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A Comparison of Selected
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Wave-energy converters of the point-absorbing type (i.e., having small extension com-
pared with the wavelength) are promising for achieving cost reductions and design im-
provements because of a high power-to-volume ratio and better possibilities for mass
production of components and devices as compared with larger converter units. However,
their frequency response tends to be narrow banded, which means that the performance
in real seas (irregular waves) will be poor unless their motion is actively controlled. Only
then the invested equipment can be fully exploited, bringing down the overall energy cost.
In this work various control methods for point-absorbing devices are reviewed, and a
representative selection of methods is investigated by numerical simulation in irregular
waves, based on an idealized example of a heaving semisubmerged sphere. Methods
include velocity-proportional control, approximate complex conjugated control, approxi-
mate optimal velocity tracking, phase control by latching and clutching, and model-
predictive control, all assuming a wave pressure measurement as the only external input
to the controller. The methods are applied for a single-degree-of-freedom heaving buoy.
Suggestions are given on how to implement the controllers, including how to tune control
parameters and handle amplitude constraints. Based on simulation results, comparisons
are made on absorbed power, reactive power flow, peak-to-average power ratios, and
implementation complexity. Identified strengths and weaknesses of each method are high-
lighted and explored. It is found that overall improvements in average absorbed power of
about 100–330% are achieved for the investigated controllers as compared with a control
strategy with velocity-proportional machinery force. One interesting finding is the low
peak-to-average ratios resulting from clutching control for wave periods about 1.5 times
the resonance period and above. �DOI: 10.1115/1.4002735�

Keywords: ocean waves, renewable energy, reactive control
Introduction

An early result of wave energy research �see review articles by
vans �1� and Falnes �2�� was that the maximum useful absorbed
nergy for a body oscillating in one mode is achieved provided
hat the intrinsic reactance Xi��� is canceled and that the load
esistance Rm��� equals the intrinsic resistance Ri���. �The word
ntrinsic is here used to signify the systems own impedance terms,
ncluding friction and viscous losses, but excluding machinery
orces.� This corresponds to what in electric circuit theory is
nown as impedance matching.

Falnes �3� �Chap. 6� described two alternative strategies for
chieving this:

1. complex conjugate control
2. phase and amplitude control

As illustrated by Fig. 1, where Zi is the complex intrinsic im-
edance, the first alternative corresponds to providing a direct
eedback from the velocity of the buoy. Now this represents a
hallenge in that the velocity-to-force transfer function −Zi

����=
Ri���+ iXi��� becomes inherently anticausal �i.e., transforms to
left-sided impulse response function� because of the complex

onjugation. In other words, the optimal machinery force depends
olely on future values of the buoy velocity, which is obviously
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impossible to implement in practice, as the velocity depends on
our choice for the machinery force. We are thus compelled to
search for realizable �sub-optimal� approximations for the practi-
cal implementation, and this will be treated here.

The other alternative, phase, and amplitude control �shown as
Fm ,2 in Fig. 1�, is to feed forward the excitation force through a
transfer function Hv�s�=1 / �2Ri�s�� yielding the optimal velocity
vopt�s�=Fe�s� / �2Ri�s�� as a reference signal �where it is assumed
that the radiation resistance Ri��� can be approximated by a ra-
tional Laplace transform function; R����R�s� �s=i��. A controller
can then be programmed to track the desired velocity, a common
application of control engineering. But this alternative is also en-
cumbered by causality trouble; the transfer function is noncausal
�i.e., transforms to a two-sided impulse response function �3�, Sec.
6.3�, but this can be overcome in an approximative manner if we
are able to predict the future excitation force, or by approximating
the transfer function Hv�s� by a causal function. In principle, the
span of information about the future wave needed for optimal
control depends on the geometry of the device, while the available
information depends on the coherence of the incident wave as
explained by Price et al. �4�.

Both of these alternatives for optimal control imply that the
machinery has to handle a reactive power flow and may therefore
be categorized under the broader classification of reactive control.

Perdigão et al. �5� reported a solution for approximating the
complex conjugate control applied to an oscillating water column
device. Looking at control alternatives for the Archimedes wave
swing �AWS�, Beirão �6� tried to apply internal model control as a

means to approximate optimal velocity tracking, and achieved a
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easonable performance. He also demonstrated the use of linear-
zation feedback control applied to a nonlinear model of the AWS.

In a more recent approach Gieske �7� tried to apply model-
redictive control �MPC� to wave energy conversion, also with
WS as the example. This method resembles what Eidsmoen �8�

ried to do when he optimized the converter’s response over a
hort future horizon by the use of force predictions. The applica-
ion of MPC to wave energy converters was further studied by
als et al. �9� and has shown to yield power absorption close to
ptimum in irregular waves.

All of approximations to optimal control described above re-
uire that the machinery handles reactive power. A set of control-
ers for wave energy absorbers that do not involve reactive power
ow may be classified as resistive bang-bang controllers. Latch-

ng and clutching control belong here. These ideas derived as an
ntuitive way of achieving optimum oscillation phase by keeping
he absorber fixed during parts of the cycle �latching� or by cou-
ling and decoupling the machinery at intervals �clutching�
10,11�. Hoskin and Nichols �12� used a variational calculus ap-
roach and showed that latching control belongs to a class of
olutions that in optimal control theory is known as bang-bang
ontrol �13�, i.e., the optimal solution is for the control variable to
witch between its minimum and maximum allowed values. The
ame goes for clutching control.

The challenge in implementing latching and clutching control
trategies is twofold: �i� designing a durable mechanism or
ethod to carry out the latching/unlatching �or coupling/

ecoupling in the case of clutching control� and �ii� to determine
he unlatching instants. In principle, one needs to know the exci-
ation ahead in the same manner as for the non-causal transfer
unction resulting from the optimality conditions referred to
bove. This task was already solved with promising results about
0 years ago �14,15�. For more complex systems, with more than
ne degree of freedom, the application of latching control has
hown to be more challenging �16,17�, although mathematical de-
cription inspired by Thévenin’s equivalent for electrical circuits
ay ease the problem �18�. A simplified approach was taken by
alcão �19�, who, inspired by rectifying hydraulic valves, omitted

he need for prediction by introducing a threshold-triggered un-
atching. This principle was verified and developed further by
opes et al. �20�.
Although very similar to latching, the clutching control idea

ppeared later and has received less attention in the wave energy
iterature. The key point is that instead of being locked, the oscil-
ator is moving freely during parts of the oscillation cycle. The
otions freewheeling �11� and unlatching �21� control have also
een used for this strategy. Kamensky et al. �10� showed that for
nconstrained oscillation of a harmonic oscillator, clutching can

Hu(s)
v(s)Fe(s)

-Zi(-s)

+

controller

+

1/{2Ri(s)}

-
+

Fm,1

Fm,2

ig. 1 Block diagram showing alternatives paths for optimal
ontrol of the wave energy converter represented by Hu„s…. The
hoice between Fm,1 and Fm,2 corresponds to the choice be-
ween complex conjugate control, and phase and amplitude
ontrol, respectively †3‡ „Fig. 6 and 7…. We have assumed that
he hydrodynamic parameters can be approximated by rational
aplace transform functions, R„�…ÉR„s… 
s=i� and mr„�…

mr„s… 
s=i�.
e preferable to latching in some conditions. In a recent study,
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Babarit et al. �22� showed that clutching is theoretically superior
to strategies of pseudocontinuous control that try to mimic the
behavior of, e.g., a linear damper.

