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Abstract

Wave Energy Converters (WEC) are usually designed
to achieve maximum efficiency by impedance matching
with the incoming waves. We first review the typical
features of a heaving buoy. One feature is that the buoy
must be large enough in order to resonate in the usual
frequency range of the sea waves. Another is that the
frequency range of high efficiency is band-limited, as in
many other devices based on impedance matching. In-
spired by the FO3 system being developed in Norway
by Fred Olsen and ABB Associates, and the Manchester
Bobber from UK, we examine theoretically power ex-
traction by a compact array of small buoys. It is shown
that such systems have certain advantages over a single
large buoy.

Keywords: Homogenization, linear hydrodynamics, wave en-
ergy, water waves.

Nomenclature
Throughout this paper, physical variables and param-

eters are distinguished by asterisks, and their normalized
counter parts by the same letters without the asterisks.
All normalizations are defined when they first appear in
the text.

x∗,y∗,z∗= dimensional coordinates.
t∗ = dimensional time.
h∗ = water depth.
a∗,H∗ = buoy radius and draft.
d∗ = separation of buoys in a square array.
L∗ = total width of a strip array.
R∗ = radius of a circular array.
f = area fraction covered by buoys.
x,y,z = co-ordinates normalized byh∗.
φ = dimensionless velocity potential.

c© Proceedings of the 8th European Wave and Tidal Energy
Conference, Uppsala, Sweden, 2009

λg = dimensionless coefficient of energy absorption rate.
E = ratio of absorbed energy to incoming energy

per unit crest length .
W ∗ = capture width.
µ = small parameter =a∗/h∗.
ω = dimensionless frequency.

1 Introduction

From the hydrodynamic perspective, one of the sim-
plest Wave Energy Converters is a buoy whose heaving
oscillations in waves can be used to extract wave energy
for electricity generation or desalination. For infinitesi-
mal waves the basic hydrodynamic information for such
devices can be obtained theoretically by existing numer-
ical methods. In particular, for a vertical cylinder of cir-
cular cross section, the linearized problems of diffrac-
tion and radiation have been solved by [1–3], while the
apparent mass and radiation damping coefficients have
been calculated by [3]. Possible energy absorption has
been considered by [4]. Approximate theories [5–8]
have been devoted to the collective effect of many buoys
under the assumption of weak mutual interactions (i.e.
far from Bragg resonance [9, 10]). More comprehensive
numerical methods have also been developed to study
the mutual interactions in diffraction and radiation prob-
lems, without accounting for energy extraction (See e.g.
[11–15]).

Three recent designs are not based on impedance
matching. Each of them involves a compact ar-
ray of small buoys gathered on a large platform.
One is the FO3 system initiated by Fred Olsen in
Norway and being developed by ABB & Associates
(http://www.abb.com/). The second is the Manch-
ester Bobber system initiated by Peter Stansby in UK
(http://www.manchesterbobber.com/). In both systems
the platform is a square in plan form. The Wave Star, the
third system under development in Denmark, has only
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Figure 1: Sketch of the system. Energy extractor is symbol-
ized by the dashpot.

two rows of small buoys lined along two sides of a long
beam (http://www.WaveStarEnergy.com). In this article
we summarize a theory relevant to both the FO3 and the
Manchester Bobber.

As a gage for assessing the virtues of the compact
array, wave power extraction by a single buoy is first re-
examined. We then outline an approximate analysis of
the interaction between an incoming wave and a com-
pact array of small buoys. Numerical results for the two
systems are compared. A fuller theory of the compact
array will appear elsewhere [16].

2 Characteristic features of wave energy
extraction by a single buoy.

In this section we sketch the mathematical solution
and present numerical results to reveal certain key fea-
tures of wave power extraction. These features are then
examined analytically to facilitate physical understand-
ing.

