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Abstract

Conversion of wave motion to electrical energy de-
pends on the instantaneous sea state at a given location,
which can change on second, minute and hour time-
scales. In particular, information about wave groupi-
ness (sets) is important in determining the efficiency of
a wave energy converter at a given location. We re-
port the use of a spectral method to analyze buoy time
data to determine the sea state and express it as aver-
age wave height and period, as well as percentage slack
time when the waves are smaller than the converter can
use. The proposed method is a sinusoid estimation algo-
rithm based on Capon’s maximum likelihood estimate,
which converges to the point spectrum of the sinusoids
in the wave data. Therefore one can estimate sinusoid
frequencies and amplitudes from a signal corrupted by
noise. Present method is compared against FFT in fre-
quency domain. The results of these spectral methods
are used to obtain statistical characteristics of waves. As
a golden standard, the same wave characteristics are also
determined using a peak finding algorithm. The statisti-
cal wave data is then used to predict the power output of
the wave energy converter using a model derived from
experimental data. The implications for ”harmonic” ver-
sus non-harmonic devices are discussed briefly.

Keywords: Non-stationary noise, spectral analysis, wave sets,
wave statistics.

1 Introduction

In this paper a stochastic method is used to estimate
the dominant frequencies and their amplitudes present
in segments of ocean waves. The method is based on
Capon-Geronimus algorithm presented in [1-4]. The re-
sults used in this note gives an estimate of the frequency
spectrum of the data corrupted by noise which converges
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to the point spectrum as the data set gets larger. In the
limit, the amplitude of the spectrum converges to the am-
plitude of the underlying sinusoids in the corrupted sig-
nal. The convergence result of the method makes it a
practical tool for distinguishing peaks due to sinusoids
in the spectrum from the peaks that may occur due to
noise process.

A very common tool used in determining dominant
frequencies is Fast Fourier Transform (FFT), which as-
sumes deterministic and periodic signals as input. Since
FFT is a well established method used in industry, we
compare the results of Capon’s method with results of
FFT.

In addition to FFT and Capon’s methods, a peak find-
ing algorithm is used to gather peak height and frequency
information. The peak-finding algorithm is used as a
gold standard for comparison because it provides the ac-
tual heights and periods of ocean waves. We use the al-
gorithm to find both peaks and troughs, and comparison
shows the two distributions to be identical, as expected
in deep water. Comparison of both Capon’s method
and FFT shows these techniques introduce a consistent
bias into the estimation of wave statistics, but Capon’s
method is less biased than FFT.

The aim of the ocean wave analysis in this work is to
predict the power output of a wave energy converter. The
results of the analysis are used as an input to an experi-
mental power output model of a Waveberg waver energy
converter. Data from various sites and different seasons
are chosen to predict the power output of the device.

The wave data were obtained from the Coastal Data
Information Program (CDIP) website and supplied as
a favor from Channel Coastal Observatory (CCO) UK.
Both institutions use Datawell Mark II buoys at these lo-
cations, with a 1.28 Hz sampling rate. A third set of
data set is supplied by Hydraulics & Maritime Research
Centre, University College Cork, Ireland, measured by
a non-directional Datawell buoy,sampled at 2.56Hz. We
use only the vertical (heave) component of the motion as



an input.

2 Comparison of Capon’s method to FFT

Fast Fourier Transform(FFT) is commonly used to
determine the frequency content of a signal. The FFT as-
sumes that the input signal is periodic; Capon’s method
does not have such a restriction. When the input signal
is corrupted by noise, it will no longer be periodic. An
outline of Capon’s method is given in the Appendix.

Consider a short segment of ocean wave data that en-
compasses a full period of a single wave, as plotted in
Fig. 1. The wave height of this particular wave is 177cm,
which corresponds to an amplitude of 88.5cm. The pe-
riod is 13.3 seconds and the frequency is 0.47rad/s. The
spectra of this signal was calculated both with Capon’s
method and FFT and are shown in Fig. 2-(a) and (b), re-
spectively. In each case the spectrum is normalized with
respect to the spectrum of a sine wave sampled with the
same sampling rate and duration. No windowing is ap-
plied in either case.

In Fig. 2-b, we see that FFT has introduced side lobes,
since the input signal is not periodic. The spectrum ob-
tained by Capon’s method does not have such artifacts.
The number and size of side lobes can be decreased us-
ing windowing and other techniques in FFT spectrum
calculations, however this would effect the amplitude es-
timations [5]. Capon’s method underestimates the ac-
tual amplitude by 3.25%, while FFT underestimates it by
9.04%. The frequency of this single wave is estimated to
be 13.83% lower than the actual by Capon’s method and
15.36% by FFT. Thus both methods give a reasonable
estimate of the underlying sinusoid process when a sin-
gle wave is presented as input, with the Capon’s estimate
slightly more accurate and without artifacts.