Evans �23�, Pizer �24�, and Falnes �25� consecutively discussed
the influence of global motion constraints on wave energy absorp-
tion. Their results were based on a frequency-domain approach.
Evans and Pizer both presented examples on how such constraints
influence the performance of a heaving sphere absorber. Recently
Hals et al. �9� studied optimal constrained motion for the same
kind of absorber using a time-domain method. Many devices are
designed with physical end stop mechanisms such as spring and
dashpot components �26� or water brakes �27�.

There have been numerous suggestions on how to predict the
incoming wave, both in the case of remote and local wave moni-
toring �4�. A standard solution for estimating and predicting sig-
nals is Kalman filtering �see, e.g., Ref. �28��. By running the filter
equations iteratively based on the current filter states, a priori
estimates for future values may be extrapolated. In Ref. �9� an
augmented Kalman filter was used to provide useful predictions
2–4 s ahead based solely on local monitoring, and the same
method will be used here.

Another question is how to tune the control parameters. The
classical solution for adaptive control is gain scheduling �see, e.g.,
Ref. �29��. The parameters are then updated based on a predefined
plan, which may be based on experience or on a model giving the
optimal parameter settings for different operating conditions; in
our case for different sea states. An old method for self-tuning
regulators that has regained interest in recent years is extremum-
seeking control �30�. It is a powerful method for real-time optimi-
sation of the control parameter that only requires that a purposeful
convex objective function may be defined, and which in general
works at rates of adaptation almost as fast as the plant dynamics.
Here we apply this method to maximize the power output from
wave energy converters.

The purpose of this article is to study how a representative
selection of the mentioned control strategies can be implemented
for online control and to compare their performance and proper-
ties. We begin, in Sec. 2, by presenting our model of a heaving
semisubmerged sphere, which will serve as a generic example for
the wave-absorbing body, and then proceed, in Sec. 3 by defining
and explaining the control algorithms and the assumptions made.
Finally, the simulation scheme, results and analysis are reported in
Secs. 4 and 5.

2 Converter Model
In order to keep the investigation at a generic level, a heaving

semisubmerged sphere will be used as an example for the wave
energy converter. Dynamics of other types of converters will have
similar properties, although they can be more complex. The model
used is sketched in Fig. 2 and includes the following effects:

• Net restoring stiffness force Fs=�gAw�, which is the differ-
ence of the gravitational and buoyancy forces, where � is the
water density, g is the acceleration of gravity, Aw=�r2 is the
water plane area, and � is the heave excursion.

• Inertia force Fi=m�̈ due to the mass m of the moving body
with acceleration �̈.

• Wave excitation force Fe, which is the sum of pressure
forces on the body surface due to incident and diffracted
waves.

• Wave radiation force FR due to the radiated wave when the
body moves. It may be written as FR=m��̈+	0

t k����̇�t
−��d�, where the retardation function k�t� is related to the
radiation resistance �or wave damping coefficient� Rr by
k�t�= �2 /��	0

�Rr���cos��t�d� �31�. The factor m�

=lim�→� mr���, where mr��� is the added mass. The con-
volution term, which we will denote Fr, may be approxi-

˙
mated by a state-space model �32,33�; z=Arz+Br�, with
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output equation Fr=Crz, where z is an additional state vec-
tor, and Ar, Br, and Cr are the state, input, and output ma-
trices, respectively.

• Machinery force Fm, which is the subject of this work, and
which is assumed to follow the command given by the con-
troller, i.e., it is assumed strong and fast enough to immedi-
ately follow a set-point.

The hydrodynamic forces �excitation and radiation� are ap-
roximated by linear theory, i.e., both motions and wave ampli-
udes are assumed to be small. The reference point against which
he machinery works is assumed to be rigid, and possible dynam-
cs of connecting wires or struts are not accounted for.

An equation of motion for the heave mode may then be given
s �31�

Fi + FR + Fs = Fe + Fm �1�
r, explicitly,

�m + m���̈ +�
0

t

k����̇�t − ��d� + �gAw� = Fe + Fm �2�

ith a state-space approximation for the convolution term as
entioned above, the whole model may be rewritten in state-

pace form as

ẋ�t� = � 0
− �gAw

1 + m�/m
− Cr

1 + m�/m
1/m 0 01�4

Br/m 04�1 Ar


x�t� + �
1

1 + m�/m
0

04�1


�Fm�t�

+ Fe�t�� � Ax�t� + B�Fm�t� + Fe�t�� �3�

ere x1=m�̇, x2=�, and �x3 , . . . ,xN�T=z, where N-2 is the order
f the state-space approximation for the convolution term Fr. For
he heaving sphere, a model of order four has shown to be suffi-
ient for Fr. The total model thus consists of six first-order ordi-
ary differential equations and may be solved by conventional
ools for numerical integration. In block diagrams to be shown

�

z

x

ig. 2 An illustration of the heaving sphere used as a wave
nergy absorber in this work. Its radius r is 5 m and it is
emisubmerged at its equilibrium position, i.e., the mass m
�2�r3 /3. A power take-off system „PTO… is connected between

he buoy and a fixed reference, giving a force Fm on the buoy.
ater, the model is represented by the system transfer function
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Hu�s�= �sI−A�−1B, giving the system states as output.
In the following, we will need the notion of intrinsic resistance

Ri and reactance Xi �3� �p. 184�. These are frequency dependent
�in a manner governed by the body mass and geometry�, and their
functions for the heaving sphere are shown in Fig. 3. In our case
we have assumed that there is no viscous or frictional loss, so the
intrinsic resistance Ri��� is equal to the radiation resistance Rr���,
which is due to outgoing waves. The reactance depends on the
added mass mr��� and the buoyancy stiffness S=�gAw for heave
motion, and is defined by Xi���=��m+mr����−S /�.