2.1 Non-dimensionalization

In this study, water is modeled as an inviscid and in-
compressible fluid. The velocity fielduuu∗ is irrotational
and related to the potentialφ∗ by uuu∗ = ∇φ∗ whereφ∗ is
Laplacian. It is well known that in the linearized frame-
work, the mathematical theory of wave-body interaction
can be decomposed into three steps [17]. We first solve
the problem of scattering by fixed bodies, and then the
problem of radiation by body motion of unit amplitude.
Finally, the motion amplitude will be found by coupling
the two problems via the dynamics of the floating buoys.
The derivation of the equations governing the flow is
standard, and can be found in [17].

In order to keep numerical simulation as simple as
possible, we consider the buoy to be a vertical cylin-
der with radiusa∗ and draftH∗. We also assume that
the water depth is constant and equal toh∗, as shown
in Fig. 1. Finally, we consider a monochromatic incom-
ing plane wave of frequencyω∗ and amplitudeA∗, and
only look at the time harmonic response. The time factor
exp(−iω∗t∗) will be omitted.

Let us useh∗ to scale distances and
√

h∗/g∗ to scale
time, and introduce normalized variables and parameters
as follows,

xxx∗ = h∗xxx, t∗ = t

√
h∗

g∗
, p∗ = ρ∗g∗A∗p,

η∗ = A∗η , ζ ∗ = A∗ζ , φ∗ = A∗√g∗h∗φ ,

k∗h∗ = k, a∗ = h∗a, H∗ = h∗H.

(1)

etc., whereρ∗ is the fluid density,g∗ the gravity con-
stant,η∗ the free surface elevation,ζ ∗ the vertical dis-
placement of the buoy andk∗ the wave number of the
incoming wave.

The incoming wave is given by the following poten-
tial:

φ∗
i (xxx∗,t∗) = Re{A∗Z∗(z∗)exp(ik∗x∗)} (2)

with

Z∗(z∗) =
g∗

iω∗
cosh(k∗(z∗+ h∗))

cosh(k∗h∗)
. (3)

The frequency and wavenumber are related by the usual
dispersion relation

ω∗2 = g∗k∗ tanh(k∗h∗) i.e. ω2 = k tanh(k), (4)

where

ω∗ = ω
√

g∗

h∗
. (5)

In what follows, all quantities are dimensionless, unless
otherwise specified. The symbol Re (real part of) will be
omitted.

2.2 Flow and buoy displacement

Taking advantage of the cylindrical geometry, we ex-
press the incoming wave potential as [18]

φI(xxx,t) = Z(z)
∞

∑
m=0

εmimJm(kr)cos(mθ ), (6)

whereJm is themth Bessel function andεm the Jacobi
symbol (ε0 = 1 andεn = 2 ∀n ≥ 1). The total potential
φ can be decomposed as the sum

φ =φI + φS + φR (7)

of the incident waveφI , scatteredφS and radiatedφR

wave potentials. The latter two are expanded as Fourier
series

φS = ∑
m

φ (m)
S (r,z)cos(mθ ), φR = ∑

m
φ (m)

R (r,z)cos(mθ ).

By separation of variables, the amplitude functionsφ (m)
S

andφ (m)
R can be expressed as eigenfunction function ex-

pansions both outside and under the buoys. For example
for r ≥ a, we have

φ (m)
S = ∑

n
bnmψnm(r) fn(z), (8)
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where the radial eigenfunctions are

ψ0,m = H(1)
m (kr), ψnm(r) = Km(knr) for n ≥ 1,

with H(1)
m being the Hankel functions of the first kind and

Km the Kelvin functions. The vertical eigenfunctions are

f0 =
√

2cosh(k(z+1))√
1+sinh2 k/ω2

, k tanhk = ω2, (9)

fn =
√

2cos(kn(z+1))√
1+sin2 kn/ω2

, kn tankn =−ω2, (10)

wherek andkn, n = 1,2,3, . . . are respectively the real
and imaginary solutions of the dimensionless dispersion
relation. Note in particular thatk = k∗h∗ is just 2π times
the ratio of depth to wavelength, and increases monoton-
ically with the frequencyω according to the dispersion
relation. Under the buoyr ≤ a, we use instead

Φ(m)
S = φP

m +∑
n

BnmΨnm(r)Fn(z), (11)

where the eigenfunctions are

Ψ0m = rm, Ψnm = Im(κnr), n ≥ 1, (12)

F0(z) =
1√

1−H
, Fn(z) =

√
2cos(κn(z+1))√

1−H
, (13)

with
κn =

nπ
1−H

. (14)

Matching the radial velocity and the pressure over the
cylindrical interfacer = a, −1 ≤ z ≤ −H leads to al-
gebraic equations for the expansion coefficientsbnm and
Bnm, as in [1] or [3]. These can then be solved numeri-
cally.