Longer data segments are used to generate statistical
data to compare the methods. Data from a CDIP buoy,
January 16, 2007 outside of Humboldt Bay, California
is used for this purpose. First, a 1000 second long time
signal in segments of 15.625s is fed to each method. This
length of time encompasses period of most of the single
waves in this example and it is a multiple of the buoy
sampling rate. The results are plotted in Fig. 3. The
amplitude and frequency information obtained with each
method is consistent over the length of the data. Second,
for a statistical comparison a 12 hour long data from the
same date and buoy are processed with Capon’s method
and FFT. The results are given in Table 1. Both methods
give statistically very similar wave amplitude.

Table 1: Statistical properties of wave amplitude distributions
obtained using Capon’s method and FFT. CDIP, Humboldt
Bay(128) buoy, January 16, 2007 data.

Method Capon | FFT

Mean, cm 39.29 | 38.46
Median, cm 36.18 | 35.39
Standard Deviation, cm | 18.33 | 18.69
Skewness 0.93 0.98
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Figure 1: CDIP, Humboldt Bay(128) buoy, January 16, 2007
partial time data. Amplitude of the wave is 88.5cm and the
frequency is 0.47 rad/s.

3 Slack time estimation

The ocean waves are very rich in frequency content.
Moreover, waves come in sets of higher heights, fol-
lowed by periods with little or no wave activity. The
use of significant wave height, Hg, as a summary statis-
tic obscures the groupiness of waves, as Hy is defined as
the average of the highest 1/3 of the waves. Any spectral
method applied over a long period of time will super-
impose a simplified distribution of the ocean wave spec-
trum. Here we are most interested in the wave heights at
a given time and the time between wave groups. To get
this information from the spectrum, Capon’s Theorem
6.1 is applied on a series of segments of time data much
shorter than the sets. In this way, the time variation of
the spectra is preserved..

A gold standard for determining the height and time
lapse of each wave is visual inspection of the time trace.
Here we use a peak detection algorithm to find peak
heights in amplitude and when they occur; the time be-
tween successive peaks in a given segment of wave data
is determined by subtraction. The peak detection algo-
rithm used in this paper is written by Tom O’Haver [6].
The method utilizes the smoothed third derivative of the
signal to find the peaks. It is easier to apply than FFT
or Capon’s method for wave data where the frequency
of the waves vary over a wide range. Although the al-
gorithm is very efficient finding peaks, it requires tuning
several parameters to the wave record in question and is
hard to implement for automated analysis.

Figure 4 shows the spectrum, peak time differences,
and between-wave time data for 1000 seconds (16.7 min-
utes) on January 16, 2007 outside of Humboldt Bay, Cal-
ifornia. In Fig. 4-a, the spectrum consists of 64 time
segments of 15.625 seconds length, each containing 20
height samples (1.28 Hz sampling rate). Spectrum es-
timate from each time segment is plotted with respect
to the time the segment started. The blue color shows
lower amplitudes and the highest waves are represented
in red color. Figure 4-b is a plot of time differences be-
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Figure 2: CDIP, Humboldt Bay(128) buoy, January 16, 2007.
Spectrum of partial time data given in Fig. 1. Plot (a) is the
result of application of Theorem 6.1; the peak occurs at 0.405
rad/s and 86.6 cm amplitude. Plot (b) is result of application of
FFT; the peak occurs at 0.3978 rad/s and 80.5 cm. The cross-
hair indicates actual wave data.

tween the consecutive peaks detected by the peak find-
ing algorithm. The time trace is given in Fig. 4-c, where
peaks detected by the peak finding program are marked
on the plot with a red cross. The circles represent the
amplitude estimate from Capon’s method for that time
segment. The agreement of the results is also visible
through inspection of Fig. 5. Both results agree very
well and follow the actual wave peaks. One advantage
of using the spectral method over the peak finding algo-
rithm in this application is that spectral method does not
require fine adjustment of the parameters to detect wave
height. Even though it is very effective, the peak finding
algorithm needs adjustment of number of point to apply
smoothing to, and the number of points around the top
part of the peak. These parameters have an effect on the
number of peaks detected.