The hydrodynamic parameters are shown in Figs. 3 and 4.

3 Control Methods
In this section, the various control algorithms considered in this

study and their implementation are described and discussed. The
question asked is how to control the machinery force Fm.
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Fig. 3 Hydrodynamic parameters for a semi-submerged heav-
ing sphere of radius 5 m. The radiation resistance Rr„�… is
given by the black curve, the red dashed curve gives the sum
of physical mass and added mass m+mr„�…, and the hydro-
static stiffness S, which is approximated by a constant, is
shown by the blue dash-dotted curve.
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Fig. 4 Intrinsic impedance terms for the heaving sphere. Also
shown is the optimal load resistance Rm

opt=�Ri„�…
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2 for

nonreactive control.
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3.1 Resistive Loading (RL). A very common assumption
ithin wave energy modeling has been to assume the following

orm for the machinery force:

Fm�t� = − Rm�̇�t� , �4�

uch that the machinery force depends linearly on the velocity �̇,
ith a resistance Rm as coefficient of proportionality. The strategy
efined by Eq. �4� may be given as the block diagram shown in
ig. 5. We include it here for reference and because it is often
sed as a useful starting point in modeling and simulation studies
s well as laboratory experiments and prototyping. Time series of
orce, position, and velocity signals for this strategy are shown in
ig. 6.
With such a machinery force, the optimal setting for the load

esistance is known to be Rm
opt���=�Ri

2���+Xi
2���, where Ri and

i are the intrinsic resistance and reactance, respectively �34�.
It may be seen from Fig. 4 that the further we are from reso-

ance, the larger the optimal Rm
opt term will be. This lowers the

esponse amplitude but reduces the phase difference between
orce and velocity �cf. phase and amplitude control�. As the result-
ng machinery force is proportional to the velocity there is no
eactive power flow, and with the requirement Rm�0, the machin-
ry never has to work in motor mode. For irregular waves, we
xplore a simplified approach by choosing a constant Rm, different
or each sea state.

3.2 Approximate Complex-Conjugate Control (ACC).
ith impedance matching, the optimal control force may be writ-

en Fm
opt���=−Zm

opt���u���=−Zi
����u���, i.e., the optimal machin-

ry impedance Zm
opt equals the complex conjugate of the intrinsic

mpedance Zi���=Ri���+ iXi��� �35,3�. �The minus sign occurs
ecause of the way we have defined the machinery force, see Eq.
1�.� As discussed in Sec. 1, we then need to find a causal approxi-
ation Zm�s� �s=i� to the optimal feedback function Zm

opt��� giving
system as illustrated in Fig. 7.
For a monochromatic wave input of angular frequency �k, this

ptimal force may be written as the time-domain function

Fm
opt�t� = �m + mr��k���̈�t� − Ri��k��̇�t� + S��t� �5�

eeping the same function with constant coefficients �from a
roperly chosen �k� for operation in irregular waves could serve
s a simple approximation. We must, however, be careful in order

Hu(s)
v(s)Fe(s)

- Rm

Fm

+

+

ig. 5 Block diagram for the RL strategy. It gives a machinery
orce directly proportional to the buoy velocity v„s…. The dy-
amics of the heaving buoy is represented by the transfer func-
ion Hu„s….
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ig. 6 Regular wave „T=9 s and H=1 m… time series example
or the RL strategy. The red dashed curve gives the excitation
orce Fe, the blue dash-dotted curve gives the velocity v= �̇,

nd the fully drawn black curve gives the heave position �.
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to ensure that the controlled system becomes stable.
Let us now simplify the WEC model �3� by replacing the

frequency-dependent parameters mr and Ri by constants so that
we get

ẋ�t� = �− Rc/mc − S

1/mc 0
�x�t� + �1

0
��Fm�t� + Fe�t�� �6�

with x1=mc�̇. Using the velocity variable v�s�=L��̇�t��, Eq. �6�
has the Laplace-plane equivalent

mcsv�s� + Rcv�s� + S
v�s�

s
= Fe�s� + Fm�s� �7�

In this case, the intrinsic impedance is

Zi�s� = mcs + Rc +
1

s
S =

mcs
2 + Rcs + S

s
�8�

and the machinery impedance may be written as

Zm�s� =
mms2 + Rms + Sm

s
�9�

with optimal values mm=−mc, Rm=Rc, and Sm=−S according to
the complex conjugate relation behind Eq. �5�. The machinery
force is now

Fm�s� � − Zm�s�v�s� = −
mms2 + Rms + Sm

s
v�s� �10�

By cancellation of mc and S terms, this gives the optimal response
velocity

v�s� =
Fe�s�
2Rc

�11�

as it should. The force-to-velocity transfer function of the total
controlled system becomes

Hv,Fe
=

1

Zi�s� + Zm�s�
=

1

�mc − mm�s2 + �Rc + Rm�s + �S − Sm�
�12�

Now to the point: We see that if mm and Sm are larger than the
intrinsic values mc and S, the coefficients become negative �giving
positive poles� and the controlled system will be unstable. Using
this as a simplification for the wave energy converter, we may
place the poles of the controller such that we are sure not to get
positive poles. It can be done by looking at the minimum values
for m+mr��� and S and choosing the controller parameters mm

and Sm with some safety margin, see Fig. 3. We see that stability
may be ensured by choosing constant values mm	3.72�105 kg
and Sm	7.90�105 N /m. �We have used the values 3.5
�105 kg and 7.5�105 N /m, respectively.� The parameter Rm
may be taken as a parameter to be optimized for each sea state.

Hu(s)
v(s)Fe(s)

Rm

+

s · mm

1/s · Sm

Fm(s)

-

-

-

+

Fig. 7 Block diagram for the ACC control. The machinery
force is the sum of terms proportional to position, velocity and
acceleration.
Figure 8 shows a time series example for the ACC strategy.
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3.3 Tracking of Approximate Optimal Velocity (AVT). As
entioned in Sec. 1, the phase and amplitude control yield an

xpression for the optimal velocity and may therefore be seen as a
elocity tracking problem. The question is how to approximate the
ptimal velocity function vopt���=Fe / �2Ri����. Here we will sim-
ly replace Ri��� by a constant Rc so that vref=Fe / �2Rc�, and we
ill see how the choice of its value influences the result. We have
ot tried to find a frequency dependent approximation to
/ �2Ri���� although it could be worthwhile investigating, for in-
tance, as described in Ref. �5� and also in Ref. �3� �Sec. 6.3�.