The exciting (diffraction) force on the stationary buoy
by the incident and scattered waves is, in physical vari-
ables,

FD
z
∗
= iρ∗ω∗

∫ a∗

0
[Z∗(−H∗)J0(k∗r∗)

+φ (0)
S

∗
(r∗,−H∗)

]
r∗ dr∗, (15)

which follows by integrating Bernoulli’s equation over
the buoy bottom.

Note that only the isotropic mode corresponding to
m = 0 results in a net heaving force on the buoy. Defining
the normalized vertical exciting forceFD

z by

FD
z
∗ = ρ∗g∗h∗2A∗FD

z , (16)

then

FD
z = iω

∫ a

0

(
Z(−H)J0(kr)+ φ (0)

S (r,−H)
)

r dr. (17)

Similarly, the restoring force due to the buoy motion
is normalized according to:

F∗
zz = ρ∗h∗5/2g∗−1/2Fzz,

and the dimensionless restoring force is

Fzz = 2iπω
∫ a

0
φ (0)

R (r,−H)r dr.

It is customary to decompose the restoring force into real
and imaginary parts

Fzz =−λzz + iωµzz,

whereλzz is the heave damping coefficient andµzz the
heave added mass coefficient. The total hydrodynamic
force applied to the buoy is then

Fhydro = FD
z − iωζFzz + πa2ζ , (18)

where the last term is the hydrostatic force due to buoy-
ancy.

Let the power extraction device exert a damping force
on the buoy:

F∗
gen = iω∗λ ∗

g ζ ∗, (19)

whereλ ∗
g is the extraction rate. In dimensionless form

we have
Fgen = iωλgζ , (20)

where the dimensionless extraction coefficient is defined
by

λg =
λ ∗

g

ρ∗g∗πa∗2

√
g∗

h∗
. (21)

Applying Newton’s law to the buoy gives

−Mω2ζ = FD
z −ω2µzzζ − iωζ (λzz +λg)+πa2ζ . (22)

From (22) the buoy displacement is given by

ζ =
FD

z

πa2−ω2(M + µzz)− iω(λg + λzz)
. (23)

From the numerical solution of the scattering and ra-
diation problems the dependency of the dimensionless
amplitude of the buoy’s displacement on the depth-to-
wavelength ratiok = k∗h∗ is plotted in Fig. 2.

2.3 Energy extraction

The rate of energy dissipated by the linear damper –
i.e. the extracted energy – is given in dimensionless form
by

Ė =
1
2

λgω2|ζ |2 (24)

=
1
2

λgω2|FD
z |2

(πa2−ω2(M + µzz))2 + ω2(λg + λzz)2 .

It is related to the dimensional extracted power by

Ė
∗
= ρ∗h∗3/2g∗1/2A∗2Ė. (25)

Conditions for maximum energy extraction are (i) reso-
nance

πa2−ω2(M + µzz) = 0, (26)
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Figure 2: Normalized amplitude of the buoy displacement for
three buoys. The buoy draftH is assumed to be the same as the
radiusa. The energy extraction rateλg is chosen to be a con-
stant such that the energy extraction is maximum at resonance.
Three buoys ofa = a∗/h∗ = 0.17,0.27,0.43 are shown.

and (ii) that the extraction rate equals the radiation damp-
ing rate

λg = λzz. (27)

Therefore it is best to choose the buoy size so that the
resonance frequency coincides with the peak frequency
of the incoming sea spectrum. It is known analytically
that the maximum power that can be extracted from a
buoy with only one degree of freedom (heave) is equal
to the energy influx across one wave length of the crest
(See [17,§(8.9.3)]) which is, in dimensionless form:

Ėmax =
Cg

2k
, (28)

whereCg is the group velocity of the incoming wave. We
can define the capture widthW such that the extracted
energy equals the energy influx across that portion of the
incident wave front. This leads to

kW =
Ė

Ėmax

=
k

Cg

λgω2|FD
z |2

ω2(λzz + λg)2 +(πa2−ω2(M + µ))2 . (29)

Fig. 3 shows the computed dependency of the capture
width with the depth-to-wavelength ratiok.

