more spiked.

Associated with every zero of p is a maximum in Ny,
the maximum efficiency, yielding two peaks in the curves
for nmax for every resonance where the curve of u passes
through zero twice.

Finally, Fig. 10 shows the behaviour of the radiation
susceptance, i, as Kh — oo. The knowledge of this asymp-
totic behaviour is important in the modelling of time-
domain approaches and it can be seen from the gradient
of the curves in Fig. 10 that u oc w2 as Kh -~ oo. This
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is very different from the solid-body equivalent to p, the
so-called added mass, which has been shown to tend to a
non-zero constant at high frequencies. The spikes in Fig.
10 are due to resonances at sloshing frequencies.

5 CONCLUSION

An efficient, accurate method has been described for com-
puting the hydrodynamic coefficients associated with a
pressure distribution model of a simple OWC device. The
method reduces to the solution of a small number of al-
gebraic equations and provides lower bounds to the ele-
ments of a 2 X 2 real matrix which are directly related to
all the coefficients of interest. Known reciprocal relations
are satisfied identically and the method can be used to
obtain accurate values for all frequencies including the
large values which are necessary for time-domain mod-
elling of non-linear power take-offs.
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