Once having defined the reference signal, the tracking can be
one with a simple P or PI controller. Thus the whole scheme can
e pictured as in Fig. 9, with

ZPI�s� = 
KP
1 + Tis

1 + 
Tis
�13�

e have used KP=5�107 Ns /m, 
=1.2, and Ti=4.2 s. A time
eries example for operation in regular waves is shown in Fig. 10.

3.4 Model-Predictive Control (MPC). The application of
odel-predictive control to this problem was studied in a recent
ork �9�, and we only outline the principles here. The idea is to
ptimize the expected response of the system over a short future
orizon Th using a discrete time model of the conversion unit
ogether with a prediction of the input force. The maximization of
ower output under the chosen constraints may be cast into a
uadratic programming �QP� optimization problem, which guar-
ntees that a solution is found. By moving the time window of
redictions along as the time is running, the optimization may be
olved anew at predefined intervals, finding the best control force

55 60 65 70
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ig. 8 Regular wave „T=9 s and H=1 m… time series example
or the ACC strategy. Line patterns as in Fig. 6.

Hu(s)
v(s)Fe(s)

- ZPI(s)

Fm(s)

+

1/{2Rc}

-

+

+

ig. 9 Block diagram for the approximate optimal velocity
racking „AVT… strategy. The velocity reference signal is tracked
y the use of a PI controller ZPI„s….
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ig. 10 Regular wave „T=9 s and H=1 m… time series ex-

mple for the AVT strategy. Line patterns as in Fig. 6.

ournal of Offshore Mechanics and Arctic Engineering

wnloaded 05 Dec 2011 to 134.89.11.41. Redistribution subject to ASME
at each instant given the instantaneous states and conditions. The
scheme is illustrated by Figs. 11 and 12. A time series example of
MPC is shown in Fig. 13.

The MPC controller fully exploits our knowledge about the
system �including constraints� and is therefore able to provide a
control that is close to constrained optimal.

3.5 Phase Control by Latching (PML and TUL). Latching
control is achieved by halting the motion each time the velocity
becomes zero, and releases it according to a certain rule such that
the phase between velocity and excitation force is improved com-
pared with the passive �RL� case. For regular waves the unlatch-
ing rule may be defined as fixed intervals of latching, but in ir-
regular waves this does not work well because the time interval
between force maxima varies. A fruitful strategy is to aim at align-
ing the peaks of the force and velocity signals �36,37�, and this
may be approximately achieved by releasing the buoy approxi-
mately T0 /4 before the next �predicted� peak for the wave force
�T0�4.4 s being resonance period�. Here we denote this strategy
by peak-matching latching control, abbreviated PML, and a block

time
now

wave force

response

control force

prediction horizon Th

Fig. 11 The moving prediction horizon principle of model-
predictive control „MPC…. The control force is changed in dis-
crete time steps that are short compared with the system dy-
namics „i.e., in practice shorter than shown here…. At each
discrete time step a new optimization of the predicted response
is calculated using the predicted excitation force as input, and
the first element of the machinery force vector is applied to the
system „indicated by the thick line….

Hu(s)
v(s)Fe(s)

Rl

+

+

MPC
QP

prediction
t +Th

Fm

Hu’(s)

Fig. 12 Block diagram for the MPC strategy. A QP optimization
problem is solved at each discrete time step of the controller.
The prediction horizon is set to span an interval over which the
force prediction is reasonably accurate. Here Th=2.2 s have
been used.
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Fig. 13 Regular wave „T=9 s and H=1 m… time series ex-

ample for the MPC strategy. Line patterns as in Fig. 6.
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iagram for the controller is shown in Fig. 14. The time series
xample follows in Fig. 15.

Instead of aligning peaks, Falcão �19� and Lopes et al. �20�
uggested a method that does not rely on predicted values for the
xcitation, but rather only on an estimation of the instantaneous
xcitation force. The principle tells that the buoy should be re-
eased once the force passes a chosen threshold, thus we will refer
o it as threshold unlatching control �TUL�. In regular waves the
esult is identical to PML, but in irregular waves there will be
ifferences in the unlatching instants. Obviously, either strategy is
est suited for incident waves of typical period T�T0. Luckily, at
east for heaving point absorbers, the physics of the problem tells
hat this will most often be the case. �It should be mentioned that
abarit et al. �37� showed that latching may also be useful for the
ase where T�T0.�

During the unlatched intervals the machinery load resistance,
m, is kept constant at a value that may be optimized for each sea
tate. In real-world designs the latching may be achieved by
lamping brakes, hydraulic control valves or other. For modeling
nd simulation purposes, two alternative methods have been com-
on. The first method is to have two models for the system: one

or the latched state �v=0� and one for the moving state �v
f�Fe�t� ,Rm , t��, and to switch between these at the right instants.
he other is to introduce an additional large resistance Rl in the
athematical model, which is active during latching intervals and

ero otherwise. Thus here no assumption is made about how the
atching mechanism is realized, although the latter method may be
een as a simple model of a clamping brake. The two methods
ive practically no difference in the result as long as the resistance
s chosen large enough. We use the second approach with Rl�1

109 kg /s. Because the power take-off is only resistive, the
atching control machinery has no reactive power flow.

3.6 Phase Control by Clutching (PMC and TUC). The only
ifference between clutching and latching is that the resistance is
witched between zero and a constant instead of between a �dif-
erent� constant and a very large value �in principle infinite�. This

Hu(s)
v(s)Fe(s)

- Rm

+

latching
mechanism

prediction
t +Th

+

TULPML

+

+
Fm

ig. 14 Block diagram for the PML and TUL control strategies.
he latching mechanism is used to hold the buoy in a fixed
osition. During motion the machinery force is proportional to
he buoy velocity.
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ig. 15 Regular wave „T=9 s and H=1 m… time series ex-
mple for the PML and TUL strategies. Line patterns as in Fig.

.
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results in time series of the kind shown in Fig. 17, and a block
diagram is given in Fig. 16. Although very similar, there are, as
we shall see, some important differences in the performance of
latching and clutching controllers. With clutching control, the
power is harvested during a slow sliding motion from the outer
positions �see Fig. 17�, whereas with latching it is harvested dur-
ing the transitions between outer steady positions �see Fig. 15�.

3.7 Parameter Tuning. The MPC controller optimizes the
control input to the system on a wave-to-wave time scale. Because
of this it can lead to a performance close to what is the theoretical
optimum. All the controllers defined above have a structure where
parameters need to be tuned on a longer time scale, say from a
duration corresponding to wave-group or sea state variation. Here
we will consider the adaptive schemes referenced in the introduc-
tion, namely, gain scheduling and extremum-seeking control.