2.4 General features

To understand the numerical results better, let us now
examine in more detail the characteristic features of en-
ergy extraction, and provide approximate estimates for
small buoys.

2.4.1 Resonant frequency

It can be seen in Figs. 2 and 3 that as the resonantk,
denoted bykN , increases (hence the resonant wavelength
decreases and the resonant frequencyωN increases) as
the size of the buoy decreases. We see in (29) that res-
onance occurs when the total effective inertia (due to
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Figure 3: Energy extraction and buoy movement for three dif-
ferent sizes of buoys witha = H. The dimensionless energy ex-
traction rateλg is constant and chosen such that the energy ex-
traction is maximum at resonance, and the value ofa = a∗/h∗

is indicated next to the curves.
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Figure 4: Capture widths for three single buoys of differ-
ent radius (solid line:a(= a∗/h∗) = 0.17, dashed linea(=
a∗/h∗) = .27, dash-dotted linea(= a∗/h∗) = 0.43.). For all
buoys,a = H.

the physical and added mass) balances the hydrostatic
buoyancy force (as all other terms are slowly varying).
Strictly speaking the added massµzz is a function of the
buoy size and frequency. Assuming that it is at most of
the order of the physical mass (i.e.M + µzz = αM with
α = O(1)) which is proportional toa3, and that the draft
of the buoy is of the order of its radius, (26) gives

ω2
N = O

(
1
a

)
, (30)

which implies
kNa = O(1) (31)

because of (4). This estimate is confirmed by numerical
results shown in Fig. 4.

2.4.2 Bandwidth

Recall that at resonance, the dimensionless capture
width is unity. Assuming again thatFD

Z , λzz, µzz and
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line: numerical computation. Dashed line: analytical estimate
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k
Cg

ω2 do not have sharp variations around resonance,
we can consider in a first approximation that the capture
width is approximately

kW ≈ Λ2

π2a4(1−αaω2)2 + Λ2
, (32)

where
Λ = 2 (λzzω)|ω=ωN

. (33)

Estimatingk ≈ ω2 and solving for the valuesk±1/2 such
that the capture width drops to half its maximum, i.e.,

kW |k=k±1/2
= 1/2, (34)

we get

k±1/2 =
±Λ+ πa2

απa3 . (35)

The bandwidth of the resonant peak can be approximated
by

∆k = k+
1/2− k−1/2 = 2

Λ
απa3 .

From numerical computations we find that the radiation
coefficient varies with the buoy size according to

λzz = O(a5/2), (36)

as shown in Fig. 5. Using (30), we getΛ = O(a2) so that

∆k = O(a−1), or ∆ka = O(1). (37)

Thus if kW is plotted againstka, the bandwidth of the
capture width, remains approximately constant. This
is indeed confirmed by the computed results shown in
Fig. 4.

2.4.3 Heave amplitude

Recall that the capture width is given by

kW =
k

Cg
ω2λg|ζ |2.

At resonance, we have just shown thatkN = O(a−1),
ωN = O(a−1/2), CgN = O(a1/2), kNW = 1 and λ =
O(a5/2). It follows that

|ζ |= O(1). (38)

This shows that the heave amplitude at resonance is in-
dependent of the size of the buoy. It is again confirmed
by numerical results shown in Fig. 2. The heave velocity
however increases withωN therefore asa−1/2.

2.5 Summary

For convenience we summarize below the follow-
ing characteristics of wave energy extraction by a single
buoy:

• The maximum capture width is 1 for any buoy size.