The threshold amplitude for sea conditions to be con-
sidered flat would be the wave height below which a
wave energy converter cannot produce power. Consider
the wave height power curve given Fig. 8, at wave height
of 0.36 meters the particular wave energy converter stops
providing electrical energy. For this device and the sea
conditions considerd in this section, the dead time is
148.55 seconds over 1000 seconds using the spectral am-
plitude estimation. Over the same time period, using the
peaks determined with the peak finding algorithm the
dead time is calculated to be 150 seconds.

Both Capon’s method and the peak finding algorithm
were run on 12 hours data from the Humboldt Bay buoy,
January 16th. The wave height histograms are given in
Fig. 6. The wave height frequencies are normalized with
respect to the highest bin in each histogram. The statis-
tical properties of two distributions are given in Table 2
and are practically identical.
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Figure 3: CDIP, Humboldt Bay(128) buoy, January 16, 2007.
Spectrum of time data segments of length 15.625s computed
by (a) Capon’s method, rad/s (b) FFT, rad/s.

Table 2: Statistical properties of wave amplitude distributions
obtained using time domain and spectral methods. CDIP, Hum-
boldt Bay(128) buoy, January 16, 2007 data. Compare with
Table 1

Method Peak Finding | Capon

Mean, cm 40.19 39.29
Median, cm 37.00 36.18
Standard Deviation, cm 18.42 18.33
Skewness 0.8 0.93

3.1 Wave amplitude vs. wave height

The result of Capon’s method gives the amplitude of
the waves, i.e. crest height above the flat ocean surface,
or conversely, the depth of the trough. Wave height from
trough to crest is the common measure in ocean wave
analysis, since in storms and shallow water the form is
not a monochromatic sinusoid. The spectral methods
used in this study look for the amplitudes sinusoids in
the ocean waves, so we assume that wave amplitude is
half of wave height when these methods are used. On
the other hand, the peak finding algorithm only detects
the peaks in time domain and does not assume that there
are underlying sinusoids in the ocean waves. This algo-
rithm detects either crests or troughs. Fig. 7,-a shows
the crest amplitude histogram and Fig 6 - b shows the
trough amplitude histogram from the same 12 hour pe-
riod. The bottom histogram is an overlap of the previous
two. The histograms are virtually identical in shape, as
are their statistical properties shown in Table 3. The as-
sumption of wave height is twice the amplitude is valid
in this everyday ocean state in deep water.

3.2 Slack time estimation in different geographical
areas

Four buoy sites are used in this paper for slack time
analysis. The location information of the buoys are given
in Table 4. The sites are chosen from different parts of
the world to exercise the algorithm with various wave
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Figure 4: CDIP, Humboldt Bay(128) buoy, January 16, 2007.
The vertical axis of the plots are; (a) Frequency, rad/s, (b) Time
between peaks, s, (¢) Wave height, cm. Plot (a) is the shifted
spectrum of the time data, (b) is the time difference between
the peaks determined using the peak finding algorithm, (c) is
the time data with peaks marked with red crosses found using
the peak finding algorithm and circles using Theorem 6.1

Table 3: Statistical properties of wave crest and trough distri-
butions obtained using peak finding algorithm. CDIP, Hum-
boldt Bay(128) buoy, January 16, 2007 data

Method Crest | Trough
Mean, cm 40.19 | 40.30
Median, cm 37 38
Standard Deviation, cm | 18.42 18.17
Skewness, 0.8 0.76

regimes. Along the same lines, data from summer and
winter seasons in certain sites are evaluated. Two of
these sites are in Pacific Ocean; Humboldt Bay, South
Spit, California (A, B) and Ipan, Guam (C,D). The let-
ters in the parenthesis indicate the name of the buoy in
Table 4. These sites are operated by Coastal Data In-
formation Program (CDIP). Third site is in Perranporth,
Cornwall, UK on the Atlantic Ocean side of the British
Isles. This site is operated by Channel Coastal Observa-
tory (CCO). The fourth site is off the coast of Western
Ireland, this buoy data is supplied by Hydraulics & Mar-
itime Research Centre, University College Cork.

Predicted power output and slack time at various lo-
cations are summarized in Table 5.