3.7.1 Gain Scheduling. If we disregard end stop interference,
most of the controller parameters depend on the wave frequency
only �once the device geometry has been set�. A good approxima-
tion to the optimal parameter settings is then achieved by using
knowledge about the average wave period. All that is needed is
then an online estimate of the instantaneous average period, and
the parameters may be set according to a predefined schedule. If
the relation between wave frequency and parameter settings is not
known, the schedule may be established based on experience or
trial and error. For the threshold unlatching and unclutching strat-
egies, information about the wave heights are also needed �20�.

In our implementation, we have processed the last 100 zero
up-crossing periods in computing the needed statistical measures.

3.7.2 Extremum Seeking. Extremum seeking control is a pow-
erful method for real-time optimization where a modulation of the
control input is used to drive the control parameters to their opti-
mum value. The method does not depend on having a model of
the process; all that is needed is that the control goal can be
formulated as an objective function that is convex in the control
parameters. It may be freely defined by the control designer. The

Hu(s)
v(s)Fe(s)

- Rm

+

+

clutching
mechanism

prediction
t +Th

0/1

TUCPMC

x

Fm

Fig. 16 Block diagram for the PMC and TUC control strate-
gies. The clutching mechanism is used to engage and disen-
gage the machinery force. When engaged, the machinery force
is proportional to the buoy velocity.
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Fig. 17 Regular wave „T=9 s and H=1 m… time series ex-
ample for the PMC and TUC strategies. Line patterns as in Fig.

6.
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cheme is illustrated by Fig. 18.
The crucial point in order to succeed with extremum-seeking

esign is thus the definition of the objective function. For the
pplication to wave energy we wish to maximize the average con-
erted power and therefore need to filter out the power variation
ue to the zero-crossings of velocity �which gives instants of zero
ower conversion�. And we wish for a measure that represents the
bsorbed useful power, but which is quite constant even though
he incident wave power level is changing. On this background,
e have defined the objective function J as an approximation to

he absorption width by low-pass filtering the useful power
u�t�=Fm�t�v�t� and dividing by the low-pass filtered squared ex-
itation force:

J�t� =
hLP�t� � Pu�t�
hLP�t� � Fe�t�2 �14�

here hLP�t� is the low-pass filter, and � signifies convolution. A
econd-order low-pass filter H�s�=1 / �1+Ts�2 with T=57.3 s has
een used here.

3.8 Constraint Handling/State Saturation. In the same way
s physical end stops may be introduced in order to restrict the
troke of moving bodies, virtual end stops may be incorporated in
he controller in order to avoid that the bodies reach the physical
nd stops, or to reduce the impact when limits are reached. Con-
rol methods for handling this kind of state saturation is common
n motion planning for robots, where obstacles may be represented
y repulsive potentials �see, e.g., �39�, Chap. 5��. For the problem
t hand, a corresponding effect may be achieved by adding spring
nd/or damper terms to the calculation of the machinery force
et-point, for instance,

Fm = Rm�̇ − sign���Ses���� − �lim�u���� − �lim� − Res�̇u���� − �lim�
�15�

here u� · � is the Heaviside step function, and Ses and Res are the
pring and damping constants for the end stop mechanism. The
onstant �lim gives the excursion for which the mechanism starts
cting. Once included in the simulation model, the added force
erms may be seen as either representing a physical end stop, or as
part of the control force. In the calculation of power output we

ave in this paper done the former, i.e., the power dissipated due
o the additional terms are not included in the numbers for useful
bsorbed energy.

For the velocity tracking control �AVT�, it is, however, better to
odify the reference signal in order to avoid conflict with the PI

ontroller. It can be done by requiring that the velocity never
xceeds a value corresponding to oscillation at a chosen frequency
max and with amplitude equal to the stroke limit �max. This is

llustrated by Fig. 19. In mathematical terms, this may be written

-�/s HHP(s)x

process

sin �mt + �a sin �mt

+

+

� J(�,t)

�̂

ig. 18 Block diagram for the extremum-seeking control algo-
ithm. A modulation signal a sin„�mt… is added to the parameter
etting �̂. The objective function J is chosen as the output from
he process, and it is high-pass filtered „HHP… to retain only
alue changes. The multiplication serves as a demodulation,
nd the result is low-pass filtered by the −� /s block †38,30‡.
s

ournal of Offshore Mechanics and Arctic Engineering
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vmax = �0 for ���� � �max� ∧ �vref� � 0�

�max
��max

2 − �2 otherwise
� �16�

We thus modify the velocity reference vref according to

vref� = sign�vref�max��vref�,vmax� �17�

This principle has similarities with sliding-mode control �40�, al-
though the goal is not to drive the state to a chosen reference, but
rather to ensure that it stays within the given state limits.

This method is also a fruitful alternative to the virtual end stop
�Eq. �15�� for the other controllers �except MPC�. By modifying
the machinery force with a term that is proportional to the devia-
tion from the limiting velocity/position characteristics, one can get
a smoother behavior of the virtual end stop; for instance, by add-
ing a term

Fv = − Rv���̇� − vmax�u���̇� − vmax�sign��̇� �18�

to the machinery force of Eq. �15� to get Fm� =Fm+Fv. This has
been tested and gives a smoother impact with the end stop, which
can be adjusted by the parameter �max, but it has not been used for
the results to be presented in Sec. 5.

4 Simulation Set-Up
The example model �Sec. 2� has been simulated with the con-

trollers defined in Sec. 3 for a range of regular and irregular
waves. The mathematical model �3� and the controllers were
implemented in MATLAB/SIMULINK �41�, and the hydrodynamic pa-
rameters and excitation force coefficients were calculated by WA-

MIT �42�. A range of regular and irregular waves was then defined
based on wave period T and wave height H. For irregular waves,
the energy period Te and significant wave height Hs were used as
parameters and nine different sea states were synthesized from a
Bretschneider spectrum, see Table 1. The irregular wave time se-
ries have length equal to about 160 times the energy period of the
sea state. Exactly the same time series were used for all runs with
the same sea state parameters. In the calculation of average and

−3 −2 −1 0 1 2 3
−5

0

5

η [m]

η̇
[m

/s
]

Fig. 19 Phase plot showing the amplitude constraints prin-
ciple for velocity tracking control. The red dashed line gives a
saturation limit for the combined state of position � and veloc-
ity �̇.