• The frequency at which this maximum occurs satis-
fies the order equalitykNa = O(1). Thus the wave-
length is of the order of the buoys radius. In prac-
tical terms, only a large buoy with a size 1/6 of a
wavelength can be resonated.

• The bandwidth increases as the size of the buoy
decreases. This might suggest a potential advan-
tage of small buoys. Note however it is impossible
to have both a low resonant frequency and a wide
bandwidth, without adding controlling devices of
the power-takeoff system. (See e.g. [19, 20]).

3 Wave energy extraction by a compact ar-
ray

As explained in the previous section, a single buoy
has some limitations for energy extraction. Inspired by
recent developments in Norway and UK, we now turn to
the study of an array of small buoys mounted tightly on
a large rig. In this section, we shall consider a square
array, as shown in Fig. 6. A new lengthd∗, represent-
ing the separation between the centers of adjacent buoys,
characterizes the array.

2a∗d∗

h∗

H∗

Figure 6: A compact array of small buoys
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3.1 Averaged governing equations

We shall assume that the sea depth and the dimension
of the rig are comparable to the incident wavelength.
Then two sharply different length scales are present in
the problem. First is the macro-scale given by the wa-
ter depth or the wave length. Next is the micro-scale
characterized by the size of the buoy which is compa-
rable to the spacing between buoys. As in many two-
scale problems, it is useful to average over the micro-
scale to get the effective equation on the macro-scale.
For a periodic micro-geometry, the systematic theory of
homogenization, or the perturbation method of multiple
scales, can be applied. Briefly, in addition to the di-
mensionless macro-scale coordinates defined as before:
(x∗,y∗,z∗) = h∗(x,y,z), we introduce the set of micro-
scale coordinates, denoted by primes,

(x∗,y∗,z∗) = a∗(x′,y′,z′). (39)

The two coordinate systems are related by

(x,y,z) = µ(x′,y′,z′), where µ ≡ a∗

h∗
≪ 1 (40)

is the key parameter of our study. The time scale, given
by the incoming wave, is the same as in§2. We next ap-
ply the method of multiple scales to derive equations that
will reflect the micro-scale geometry in a set of modified
equations for the macro-scale (See e.g. [9, 10] for ap-
plications of this method to other water wave scattering
problems). Details involve the solution of micro-scale
boundary value problems in a unit cell. At the leading
order the cell problem is homogeneous hence the poten-
tial depends only on the macro coordinates(x,y,z) but
not on the micro coordinates(x′,y′z′). At the next order
the cell problem is inhomogeneous, The solvability con-
dition leads to the effective equation and boundary con-
ditions on the macro-scale. The derivation of the equa-
tions is presented fully in [16]; only the key results are
cited here.

At the bottom of the buoy, the heave velocity must
equal the water velocity. Due to the small size, the buoy
inertia is relatively small and negligible. The forces on
the buoy are dominated by the hydrodynamic pressure
force, buoyancy restoring force and the reaction force
from the extractor. From these two conditions (kine-
matic and dynamic) the buoy displacement can be elim-
inated so that one macro-scale condition is obtained for
the velocity potential on the buoy-covered surface,

∂φ
∂ z

−ω2 [1+ f (F0−1)]φ = 0, z = 0, (41)

where

f ≡ πa∗2

d∗2 =
πa2

d2 (42)

is the area fraction of solid, or thepacking ratio, d =
d∗/h∗ is the dimensionless spacing and

F0(ω) =
1

1− iλgω
(43)

expresses the effect of the energy absorber. For circular
cylinders in a square array,a∗ ≤ d∗/2, hence 0< f < π

4 .
Conditions inside the fluid volume and on the seabed

remain unchanged, namely

∇2φ = 0, −1 < z < 0, (44)

and
∂φ
∂ z

= 0, z =−1. (45)

Once the macro-scale variation of the velocity poten-
tial is found, the buoy displacement is given by

ζ = iωF0(ω) φ |z=0 . (46)

For simple harmonic progressive waves the dispersion
relation is complex

ω2 ( fF0(ω)+ (1− f )) = k tanh(k), (47)

thus the eigenvaluesk andkn,n = 1,2,3, . . . as well as
the associated vertical eigenfunctions are also complex
(see [16]).