4 Experimental power output model

The Waveberg is a floating attenuator that works in
heave. The power output is strictly a function of wave
height, similar to point absorbers [7]. However, unlike
a point-absorber, the Waveberg has an equal response to
wave heights across a broad range of the frequency spec-
trum; this result is not intuitively obvious and further in-
vestigations are underway to explore this phenomenon.
Nonetheless, in regular tank waves, the following linear
relation between the power output and mean wave height
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Figure 5: CDIP, Humboldt Bay(128) buoy, January 16, 2007.
Time data of the ocean wave. The crosses indicate the peaks
found by the peak finding algorithm and the circles indicate the
estimated wave heights in a given 15.625 second time segment.
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Figure 6: CDIP, Humboldt Bay(128) buoy, January 16, 2007.
Histograms of the normalized peak amplitudes using, a) Peak
finding algorithm, b) Capon’s method. Horizontal axis in cm.

holds true with a determination coefficient of R270.9.
Pout :Fconx (Hm_Hmin) (1)

This relation works for wavelengths from 0.43 — 1.7
times the Waveberg length. Here F,, is the conversion
factor or slope of the line, H,, is the mean wave height,
and H,,;, is the horizontal axis intercept, the minimum
wave size needed for power conversion. In the case of
real-world waves, we set H,,;, as the cut-off size to de-
termine the proportion of slack time (Tg4cx), taking this
in to account, the power - wave relation can be expressed
as:

Pour = (] - Txlack) X Fron X (Hm - ['Imin) 2

Figure 8 shows experimental data illustrating this re-
lation. The model shown here is 1.63 meters long, or
1:40 of a typical full-size Waveberg. The model has
losses from the pumps which manifests itself as a shift
of the power curve to the right on the horizontal axis. In
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Table 4: Information about the data used for the analysis

Name | Location (Approximate) Date Water dept (m) | Sampling Rate (Hz)
A 40° 45°N 124° 18° W January 16, 2007 40 1.28
B 40° 45°N 124° 18 W July 01, 2007 40 1.28
C 13°21’N 144° 47" E January 01, 2007 200 1.28
D 13° 21°’N 144° 47" E July 01, 2007 200 1.28
E 50° 2I’N 5° 100 W December 21, 2007 10 1.28
F 50°2I’N 5° 100 W June 20, 2008 10 1.28
G 52°39°N9° 47" W February 11, 2005 55 2.56

Table S: Wave statistics and predicted Waveberg power output

Name | H,, (cm) | Py, (KW) | Slack time % | Data length (hr)
A 78.58 90.1 15 12
B 58.45 48.16 12 12
C 154.53 246.70 <1 12
D 50.15 30.35 15 12
E 103.07 155.53 <1 12
F 146.58 253.14 <1 12
G 302.95 572.68 <1 1/3
2.5
¢
oL
gl.S*
100 g_
3 s0f § A
&
0 TMIRIT
0.5
o ‘ ‘ ‘ ‘
0 20 40 60 80 100

0 20 40 60 80 100 120 140
Amplitude, distance from flat water, cm

Figure 7: CDIP, Humboldt Bay(128) buoy, January 16, 2007.
Histograms of the amplitude of ocean waves as measured from
the flat water surface. (a) Frequency of the peaks (crests). (b)
Frequency of the troughs. (c) Frequency, histograms in (a) and
(b) overlapped.

the full scale case, minimum wave height H,,;, = 0.9mm
would translate into H,,;, = 0.36m. Power conversion
factor when scaled is 214.52 KW per meter wave height.

Thus the key determinants of wave power available
at a site are average wave height H,,, the period of the
swell wave Tp, and the proportion of slack time. Capon’s
method determines all three parameters from the buoy
data and can be automated to analyze archived data. The
method can provide far more relevant information about
the sea states at a proposed wave energy conversion site
than the traditional Hs and 7. Previously, buoy data has
been analyzed primarily for safety considerations and
ship navigation, and the traditional parameters have been
adequate for that purpose. Now we need to generate a
new analysis for wave energy conversion, and Capon’s
method appears ideal for this purpose.
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Figure 8: Experimental power output data for scale model of
Waveberg. The experimental data is indicated with diamond
points, the line is a third order polynomial fit.

As an example consider the CDIP, Humboldt
Bay(128) buoy. The mean wave height for the 12 hours
time period considered in the previous section H,, =
0.78m as estimated by Capon’s method. Using Fig. 8
the power output of a Waveberg at this sea state would
be 90.1 KW.

5 Conclusions

Capon’s method detects peaks very effectively with-
out need of fine parameter adjustment or windowing.
The amplitude estimates obtained with this method are
used to obtain statistical characteristics of ocean waves
at a given location. This information is crucial in deter-
mining the operation location as well as sizing the energy
converter.