Table 1 Wave power level J „kW/m… for the irregular wave sea
states studied

Hs
�m�

Te �s�

6.0 9.0 12.0

4.24 53.0 79.5 106
2.83 23.5 35.3 47.1
1.41 5.89 8.83 11.8
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eak values, short intervals of about five average wave periods at
he beginning and on average wave period at end of the time
eries were excluded in order to avoid transient and end-point
ffects.

Due to the nonlinearities introduced by end stops and control
trategies, the mathematical model occasionally becomes very
tiff. A variable step solver, MATLAB’s ode23tb algorithm, has
herefore been used for the numerical integration of the model �3�.
he relative tolerance was set to 10−4, and the absolute tolerance

o 10−3 for most of the simulations.
In order to study adaptive parameter tuning, we also define a set

f cases where the sea state changes gradually. This is done by
dding time series for two different sea states, where each series is
eighted such that the resulting time series is changing linearly
ith time from one to the other:

Fe�t� = Fe,1�t��1 −
t

Tf
� + Fe,2�t�

t

Tf
�19�

here Tf =43.2 ks �12 h� is the length of the time series. For the
esults to be presented here, Fe,1 was synthesized from a
retschneider spectrum with parameters Te=6 s and Hs
1.41 m, and Fe,2 correspondingly with parameters Te=12 s and
s=2.83 m.

Results and Discussion
In this section, the results are presented in three parts. First, we

ook at regular wave results, which indicate some basic properties
f the different controllers. We then turn to the irregular wave
esults where the real potential of different strategies may be re-
ealed. Finally, some examples of adaptive control are given with
he use of gain scheduling and extremum-seeking control in a
hanging sea state.

5.1 Regular Waves. A Budal diagram �43� giving the ab-
orbed power as a function of wave height is shown in Fig. 20.
ecause the waves are regular, the simulations have been run
sing ideal prediction �i.e., the future is assumed known�. Most of
he control strategies are able to give close to optimal absorption
n the low-period range. The exceptions are the RL and ATV
ontrol strategies. For resistive loading, the reason for the discrep-
ncy is the phase deviation between excitation force and velocity.
n the other hand, the reason why the AVT control, which gives
erfect phase, fails to reach optimum for low periods is that the
mplitude is nonoptimal. For this strategy all the wave periods
ave been run with the same value 1 / �2Rc� for the force-to-

4 6 8 10 12 14 16 18 20
0

0.5

1

1.5

2

2.5

3
x 10

5

T [s]

P
u
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]
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ACC
AVT
MPC
PML
PMC

ig. 20 Budal diagram showing the average absorbed power
or the different control strategies with varying wave period of
egular waves with height H=1 m
elocity feed-forward function, where Rc was set equal to Ri��k�
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with �k=2� / �9 s�=0.70 rad /s. It means that unconstrained os-
cillations will have the right phase but the amplitude will only be
correct for T=2� /�k=9 s. This may be seen from the curve,
which shows good absorption for wave periods in the range 8–10
s. The force-to-velocity feed-forward function was defined as a
constant in order to see the effect of varying wave period. If we
had instead optimized its value at each wave period, the result
would be similar to ACC control.

The amplitude restriction causes the absorption curves to even-
tually depart from the theoretical ascending limit included in Fig.
20. We observe that, for long wave periods, the MPC controller
performs better than the other strategies, and this is because it is
able to account for the amplitude restriction in an optimal way.
The difference between ACC and latching/clutching algorithms is
somewhat more complex. For low wave height the ACC controller
performs better because it supplies reactive power so that the op-
timum amplitude may be achieved where the natural “unaided”
amplitude response would be too low. For larger wave heights,
this is not needed, and the time-variant latching and clutching
strategies are able to yield a larger absorbed power, as seen in Fig.
21. Their oscillation pattern is beneficial in comparison to the
linear time-invariant �sinusoidal� response we get with ACC con-
trol. As shown by Budal et al. �36�, an explanation for this is that
with latching control, the amplitude of the first harmonic compo-
nent of the position response has a larger amplitude than the
physical amplitude �which has here been restricted to 3 m�. This
also applies to the MPC time series in Fig. 13, which is the con-
strained optimal solution �9�. It resembles a latching control re-
sponse. As we can see, the result is that the PML algorithm gives
higher absorbed power than ACC for high wave amplitudes �due
to the amplitude restriction�, which has also been reported before
�34�.

As mentioned before, in regular waves, the threshold unlatching
�TUL� and unclutching �TUC� strategies become identical to the
corresponding peak-matching counterparts �PML and PMC, re-
spectively�. This is the reason why they are not included in Figs.
20 and 21.

An important issue, which should be given thorough consider-
ation for wave energy appliances, is the peak-to-average power
ratio �34�. For the reactive control algorithms �ACC, AVT, and
MPC�, it is shown in Fig. 22. For the RL strategy, this ratio is
always equal to two in regular waves because the instantaneous
absorbed power is oscillating harmonically about the average ab-

sorbed power P̄a with frequency twice the wave frequency and
¯

4 6 8 10 12 14 16 18 20
0

1

2

3

4

5

6

7

8

9

10
x 10

5

T [s]

P
u

[W
]

RL
ACC
AVT
MPC
PML
PMC

Fig. 21 Budal diagram showing the average absorbed power
for the different control strategies with varying wave period.
The incident waves were regular with height H=3 m.
with amplitude Pa. We see that the MPC strategy requires higher
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nstantaneous power than the ACC controller. With these control-
ers, the maximum inverted power �i.e., machinery working as a

otor� is almost as large as the maximum converted power.
The large peak-to-average power ratios for the AVT strategy is

ue to the low average values—for the range of periods where the
bsorbed power is close to optimum �8–9 s�, the peak to-average
atio is close to the MPC result.

The corresponding data for the latching and clutching control
trategies are given in Fig. 23. These two strategies give no reac-
ive power flow �and thus no power inversion� and have similar
evels of average absorbed power. The curves reveal a very inter-
sting trend: whereas the ratio for latching control is increasing
lmost linearly with T, the clutching control gives a decreasing
eak-to-average ratio as the wave period increases. This is easy to
nderstand: As the period increases, the transition intervals �where
he latching algorithm extracts power� become shorter and shorter
elative to the intervals of high resistance �where the clutching
lgorithm extracts power�. The clutching strategy eventually even
ives a lower ratio than the RL strategy. In general, the latching
nd clutching controllers have smaller peak-to-average power ra-
ios than the reactive controllers ACC, AVT, and MPC.

