INTRODUCTION

This book represents an alternative approach to that found in most standard texts to the study of image formation by spherical surfaces. As
such it complements the usual treatment and may well be used along with another text. The text "Fundamentals of Optics' by F. A. Jenkins
and H. E. White (Toronto, McGraw-Hill, 3rd ed., 1957) has been referred to throughout as it uses a sign convention which is consistent with
that used in this book.

The subject of geometrical optics starts with the laws of refraction and reflection for transparent media. It is then a question of using these
laws to discover the properties of various optical systems which may contain any number of curved refracting and reflecting surfaces. In
principle we could solve any optical problem by the exact application of the basic laws. However, it is possible to derive some very useful
general results by using approximate forms of the laws which treat only rays, called paraxial rays, which make small angles with respect to an
optic axis. Also, it is usual to confine the treatment to spherical surfaces. This approximate form of the basic laws as applied to paraxial rays
in an optical system consisting of spherical surfacesis called the first order theory and constitutes a major part of the subject of geometrical
optics.

The first order theory forms the basis for obtaining the equation describing image formation which relates image position to object position
and defines magnification for the case of a single spherical refracting surface between two transparent media. For an extensive optical system
this equation can be applied repeatedly to each surface of the system in turn. However the equations so derived quickly become involved
algebraically for all but the simplest cases, such as, for example, the singlethinlensin air.

The matrix method is another approach to the study of optical systems using the first order theory. By properly specifying the rays passing
through the optical system it is possible to reduce a problem to a succession of matrix operations. This not only simplifies the algebraic
manipulation but more importantly reveals some very general properties of optical systems not easily obtainable in other ways.

From the mathematical point of view, the first order theory can be treated in terms of linear transformations. And, since matrix algebraisthe
most suitable way of handling linear transformations, it is obvious that we should apply the results of matrix algebrato treat the first order
optical problem.

The matrix method then represents a basic approach to the analysis of optical systems which results in discovering the cardinal points of a
lens or mirror system from a more general point of view. The familiar lens equations for an optical system also result in both the Newtonian
and Gaussian forms. This much is accomplished part way through chapter 5. Included in thisis a chapter which discusses the properties of
two by two matrices as they describe the linear transformation involved in an optical system. The rest of chapter 5 shows a number of
alternative ways of expressing image formation in terms of different cardinal points of alens system. In chapter 6 some practical optical
systems are discussed in terms of the matrix approach.

Chapter 7 isadiscussion of spherical mirrors by the matrix method. In the Appendix is given a simple computer programme for calculating
the matrix for alens system and some of the characteristics of the system.



Chapter 1
Physical Basis of Geometrical Optics
As mentioned, the subject of geometrical optics is based on the laws of reflection and refraction. The laws of reflection state:

1. Thereflected ray liesin the plane of incidence.
2. Theangle of reflection equals the angle of incidence.

The plane of incidence is the plane containing the incident ray and the normal to the reflecting surface constructed at the point where the
incident ray strikes the surface. The angle of reflection is the angle between the normal and the reflected ray; the angle of incidence isthe
angle between the normal and the incident ray.

The laws of refraction state that for a refracting surface between two transparent media:

1. Therefracted (or transmitted) ray liesin the plane of incidence, and
2. nsnB=n'sing’, (Snel'slaw),

whereg isthe angle of incidence and 8 ' is the angle of refraction, the angle between the normal to the surface and the refracted ray, and n and
n' aretheindices of refraction of the media on either side of the refracting surface. The index of refraction of a medium is defined as the ratio
of the speed of light in vacuum to the speed of light in the medium.

In first order theory, which essentially involves the first term in the series expansion for the sine of the angle, Snell's law isused in the form n
8=n"'8". A better approximation than the first order theory involves higher order termsin the expansion which gives rise to the third and fifth
order theories. The results of the higher order theories are usually expressed in terms of the defects in the image formed by spherical
refracting surfaces, the so-called monochromatic aberrations.

In what follows we shall concentrate on the subject of refraction, on the basis of first order theory, leaving the subject of reflection to be
treated later as a special case.



Chapter 2
Basic Matrix Algebra

Linear Transformationsand Matrix Manipulation

The geometrical lawsin terms of the first order theory may be stated in the form of linear transformations which in turn are most easily
treated by matrix algebra. In particular we may represent the physical situation in terms of two linear equations. The two variables we shall
call y and ex. The physical meaning attached to these two variables will be stated later. We will be able to show that two other variablesy ' and
o ' are related to y and & through two linear equations of the form:

¥ =buy + baed, (1)

a = by y + baaed, 2)

where by 4, by, by, and b,, are constants, which we will later show to be characteristic of a given optica system. These constants may be
written as the elements of a2 x 2 matrix,

b1 bia

b1 baa

The linear equations (1) and (2) can be written as the matrix equation
y| B b [¥ 3
') B bgl bgg ﬂ'r )

In fact, equations (1) and (2) constitute a definition of equation (3).

