
Power Buoy Generator Efficiency
P. McGill, v1.5.0

We want to plot generator output efficiency as a function of input speed n (in rpm) and torque m (in N-m), given

 Ke - speed constant in V/rpm
 Kt - torque constant in N-m/A
 Rg - winding resistance in W
 Lg - winding inductance in H
 Mf - friction torque in N-m

The generator windings must be modeled as a complex impedance because although only the resistance will dissipate power, the
inductance will act as a choke in series with the output and will also limit current.
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Note that for an eight-pole motor, the electrical frequency is four times the rotational rate. We must also convert the speed n in
rpm into radians per second.

In[1]:=
Clear@n, m, Rg, Lg, Zg, Ig, RlD

In[2]:=
Zg = Rg + I 4 n

2 p

60
Lg;

The generator current Vg and voltage Ig can be found from the generator constants.

In[3]:=
Vg = Ke n;

In[4]:=
Ig =

m - Mf

Kt
;



The load impedance (modeled here as purely resistive) is the total circuit impedance minus that of the generator.

In[5]:=
Rl =

Vg

Ig
- Zg;

We can calculate the generator efficiency as the electrical power delivered to the load divided by the mechanical power input.
The numerator is the current squared times the load resistance, and the denominator is torque times speed.

In[27]:=
Clear@n, m, Rg, Lg, Zg, Ig, RlD

In[74]:=
h@n_, m_, Ke_, Kt_, Rg_, Lg_, Mf_D :=

100 I
m-Mf
Kt

M
2
I
Ke n Kt
m-Mf

- AbsARg + I 4 n 2 p

60
LgEM

n 2 p

60
m

Let’s define the constants for a Magmotor model BFA42-600 motor with a “5K” winding.

First convert the torque constant, friction torque, and stall torque from oz-in to N-m.

In[7]:=
Kt5k = 118.5 * 7.0615 µ 10-3

Out[7]=
0.836788

In[8]:=
Mf5k = 60 * 7.0615 µ 10-3

Out[8]=
0.42369

In[9]:=
Ms5k = 1600 * 7.0615 µ 10-3

Out[9]=
11.2984

Next convert the voltage constant from V/krpm to V/rpm.

In[10]:=
Ke5k = 87.6 ê 1000

Out[10]=
0.0876

And lastly define the winding resistance and inductance.

In[11]:=
Rg5k = 0.88

Out[11]=
0.88
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In[12]:=
Lg5k = 3.6 µ 10-3

Out[12]=
0.0036

Now we can produce a 3D plot of efficiency for a Magmotor model BFA42-600 motor with a “5K” winding over its range of
allowed speed and torque.

In[75]:=
effpl5k =
Plot3D@h@n, m, Ke5k, Kt5k, Rg5k, Lg5k, Mf5kD, 8n, 100, 6000<, 8m, Mf5k, 15<, 8

PlotLabel Ø "Efficiency vs. Speed and Torque",
AxesLabel Ø 8"Speed HrpmL", "Torque HN-mL", "h H%L"<<D

Out[75]=

We’d like to know what torque produces maximum efficiency at each speed. We can define a function that finds the peak
efficiencies, and then formats the results into triplets of speed, torque, and efficiency.

In[76]:=
findPeaks3D@Ke_, Kt_, Rg_, Lg_, Mf_D := Module@8m, p1, p2, p3, p4, p5<,

p1 = Map@Maximize@8h@Ò, m, Ke, Kt, Rg, Lg, MfD, Mf5k + 1 < m < 15<, mD &,
Range@100, 6100, 100DD;

p2 = Transpose@p1D;
p3 = Riffle@Range@100, 6100, 100D, m ê. Transpose@p1D@@2DDD;
p4 = Riffle@p3, p2@@1DD, 3D;
Return@Partition@p4, 3DD;

D
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In[143]:=
peaks5k = findPeaks3D@Ke5k, Kt5k, Rg5k, Lg5k, Mf5kD