5.2 Irregular Waves. For the simulations with irregular wave
ime series, the controllers are run as if they were operating in real
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time with access to accurate estimates of the system states and the
instantaneous excitation force Fe. The MPC and peak-matching
controllers need knowledge of Fe ahead, and these and augmented
Kalman filter have been used for prediction, identical to the one
used in Ref. �9�. In practice, forecasts may be obtained from a
pressure transducer measuring the hydrodynamic pressure close to
the buoy by using an estimator to derive an estimate for the exci-
tation force from this measurement. For the peak-matching strat-
egies a prediction equal to T0 /4�1.1 s has been used, and for the
MPC strategy the prediction horizon was equal to 2.2 s.

In each case the control parameters, including the ATV feed-
forward constant, have been optimized to yield the maximum av-
erage absorbed power over the irregular wave time series. The
optimization was done with a simplex algorithm �MATLAB’s fmin-
search function �41��.

Figure 24 shows the resulting numbers for the average absorbed
power. There is a significant gain in power for all controllers
compared with the RL case �which has also been optimized for
each sea state�. As expected, the MPC controller gives the supe-
rior performance in terms of converted power. Overall, the ACC
strategy is the second best in terms of absorbed power, with a
reduction in the range 10–25% compared with the MPC algo-
rithm. The ACC control always gives higher absorbed useful
power than the AVT control the way we have implemented them,
but in some cases only slightly. Because the AVT feed-forward
constant has been optimized for each sea state, the drastic perfor-
mance reduction for large wave periods in regular waves �see Fig.
20� has been avoided.

In the sea states of smaller waves, the latching and clutching
strategies, which give similar results, are significantly weaker than
the reactive control algorithms, but this gap is reduced or even
vanishing when the wave heights become high enough. A corre-
sponding effect would thus be expected if the buoy was reduced in
size and run in the same sea state.

It may be surprising to see that the threshold unlatching and
unclutching strategies in some cases give more power than the
peak-matching strategies. This, however, is due to inaccurate pre-
dictions. Runs with ideal prediction �future assumed known� in
irregular waves showed that then the peak matching always gives
an absorbed power higher than or equal to the threshold strategies.
It is also a general trend that the threshold unlatching strategy
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Fig. 24 Absorption width da= P̄u /J „m… „based on absorbed
useful energy… for the simulation in irregular waves and differ-
ent control strategies. Horizontal dashed lines are drawn at da
=5 m and da=10 m. The sea states were synthesized from a
Bretschneider spectrum, and significant wave height and en-
ergy period are given to the left and on the bottom of the graph,
respectively. The wave power level for each sea state may be
read from Table 1.
�TUL� gives a somewhat higher converted power than the corre-
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ponding clutching strategy �TUC�. It should be mentioned that
he clutching gives higher power dissipation in the end stops than
he other control methods. If this energy can be converted to use-
ul energy, our data show that the difference between clutching
nd latching algorithms would be reduced, but not canceled.

In general it is seen that the absorption width is decreasing with
ncreasing wave amplitudes/heights. This is due to increasing in-
uence from the amplitude restriction as the wave height

ncreases.
Turning now to the peak-to-average ratios in Fig. 25, an impor-

ant observation is the large instantaneous power flow required by
he MPC, especially for low wave periods, where the ratios ex-
eed 25 for the reactive power controllers. High peak-to-average
atios will probably be a strong cost driver for most types of
achinery, and it is therefore crucial to find machinery and con-

roller designs that can meet this challenge.
The ACC strategy has negative ratios �motor mode� comparable

o the MPC controller, whereas the positive ratios �generator
ode� are considerably lower. This is interesting because the re-

uction in converted power is in most cases modest. The ACC
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able 2 Comparison of properties and performance for the in
he feedback „FB… route, while the fourth column indicates the
olumn with relative average power gives values in percentage

ast column gives the mean peak-to-average ratio. All numbers
ee Table 1 and Figs. 24 and 25.

ethod
Direct

velocity FB
Velocity
tracking

Fe feed
forward

Fe
prediction

needed

L x
CC x
VT x x
PC x x x

ML x x x
UL x x
MC x x x
UC x x
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flexibility for including constraints. For a real machinery, force
constraints could be set such that these excessive peak-to-average
ratios would have been reduced, of course with a due reduction in
absorbed power. The large negative power peaks observed for the
AVT strategy are due to large accelerations demanded by the con-
troller when the velocity reference is returning to the valid area of
the phase plane after having been outside �Fig. 19�. These can
probably be mitigated by including additional constraints on the
velocity reference signal.

However, the most encouraging observation is perhaps the low
ratios found for the clutching strategies, as was also observed for
regular waves. This fact, together with the absence of reactive
power flow, leads to a conclusion that clutching would be a very
interesting alternative if it can be implemented with a viable ma-
chinery design. For the sea states used here, the latching control
algorithms give positive peak-to-average ratios comparable to the
ACC and AVT controllers, except for the case of small waves and
small wave periods, where the ratios are smaller.

Between latching and clutching strategies, the threshold strate-
gies give lower peak-to average ratios than the peak-matching
algorithms. It is also worth noticing that in the direction of large
amplitudes and large wave periods, the primitive RL strategy
eventually gives higher peak-to-average ratios than the high-yield
ACC and AVT strategies. For the ACC controller the need for
reactive power mainly depends on wave period �and not wave
height� once the amplitude constraint is reached �34�, and because
the average absorbed power increases for increasing wave heights,
the peak-to-average therefore decreases monotonically with in-
creasing wave height. For the RL strategy it is quite constant
compared with the other strategies.

Table 2 gives a schematic summary of the properties and per-
formance observed for the strategies that have been investigated.

5.3 Adaptive Control. Examples of automatic parameter tun-
ing are shown in Figs. 26 and 27. From the curves of accumulated
energy it is verified that the tuning gives an increased energy yield
as compared with the constant parameter case for all the shown
strategies �RL, ACC, and TUL�. It may also be observed that the
gain scheduling strategy partly gives a parameter variation similar
to the extremum-seeking strategy, only slightly delayed. We inter-
pret the delay to be due to the computation of average values,
which are based on analysis of the last 100 wave up-crossing
periods. The effect of the parameter tuning is largest for the RL
and ACC strategies. The TUL controller is only weakly sensitive
to changes in the threshold setting. Toward the end of the time
series for ACC control �Fig. 27�b�� runs with constant parameter
give very poor results for the absorbed power, which even decays
toward the end. This is due to heavy power dissipation in the end
stops instead of conversion to useful power. The gain scheduling
strategy is not able to capture the effect of constrained amplitudes

tigated control strategies. The second and third columns give
ed for feeding forward an estimate of the excitation force. The

pared with the power converted using the MPC algorithm. The
found as an average over the 9 sea states that were simulated,

strained
ptimal

Reactive
power flow

Nonlinear
Fm

Relative
average
power

Mean peak-
to-average

23 12
x 78 17
x 77 17

x x x 100 36
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s the parameter setting only depends on the wave period. This is
he reason why the extremum-seeking strategy performs better for
CC and TUL control when the sea changes to a state with high
ower level �Te=12 s and Hs=2.83 m�. This could be compen-
ated for by finding a parameter mapping where the gain sched-
ling also depends on the wave amplitude. However, this has not
een done herein.