Now suppose that afurther linear transformation is known which connects the variablesy " and . " say, toy ' and « * such that
¥ = eny” + erza” (4)

o' = eny + exaa, (%)



or in matrix notation

[y']_lcll Cn][!ﬂ]
af' B Ca1 €22 a” )

We can discover the equationswhich relatey and e toy " and & " by substituting equations,(4) and (5) into (1) and (2). Then we have

y = bi1{e11y” + c1aa”) + braleary’’ + eana™),

o = byy{e11y” + e1a0™ ) + Baalear ' + c220™),

or

y = (b11e11 + bracar )y + (br1e1a + bracan e,

o = (bage1r + baacar )y 4 (Bare1a + baaean)a,

which is a new transformation of the form

1 It
¥ = a1y + a1,

a = any" + azza”.

_ a1 a1z y"
ag axn| |

In matrix notation,

¥

where the "a" coefficients are defined by comparing equations (9) and (10) with equations (7) and (8).

The matrix formulation involves the substitution of the expression for the column matrix

(6)

(7)

(8)

(9)

(10)

(11)



of equation (6) into equation (3) to give

¥ b1 b | |e1n enn| | "

al| |Bn bu||ea ena| o]’ (12)
Thus comparing equations (11) and (12) we have

a1 e1a| | b Ba| | e o 12

@31 022 bar baa | [ean emn |’ (13)
This essentially defines the usual rule of matrix multiplication given by the coefficients of equation (7) and (8) as.

a11 = buien + hizen
a1z = bz + hzenn
az1 = bg1e1y + Bageny

anz = Iaye1z + basean

or more compactly,

2
ak =Y bijcje. (14)

i=1

The matrix equation may be written as
[A] = [B][C].




Exercises

1. Show that
6 3]+ 51 [30 27

]_2 -1 |8& 3
2. Show that

4 5] [6 3] [20 22]
1 2] |11 4]

3. Show that in genera
[A][B] # [B][A].

4. For what particular matrix B does

ol 2]l w
H e R
o

211 212
231 g3

5. Show that

6. Show that

7. Show that the multiplication by the matrix

and any matrix

aways |leaves the element a,, unchanged.
8. Compute the product matrix



B ] o |

Determinant of aMatrix
We shall have occasion to make use of one important property of matrices which involves the determinant of a matrix.

The determinant of the matrix [A] iswritten as

231 4293
|A[=

az1  azz

and is defined as the number (a,, ay, - a1 a;5).

The theorem that we are interested in states that the determinant of the product of a number of matricesis equal to the product of the
determinants of each of the matrices forming the product. We leave the demonstration of this theorem to the exercises below.

Exercises
9. Show that
6 3|4 5 30 27
= = —126.
1 2|12 -1 &8 3
10. Show that
4 5|6 3 20 22
= = —126.
2 -1||1 2 11 4

11. Show that if [C] = [B] [A] then |B| |A| = |A| B = [CI.

12. Extend the result of exercise 11 to show that for N matrices such that
[PI=[A][A,] ... [A]L
|P| = |A1| |A2| o |An|.



13. Show that the result of exercise 12 holds for the product matrix of exercise 8 above.

We are not going to be concerned with other properties of matrices. The interested student may find these in any standard text on matrix
algebra.



Chapter 3

The Basic Matrix Transfor mations of Geometrical Optics
In this chapter we shall first define the variables y and e that were used in the preceding pages. Then we shall derive two different linear
transformations, one corresponding to atrandlation, the other to arefraction operation. They will be characterized by atranslation matrix and

arefraction matrix respectively. With these two matrices we shall be able to treat any optical system according to the first order theory.

1. TheVariables

P
F
&
E_—"1]
L =
X
P
Figure 1

Let us consider aray of light EF asin Fig. 1 which istraversing a uniform portion of a transparent medium which forms part of an optical
system. The ray makes a small angle with respect to the x direction which we will designate as the optic axis of the system. The centres of
curvature of all the spherical refracting surfaces lie on the optic axis. We shall choose a plane PP which is perpendicular to the optic axis.