Out[143]=
88100, 1.91261, 63.7093<, 8200, 2.61855, 72.1229<, 8300, 3.09773, 75.912<,
8400, 3.43857, 78.0349<, 8500, 3.68509, 79.3508<, 8600, 3.8657, 80.2189<,
8700, 3.99987, 80.8179<, 8800, 4.10106, 81.2462<, 8900, 4.17856, 81.5615<,
81000, 4.23885, 81.7994<, 81100, 4.28642, 81.983<, 81200, 4.32449, 82.1271<,
81300, 4.35533, 82.2423<, 81400, 4.38062, 82.3356<, 81500, 4.40157, 82.4121<,
81600, 4.4191, 82.4757<, 81700, 4.4339, 82.529<, 81800, 4.44649, 82.5741<,
81900, 4.4573, 82.6126<, 82000, 4.46663, 82.6457<, 82100, 4.47474, 82.6744<,
82200, 4.48183, 82.6993<, 82300, 4.48806, 82.7213<, 82400, 4.49356, 82.7406<,
82500, 4.49845, 82.7577<, 82600, 4.5028, 82.7729<, 82700, 4.5067, 82.7865<,
82800, 4.51021, 82.7987<, 82900, 4.51337, 82.8097<, 83000, 4.51622, 82.8196<,
83100, 4.51882, 82.8286<, 83200, 4.52118, 82.8368<, 83300, 4.52333, 82.8442<,
83400, 4.5253, 82.8511<, 83500, 4.52711, 82.8573<, 83600, 4.52878, 82.8631<,
83700, 4.53031, 82.8684<, 83800, 4.53173, 82.8732<, 83900, 4.53304, 82.8778<,
84000, 4.53425, 82.882<, 84100, 4.53538, 82.8858<, 84200, 4.53643, 82.8895<,
84300, 4.53741, 82.8928<, 84400, 4.53833, 82.896<, 84500, 4.53918, 82.8989<,
84600, 4.53998, 82.9017<, 84700, 4.54073, 82.9043<, 84800, 4.54144, 82.9067<,
84900, 4.5421, 82.909<, 85000, 4.54273, 82.9111<, 85100, 4.54331, 82.9131<,
85200, 4.54387, 82.915<, 85300, 4.54439, 82.9168<, 85400, 4.54489, 82.9185<,
85500, 4.54535, 82.9201<, 85600, 4.5458, 82.9216<, 85700, 4.54622, 82.9231<,
85800, 4.54662, 82.9245<, 85900, 4.547, 82.9258<, 86000, 4.54736, 82.927<<

In[79]:=
peakpl5k = ListPointPlot3D@peaks5k, 8PlotStyle Ø Red<D

Out[79]=
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In[80]:=
peakpl5k2 = Graphics3D@8Red, Thick, Line@peaks5kD<D;

In[81]:=
Show@effpl5k, peakpl5k2D

Out[81]=

This is good for getting the big picture, but not for reading precise values. We can generate a 2D plot of the peak efficiency curve
overlaid on a contour plot. 

In[82]:=
findPeaks2D@Ke_, Kt_, Rg_, Lg_, Mf_D := Module@8m, p1, p2, p3<,

p1 = Map@Maximize@8h@Ò, m, Ke, Kt, Rg, Lg, MfD, Mf5k + 1 < m < 15<, mD &,
Range@100, 6100, 100DD;

p2 = Transpose@p1D;
p3 = Riffle@Range@100, 6100, 100D, m ê. Transpose@p1D@@2DDD;
Return@Partition@p3, 2DD;

D

In[83]:=
peaks2d5k = findPeaks2D@Ke5k, Kt5k, Rg5k, Lg5k, Mf5kD;
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In[124]:=
peakpl5k3 = ListPlot@peaks2d5k,

8Frame Ø True,
Joined Ø True,
GridLines Ø Automatic,
PlotRange Ø All,
PlotStyle Ø Red,
PlotLabel Ø "Speed vs. Torque at Peak Efficiency",
FrameLabel Ø 8"Speed HrpmL", "Torque HN-mL"<<D

Out[124]=
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We can produce a contour plot showing the efficiencies at these peaks.
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In[125]:=
conpl5k =
ContourPlot@h@n, m, Ke5k, Kt5k, Rg5k, Lg5k, Mf5kD, 8n, 0, 6000<, 8m, 0, 15<,
8Frame Ø True,
Contours Ø 850, 60, 70, 75, 80, 82<,
ContourLabels Ø All,
PlotLabel Ø "Speed vs. Torque at Peak Efficiency",
FrameLabel Ø 8"Speed HrpmL", "Torque HN-mL"<<D

Out[125]=
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In[126]:=
Show@conpl5k, peakpl5k3D

Out[126]=

The winding inductance appears to be limiting current (and thus torque) at higher speeds, forcing us to increase the load resis-
tance at the expense of efficiency. Let’s run the same analysis for a different generator winding. The “5E” is a delta winding with
much lower resistance and inductance.