The boundary condition (41) is the key result of the
present theory1

It is instructive to give a more physical and heuristic
derivation, as follows. Consider one small buoy. The
kinematic and dynamic conditions coupling the motions
of water and the buoy are, in dimensional form:

∂φ∗

∂ z∗
=

∂ζ ∗

∂ t∗
, (48)

and

M∗ ∂ 2ζ ∗

∂ t∗2 =

ρ∗g∗πa∗2ζ ∗−λ ∗
g

∂ζ ∗

∂ t∗
−ρ∗πa∗2 ∂ 〈φ∗〉

∂ t∗
(49)

whereλ ∗
g is the dimensional extraction rate and〈·〉 de-

notes the spatial average over the bottom of the buoy.
For small buoys both conditions can be approximately
applied on the mean sea levelz∗ = 0, and as the typical
scale ofφ∗ is much larger than the size of the buoy,〈φ∗〉
can be replaced byφ∗ in (49). The two conditions can
then be combined to one:

(
M∗ ∂ 2

∂ t∗2 + ρ∗g∗πa∗2 + λ ∗
g

∂
∂ t∗

)
∂φ∗

∂ z∗
+

ρπa∗2 ∂ 2φ∗

∂ t∗2 = 0. (50)

For simple harmonic motion (41) becomes
(

1−
M∗ω∗2 + iλ ∗

g ω∗

ρ∗g∗πa∗2

)
∂φ∗

∂ z∗
− ω∗2

g∗
φ∗ = 0. (51)

The above condition is applied atz∗ = 0. By Archimedis
principle M∗ = ρ∗πa∗2H∗ whereH∗ is the small draft.

1If no energy absorber is present, (41) can be used to model freely
floating ice floes.
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L∗ = Lh∗

I II III

Figure 7: Cross section of an infinitely long array of finite
width.

The ratioM∗ω∗2/(ρ∗g∗πa∗2) = ω∗2H∗/g∗ = O(µ) is
small, hence buoy inertia is negligible to the first order
of approximation. Recalling the definition of the dimen-
sionless extraction coefficient we rewrite (51) in dimen-
sionless form,

∂φ
∂ z

− ω2

1− iλgω
φ = 0, z = 0, (52)

under each buoy. Over the free surface not occupied by
buoys the condition is well known

∂φ
∂ z

−ω2φ = 0, z = 0. (53)

Let f be the area fraction of the free surface covered by
buoys, then the averaged free surface condition is

(1− f )
(

∂φ
∂ z

−ω2φ
)

+

f

(
∂φ
∂ z

− ω2

1− iλgω
φ
)

= 0, (54)

which leads to (41).
Let us now present results in two cases.

3.2 Strip array

We first consider a strip array2 of total width L as
shown in Fig. 7, with its edges parallel to the crests of
incoming plane waves. For simplicity, we assume the
array forms an infinitely long strip in the direction ofy.
Imposing the continuity of mass flux and pressure at the
edges of the array, we can solve analytically for the po-
tential in and outside the array using eigenfunction ex-
pansions (as in [1] and see [21, 22] for details about the
effect of (41)). LetR and T denote the reflection and
transmission coefficients respectively. ThenE , the ratio
of power absorption rate to the incoming power flux per
unit crest length, is found by energy conservation

E = 1−|T |2−|R|2, (55)

which measures the efficiency of power extraction.
Computed results are shown in Fig. 8. Note in Fig. 8(b)
that largerL leads to a higher efficiency. Note also that
the gain ofE by using a wider array is the most im-
portant at low frequency. For a given sea spectrum at
a specific site, such information can help determine the

2Due to our assumptions this analysis does not apply to the Wave
Star system which has only a few rows of small buoys.
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(a) Effects of extraction rate forL = 1.
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(b) Effects of total array width forλg = 0.5.