The meaning of the variablesy and « can be seen from Fig. 1. For a given plane PP the variable y represents the height above the x axis that
the ray strikes the plane PP. The variable o represents the angle the ray makes with the x axis and since the slope (dy/dx) = tan(e) = & for

small angles, we may take w as representing the slope of the ray asit passes the plane PP. The distance y above the planeis positive, below the
plane negative. The sign of the angle e is determined from the sign of the slope and is positivein Fig. 1.

2. The Trandation Matrix
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Figure 2

In Fig. 2 theray EF is progressing (without change in direction) through the uniform medium as described for Fig. 1. We shall always draw
the ray as progressing from left to right in the x direction. We may designate two planes, one PP and the other QQ, a distance D from PP; the
ray is characterised by the variablesy, o, at PPandy ', o ', at QQ. From Fig. 2 we may write

= yl' - Dﬂf:
(for small angles) and sincee: ' equalscc we may write another linear equation as
a =0y +a"

These linear transformation equations can be written as

HEAIH|

The matrix,



is known as the trand ation matrix.

A series of trandations may be represented according to the rules of matrix multiplication already discussed. For example, suppose that the
ray strikes afurther plane WW at adistance T from QQ at angle " and height y ". In matrix form we could write

y 1 —n| |1 —=7| [ 1 —(B2+1))] |4
a|l |0 1|0 1|]e| |0 1 aft|’
That is,
y=3" — (T + D",
a=10+a"
which can be verified by examining Fig. 3.
P Q W
=o' =a

Figure 3.

Thedistances T and D are always taken as positive quantities as the transformation is defined in terms of the ray direction. With the
convention chosen here for expressing the unprimed coordinates as functions of the primed coordinates as in equation 15, the order of the
matricesisin the direction of the ongoing ray, i.e. from left to right.



3. The Refraction Matrix

At each surface separating two transparent media within an optical system, the direction of the ray may be changed according to Snell'slaw,
which we take in the approximate form for small angles. We may express this refraction at the surface in terms of two linear equations which

givesrise to the refraction matrix.

Figure 4.

In Fig. 4, VV represents the spherical refracting surface separating transparent media of indices n and n ' respectively. The intersection of the
surface and the optic axisisthe vertex O. The radius of curvatureis R and is considered positive (asin the figure) if the direction OC isthe
positive x direction where C is the centre of curvature of the surface. Since we have confined the discussion to small angles and rays close to
the axis, the variables y and &« may be considered to refer to the plane through O perpendicular to the optic axis.

At the surface the angle e changes from «z to & ' while the variable y is ssimply the height above the x axis of the point at which the ray strikes
the surface and refraction takes place. Thus we can write either y or y ' for this height and the transformation equation may be written as

y=y" +0c" (16)

We may now derive the transformation equation for e at this surface using Snell's law. From Fig. 4,
nd = n'8 (approximately)

or



n{d + a) =n'(§ + o)

n'e =na 4 (n—n")d

or
and
§=14/R.
Therefore we obtain
na = n'e’ | (n — ')y /R.

Thus the transformation equations can be written for the plane through O using equation (16) and rearranging (17) as,
I I
y=9 +0a,

i I Lo

a=| R
or in matrix form
y| 1 0] [
ol = n —n 1:; of
and the matrix,
1 0
nf—n nf
nR T

is defined as the refraction matrix for the plane through the vertex O of the refracting surface

(17)

(18)

(19)

(20)



Chapter 3
The Basic Matrix Transfor mations of Geometrical Optics
Trandation and Refraction
Now we have two basic matrix operations which describe the progress of aray through an optical system. We need only apply the laws of

matrix multiplication to determine the transformation between any two planes using the tranglation and refraction matrices. We illustrate this
with the following example:

A glassrod of index n* = 1.5 has a hemispherical convex surface of radius 6 cm on oneend asin Fig. 5. A ray makes an angle aequal to 0.1
radians with the plane PP at a height of 1.6 cm from the optic axis. The plane PP is 8 cm to the left of the vertex O. Find the height of the ray
y'anditsdirectione ' a the plane QQ 9 cm to theright of O.

P Q
o o
y ) y
| O k
n=1
P "Q

Figure5

S A PP | Y

Solution:



or
y| 1/3 -15 3
a|l |1/12 3/4 ra af |’

Note that we can check that the determinant of the product matrix is correct since

13 15| |1 8[| 1 o |l1 -9 3
1/12  3/4 Pq_ 0 1([1/12 3/2||0 1| 2
Now
16] [1s -15] [+
01| |1/12 3/4] |of
or

1.6 = (1/3)y — 150
0.1 = (1/12)y" + (3/4)<".

The solution to these equationsisy '= 1.8 cmand e ' = -.0667 radians.