In[87]:=
Kt5e = 29.6 * 7.0615 µ 10-3

Out[87]=
0.20902

In[88]:=
Mf5e = 60 * 7.0615 µ 10-3

Out[88]=
0.42369

Next convert the voltage constant from V/krpm to V/rpm.

In[89]:=
Ke5e = 21.9 ê 1000

Out[89]=
0.0219

And lastly define the winding resistance and inductance.
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In[90]:=
Rg5e = 0.15

Out[90]=
0.15

In[91]:=
Lg5e = 0.23 µ 10-3

Out[91]=
0.00023

Now we can produce a 3D plot of efficiency for a Magmotor model BFA42-600 motor with a “5E” winding over its range of
allowed speed and torque.

In[123]:=
effpl5e = Plot3D@h@n, m, Ke5e, Kt5e, Rg5e, Lg5e, Mf5eD, 8n, 0, 6000<, 8m, 0, 15<, 8

PlotLabel Ø "Efficiency vs. Speed and Torque",
AxesLabel Ø 8"Speed HrpmL", "Torque HN-mL", "h H%L"<<D;

In[93]:=
peaks5e = findPeaks3D@Ke5e, Kt5e, Rg5e, Lg5e, Mf5eD;

In[122]:=
peakpl5e = ListPointPlot3D@peaks5e, 8PlotStyle Ø Orange<D;

In[99]:=
peakpl5e2 = Graphics3D@8Orange, Thick, Line@peaks5eD<D;
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In[100]:=
Show@effpl5e, peakpl5e2D

Out[100]=

In[97]:=
peaks2d5e = findPeaks2D@Ke5e, Kt5e, Rg5e, Lg5e, Mf5eD;
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In[127]:=
peakpl5e3 = ListPlot@peaks2d5e,

8Frame Ø True,
Joined Ø True,
GridLines Ø Automatic,
PlotRange Ø All,
PlotStyle Ø Orange,
PlotLabel Ø "Speed vs. Torque at Peak Efficiency",
FrameLabel Ø 8"Speed HrpmL", "Torque HN-mL"<<D

Out[127]=
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We can produce a contour plot showing the efficiencies at these peaks.

In[128]:=
conpl5e =

ContourPlot@h@n, m, Ke5k, Kt5k, Rg5k, Lg5k, Mf5kD, 8n, 0, 6000<, 8m, 0, 15<,
8Frame Ø True,
Contours Ø 850, 60, 70, 75, 80, 82<,
ContourLabels Ø All,
PlotLabel Ø "Speed vs. Torque at Peak Efficiency",
FrameLabel Ø 8"Speed HrpmL", "Torque HN-mL"<<D;
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In[129]:=
Show@conpl5e, peakpl5e3D

Out[129]=

We can plot both efficiency curves to compare them.
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In[130]:=
Show@peakpl5k3, peakpl5e3D

Out[130]=
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This shows how to achieve peak efficiency for the two different windings, but it doesn’t show what the values of those peaks are.

In[139]:=
peaks2d5k2 = Map@Drop@Ò, 82<D &, peaks5kD;

In[140]:=
peaks2d5e2 = Map@Drop@Ò, 82<D &, peaks5eD;
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In[138]:=
peakpl2dboth = ListPlot@8peaks2d5k2, peaks2d5e2<,

8Frame Ø True,
Joined Ø True,
GridLines Ø Automatic,
PlotRange Ø All,
PlotStyle Ø 8Red, Orange<,
PlotLabel Ø "Speed vs. Efficiency at Peak Efficiency",
FrameLabel Ø 8"Speed HrpmL", "Efficiency H%L"<<D

Out[138]=
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It would be good to know what load resistance is required to achieve the desired speeds and torques at maximum efficiency.