The simulation work has shown that we could not manage to
une/optimize the control parameters on a shorter time scale than
orresponding to sea state average �about 15–30 min intervals�.
hus only the MPC control, which works on a wave-to-wave time
cale, is able to approach the theoretical optimum when the mo-
ion is constrained.

Conclusion
A selection of strategies for real-time control of wave energy

onverters has been defined and applied to the example of a
eaving-buoy wave absorber. The strategies include velocity pro-
ortional and approximate complex conjugate control, PI-
ontrolled tracking of the approximate optimum velocity, latching
nd clutching algorithms, as well as a model-predictive controller.
he controller aim has been to maximize the power output from

he converter in a set of sea states representative for irregular
eep-water waves. The controllers were provided with different
eans to handle amplitude constraints, and were run for irregular
aves without assuming any a priori knowledge of the forces

rom the incident waves.
It was found that real-time extremum-seeking control and gain

cheduling using short-time historical wave data both are promis-
ng methods for parameter tuning in these controllers for wave
nergy conversion. In irregular waves, improved power conver-
ion was achieved with both methods as compared with running
ith constant control parameters in a simple test case.
Constraints on the motion amplitude were implemented as

pring and damper elements for most of the control algorithms

0 5 10
0

5

10

15
x 10

5

t [h]

R
m

[k
g/

s]

0 5 10
0

0.5

1

1.5

2

2.5
x 10

5

t [h]

R
m

[k
g/

s]

0 5 10
−6

−4

−2

0
x 10

5

t [h]

F
e
,t

h
[N

]

(a) (b) (c)

ig. 26 Control parameter values for the three of the control
trategies with automatic tuning. The red circle-marked curves
esult from parameter tuning by gain scheduling, and the blue
quare-marked curves are due to extremum-seeking control.
he sea state is a weighted sum „see Eq. „19…… of two sea
tates, one with Te=6 s and Hs=1.41 m and the other with Te
12 s and Hs=2.83 m.

0 5 10
0

5

10

15
x 10

8

t [h]

E
u

[ k
g/

s]

0 5 10
0

2

4

6

8
x 10

9

t [h]

E
u

[k
g /

s]

0 5 10
0

1

2

3

4

5
x 10

9

t [h]

E
u

[k
g /

s]

(a) (b) (c)

ig. 27 Accumulated useful energy corresponding to the
ases presented in Fig. 26. The black triangle-marked curve
ives the energy absorbed without parameter tuning „i.e., keep-
ng the initial setting throughout the simulation….

ournal of Offshore Mechanics and Arctic Engineering

wnloaded 05 Dec 2011 to 134.89.11.41. Redistribution subject to ASME
investigated. For the velocity tracking controller, a phase-plane
constraint was implemented, which worked well in avoiding im-
pact with the end stop mechanism.

It was found that a common challenge for several of the con-
trollers is the large reactive power through the machinery needed
in order to supply the computed machinery force. This means that
the machinery must be designed for a much larger instantaneous
power than the average power that the converter is able to deliver.
This is an important challenge to the design of machinery systems
for wave energy converters. If the intention is to apply reactive
control, the system should be designed with an energy storage as
early as possible in the conversion chain such that only the up-
stream part has to be designed to support the large reactive power.

Although simple, the latching and clutching strategies have sev-
eral properties that make them attractive despite the fact that their
performance in terms of absorbed power is inferior to the best
performing controllers in this study. They may be very easy to
implement and ideally do not require any reactive power flow
through the machinery. Compared with the MPC controller, the
absorbed useful power is in the range of about 40–80%, but the
peak-to-average power ratio is typically about 20–50% for the
latching control and 20–30% for the clutching control. In the con-
strained case �relatively high waves�, the peak-to-average ratio is
comparable to approximate complex conjugate and optimal veloc-
ity control for the latching control strategy. Interestingly, the low-
est ratios are found for clutching control, where the ratios are, in
fact, usually lower than for pure resistive loading.
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Nomenclature and Abbreviations

 
 filter frequency ratio �1�
� 
 heave position �m�
� 
 angular frequency �rad/s�
� 
 ocean water density �1025 kg /m3�
A 
 area �m2�
A 
 state-space system matrix
B 
 state-space input matrix
C 
 state-space output matrix

ACC 
 approximate complex conjugate �control�
AVT 
 approximate optimal velocity tracking

F 
 force �N�
FB 
 feedback
H 
 transfer function
H 
 wave height �m�

Hs 
 significant wave height �m�
MPC 
 model-predictive control

K 
 controller gain
P 
 power �W�
R 
 resistance �kg/s�

RL 
 resistive loading
S 
 hydrostatic stiffness in heave �N/m�
T 
 period �s�

Te 
 energy period �s�
X 
 reactance �kg/s�
Z 
 impedance �kg/s�
g 
 acceleration of gravity �9.81 m /s2�
k 
 retardation function the radiation force �kg/s�

m 
 mass �kg�
mr 
 added mass �kg�

s 
 Laplace variable �s−1�
sign� · � 
 signum function
t 
 time �s�
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S

S

R

0

Do
u� · � 
 Heaviside step function
v 
 velocity �m/s�
x 
 element of x
x 
 state-space vector
z 
 radiation model state vector

ubscripts
HP 
 high-pass

I 
 integral
LP 
 low-pass

P 
 proportional
R 
 radiation �total�
a 
 absorbed
c 
 constant
e 
 excitation

es 
 end stop
f 
 final
i 
 intrinsic
i 
 inertia
k 
 index
l 
 latching

lim 
 limit
m 
 machinery

max 
 maximum
h 
 horizon
r 
 radiation

ref 
 reference
s 
 stiffness
u 
 system/plant
u 
 useful
v 
 velocity
w 
 water plane
0 
 relating to resonance
� 
 regarding �→�

a�b 
 dimensions, vertical�horizontal

uperscripts
opt 
 optimal

� 
 complex conjugate
− 
 mean value
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