Figure 8: Variation of the extraction efficiency of a long array
of finite width with (a) the extraction rateλg for a given array
width and (b) the array widthL for a givenλg. Values of the
varying parameter are indicated by numbers next to each curve.
The packing ratio isf = 0.2.

optimal width of a strip-array based on efficiency and
construction costs.

In general scattering is significant, hence the maxi-
mum efficiency of energy extraction is somewhat lower
than that a large beam-sea device such as a Salter’s duck
(see [23]).

3.3 Circular array

We now consider a large number of buoys gathered
inside a circle of radiusR, as shown in Fig. 9. This
geometry is amenable to analytical solution, unlike the
square rigs in current designs of FO3 and Manchester
Bobber. The problem is very similar to that of a single
buoy of circular cross section, and can be treated with
similar mathematical technique. Once the velocity po-
tential is obtained, the absorbed power can be evaluated
either from the far field wave amplitude or from the buoy
displacement. Energy is normalized in the same way as
in §2.

Sample results of the capture widths are shown in In
Fig. 10 for two outer radiiR = R∗/h∗. Similar to a large
single buoy, a larger circular array yields more energy at
low frequency, and there exists an optimal value for the
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Figure 9: A circular array of energy-absorbing buoys.

damping rate. We have also examined the ratio

E = W /2R = W ∗/2R∗ (56)

as an alternative measure of efficiency. It is found that a
circular array never absorbs more energy than what en-
ters across a diameter of the array. Plots are omitted here.

In Fig. 11 we compare the capture widthskW for
three circular arrays with three single buoys. The arrays
have the overall radii ofR∗ = (0.5,1,2)h∗. The draft of
each single buoy is assumed to be the same as its radius
a∗b, and is chosen so as to have the same total volume as
all the small buoys in the comparison array of overall ra-
diusR∗. The draft of a small buoy isH∗. In normalized
form the volume of a single buoy of radiusab and draft
ab is πa3

b and the total volume of the buoys in a rig is
f πR2H. Equating the two we getab = ( f R2H)1/3. In
Fig. 11 we display the capture widths for three values of
ab = 0.17,0,27,0.43. It is clear that the compact array
is hydrodynamically very promising since it can extract
much more energy than a single buoy of equal volume,
and with a much larger bandwidth.

The results above give theoretical confirmation of the
enthusiasm expressed by the FO3 and Manchester Bob-
ber teams.

4 Conclusion

Through simple models, we have derived the charac-
teristic features of wave energy extraction, first for a sin-
gle buoys of arbitrary size and then for a compact array
made of a large number of small buoys. In the latter case,
we have taken advantage of the two contrasting length
scales to avoid extensive numerical work. Instead, we
have proposed an asymptotic approximation and gained
physical insight with minor computational effort. We
have shown that gathering small point absorbers close
to each other leads to an increase in the number of de-
grees of freedom of the device and can be advantageous.
For the same amount of material much higher energy ex-
traction over a broad frequency band can be achieved.

Additional technical challenges remain, of course.
For example, can the rate of energy extraction from each
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Figure 10: Dependence of capture width on the extraction rate
λg whose values are indicated next to the curves. The packing
ratio is f = 0.2.
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Figure 11: Capture widths of a circular arrays of small buoys
of radii R = R∗/h∗ = 0.5,1,2 , f = 0.2 and λ = 0.5 are
shown by dashed curves. Their dimensionless drafts are the
same:H = H∗/h∗ = 1/10. Capture width of large buoys of
radii ab and draftab, are shown by solid curves, forab =
( f R2H/d)1/3 = 0.17,0.27,0.43. For the single buoys the ex-
traction rate is chosen to be the optimum at the peak.
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buoy be separately controlled to increase the overall ef-
ficiency? To what extent does the platform movement
influence energy extraction? What is the power potential
of dozens or hundreds of these platforms in a large array?
Mooring systems, nonlinear effects of finite-amplitude
waves and frictional loss due to flow separation must
all be considered for more comprehensive mathematical
modeling of actual designs. These and the questions of
cost and safety are worth further study.
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