In[105]:=
Clear@RlD

In[106]:=
Rl@n_, m_, Ke_, Kt_, Rg_, Lg_, Mf_D :=

Ke n Kt

m - Mf
- AbsBRg + I 4 n

2 p

60
LgF

In[111]:=
loadres5k = Map@Rl@Ò@@1DD, Ò@@2DD, Ke5k, Kt5k, Rg5k, Lg5k, Mf5kD &, peaks2d5kD;

In[112]:=
loadres5k2 = Partition@Riffle@Range@100, 6000, 100D, loadres5kD, 2D;

14   Power Buoy Generator Efficiency 1.5.0.nb



In[141]:=
loadrespl5k = ListPlot@loadres5k2,

8Joined Ø True,
Frame Ø True,
GridLines Ø Automatic,
PlotStyle Ø Red,
PlotLabel Ø "Load Resistance at Maximum Efficiency vs. Speed"<,

FrameLabel Ø 8"Speed HrpmL", "Load Resistance HWL"<D;

In[114]:=
loadres5e = Map@Rl@Ò@@1DD, Ò@@2DD, Ke5e, Kt5e, Rg5e, Lg5e, Mf5eD &, peaks2d5eD;

In[115]:=
loadres5e2 = Partition@Riffle@Range@100, 6000, 100D, loadres5eD, 2D;

In[142]:=
loadrespl5e = ListPlot@loadres5e2,

8Joined Ø True,
Frame Ø True,
GridLines Ø Automatic,
PlotStyle Ø Orange,
PlotLabel Ø "Load Resistance at Maximum Efficiency vs. Speed"<,

FrameLabel Ø 8"Speed HrpmL", "Load Resistance HWL"<D;

In[120]:=
Show@loadrespl5k, loadrespl5eD

Out[120]=
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We must check to ensure that the voltages generated don’t exceed the ratings for the generator.
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In[149]:=
Vl@n_, m_, Ke_, Kt_, Rg_, Lg_, Mf_D := Hn KeL -

Hm - MfL

Kt
AbsBRg + I 4 n

2 p

60
LgF

In[153]:=
loadvolts5k = Map@Vl@Ò@@1DD, Ò@@2DD, Ke5k, Kt5k, Rg5k, Lg5k, Mf5kD &, peaks2d5kD;

In[154]:=
loadvolts5k2 = Partition@Riffle@Range@100, 6000, 100D, loadvolts5kD, 2D;

In[155]:=
loadvolts5e = Map@Vl@Ò@@1DD, Ò@@2DD, Ke5e, Kt5e, Rg5e, Lg5e, Mf5eD &, peaks2d5eD;

In[156]:=
loadvolts5e2 = Partition@Riffle@Range@100, 6000, 100D, loadvolts5eD, 2D;

In[160]:=
Show@ListPlot@8loadvolts5k2, loadvolts5e2<,

8Joined Ø True,
Frame Ø True,
GridLines Ø Automatic,
PlotStyle Ø 8Red, Orange<,
PlotLabel Ø "Load Voltage vs. Speed at Maximum Efficiency"<,

FrameLabel Ø 8"Speed HrpmL", "Load Voltage HVL"<D,
Graphics@8Red, Dashed, Line@880, 300<, 86000, 300<<D<DD

Out[160]=
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Questions:
• Is the complex math correct?
• Why does the 5E motor, with lower winding impedance, want to operate at lower torques than the 5K? How do we choose the
optimal winding for the generator?
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Notes:

In[28]:=
h@n_, m_, Ke_, Kt_, Rg_, Lg_, Mf_D :=

1

n 2 p

60
m
100

m - Mf

Kt

2

AbsB
Ke n Kt

m - Mf
- Rg + I 4 n

2 p

60
Lg F

h@n_, m_, Ke_, Kt_, Rg_, Lg_, Mf_D :=
1

n 2 p

60
m

100
m - Mf

Kt

2

SqrtB
Ke n Kt

m - Mf
- Rg

2

+ 4 n
2 p

60
Lg

2

F
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