The strength of Capon’s method is convergence of es-
timated spectrum to point spectrum at the sinusoid fre-
quencies, while approaching zero everywhere else. This



property is used to disregard peaks that may appear as a
result of noise process when a small number of samples
is used. The weakness of the method is the higher com-
putational cost than FFT. However, properly automated,
Capon’s method can analyze large samples of archived
data in reasonable time periods for assessment of energy
conversion.

6 Appendix

6.1 Spectral frequency and amplitude estimation

Let y(n) be the discrete measurements of vertical sur-
face displacement of the ocean expressed as;

y(n) =&(n)+E(n).

Here {(n) is a non-stationary noise process. The first
part, &(n) is the stationary part of the ocean waves in
consideration [8] and it is assumed to be composed of
sinusoids;

3)

\4

E(n) = Z akel(wk"+¢k)

k=1

“4)

where { @y }} are distinct angular frequencies, {ax} are
the corresponding amplitudes and { ¢y }| are independent
random variables uniformly distributed over the interval
[0,27].
The autocorrelation function Ry(ni,nz) of y(n) is
given by,
Ry(n1,n2) = E(y(n1)y(n2)). Q)

Here E(.) is the expectation. When Ry (n,nz) can be
expressed in terms of the difference n; —ny and Ey(n)
is constant, then y(t) is wide sense stationary. Ocean
waves are partly produced by action of winds over the
water surface. These effects are intermittent in time and
the autocorrelation function of y(n) can not be expressed
in terms of n; —np. The mean of y(n) obtained from
different segments of the data will attain different values.
In this case, ocean waves are termed to be non-stationary.

The sinusoid estimation algorithm presented here
uses a portion of the data {y(k)}¥=" . Consider the fol-
lowing random process defined by,

n

x(n)="Y AL *Buy(k).

k=—o0

(6)

Here A,, is a stable matrix on C" with all its eigenvalues
in the unit circle and the pair {A,,, B} is controllable.
The matrix B is defined from C into C™. Let T,, be the
covariance matrix for y defined by,

Ry(n,n) Ry(n,n—1) Ry(n,n—2)
Ry(n—1,n) Ry(n—1,n—1) Ry(n—1,n-2)
T =| R Ry(n—=2,n—1) Ry(n—2,n—2) @

Note that 7y, = T¢ + T,. The only assumption on the
noise process {(n) is that its covariance matrix T, is
bounded. Equivalently, 0 < Ty, < If for some positive

B.
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The controllability matrix W,, for the pair {A;, B, } is
given by,

Wu=1[ By AuBn ALB, - ]:01—C". (8)
Using the definition of x(n), the covariance matrix of
x(n) can be expressed as;

Tx(n)x(n)* = Ap

Wi T W5

€))

The relation between the present and classical sinu-
soid algorithm can be seen easily if the pair {A,,, B} is
chosen as such,

0

(=]

0 1
0 0 1 0 0
0 0 0 0 0
An=1 . . . . onC” and B, = :C—-C".
0 0 0 1 :
00 0 0 0

10

The following theorem summarizes the sinusoid esti-
mation algorithm.

Theorem 6.1 Let y(n) be the random process deter-
mined by y(n) = &(n) + §(n) where &(n) is the sinusoid
process given by (4) and §(n) is a random process such
that 0 < Ty, < IB for all integers n. Let Ay, = Wy Ty Wy,
where Wy, is the controllability matrix formed by the pair
{Am, B} . Consider the optimization problem,

Pon(A) = inf{ (T, Wy, Wyx) : Cou(I — AA,) "' x = 1}

(11)
Then,

ZU))

IN

\aj|2 ifo=w;jforall j=1,2,---,v
0 ifwyéa)j. (12)

This result shows that the estimate of the spectrum L,
converges to the point spectrum of the sinusoid process
at the sinusoid frequencies. This property is useful in
distinguishing peaks due to sinusoids from the peaks due
to the noise process. If the estimate of the spectrum is
calculated for integers 0 < m; < my then any peak that
may appear in W, (¢'®) wouldn’t appear in L, (e'?), if
it is due to a noise process. Moreover, one would ob-
serve that at a sinusoid frequency @y the spectrum es-
timate converges to the sinusoid amplitude a; and zero
everywhere else.

The covariance matrix Ty, can only be approximated
numerically given an experimental signal. To remove
the artifacts of this calculation the, estimated spectra are
normalized with respect to a peak obtained from a unit
amplitude sine wave with 15.625 seconds period. The
sine wave is also sampled at 1.28 Hz as the ocean waves
used in this study.

lim (e

m-—oo
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