It is perhaps well to emphasize at this point that we have not yet mentioned the idea of image formation and y ' of the example is certainly not
the image of y, since aray originating at y will go through the plane QQ at aheight y * which depends on «:. If & were .05 radians say, in the
last example then aray through y = 1.6 cm passes the plane QQ at the height y ' = 1.3 cminstead of 1.8 cm. Thisisillustrated in Fig. 6.



B Q
Figure 6.

In anticipation of further sections, we can observethat | ' in Fig. 5 appearsto be an image of | as the ray along the optic axis (whichis
undeviated) and the ray at angle a both originate at | and pass through | *. To prove that | * isindeed an image of | we need to show that al the
rays from | passthrough | ' regardiess of the angle ez asin Fig. 7. We choose the planes through | and | ' as our reference planes and illustrate

this with the help of the following exercise.

Exercise 1l

The numbers in this example have been chosen so that | ' is 36 cm to the right of O and | is 24 cm to the left of O.

%&r

\.

—— 24 & 36

Figure 7.

Find the matrix connecting the planes through | and | * and show that



b <], L
al, 112 -3/2],. ||

wherenow y ', o ', representstheray at thel ' plane and y, «, theray at the | plane.

In this exercise we note that y ' = -y independent of e so that if y =0 (point 1) theny "= 0 asillustrated in Fig. 7 which shows | ' to be an image
of I.

As can be seen from the above exercisg, if the matrix element in the upper right hand corner a,, is zero, then the two planes are such that y *

depends only on y. With this fact we can derive the usual equation (equation (21) below) for image formation by refraction at a spherical
surface.

Exercise 2

Let sbethedistance Ol and s’ be Ol . If theindex on theleft isn, on theright n* and R is the radius of curvature, then

[z]= [111 _1] [[n' —ln)fnr n?"n] [; _18'] [i]

Z4+2-= (21)

Show that:

if 1 "isanimageof I.
Sign Convention

Equation (21) does presuppose the sign convention of Jenkins and White, for example, in which the object distance sis positive if the object
istothe LEFT of O and theimage distances' is positiveif theimageistothe RIGHT of O.

In the above example we have used positive image and object distances. In Figs. 8 and 9 we illustrate negative distances which in these cases
represent avirtual object and a virtual image.
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Figure 9.
Generally we shall be able to extend the sign convention to a complex optical system in which the relevant distances are measured from
various cardinal points which we shall define for the system. The cardinal points are readily obtained using the matrix approach.



Chapter 4
The General Optical System

The General Matrix

P R,=5 R,=-5 R;=-4 Ry=00
Figure 10.

In the preceding discussion we were able to describe the passage of aray from one point to another in asimple optical system by means of
two trandation matrices and one refraction matrix. A more complicated optical system may contain many refracting surfaces of different
indices of refraction. Let us for example consider the system of Fig. 10. A ray passes the plane PP at height y, angle:.

b e S e P |
L 1 A 1 e 14

These nine matrices may be multiplied together to give one two by two matrix relatingy ' e ' and y e at the planes QQ and PP respectively. If
the plane PP is moved to the vertex O and QQ to O ' then we have the matrix,

1 | P
L ol Y]l )

which represents the effect on aray in going from the plane through the first vertex O of the system through to the plane through the final




vertex O ' of the system. It is useful in describing the general optical system to base our discussion on this matrix which we will designate as
211 @12
21 0832 | 4o :

1554 —0.713
0.1654 —0.300|

which in this example equals

Obtaining the elements of the matrix may involve a lengthy series of matrix multiplications as in our example above, involving 7 matrices.
However, all the necessary information about the optical system isincluded in this resultant two by two matrix and from it the cardinal points
and planes of an optical system are readily obtainable. From these cardinal points we may completely describe the image-forming
characteristics of the system.

E Q
] ¢ ~ a’
/ ,
y y
o| optical o
system

—D — — D'—

E Q
Figure 11.

In general then, we can assume the situation of Fig. 11. We know (or can compute) the matrix relating the rays going from the plane through
O to the plane through O ' namely



11 @12
[Aloor = [ ] :
221 222 | A4
The matrix equation relating the emergent ray (y '« ') at plane QQ adistance D ' from O ' to the incident ray (y «) at the plane PP adistance D

totheleft of Ois
K/ 1 —-D| [an a2 1 D'
o P_ 0 1 ag1 a3 | oo 0 1 af a

y|  [eu —Dax D(—e11 + Dag1) + e12 — Dags Y -
o p_ ag1 azs — DMagy ra of q' (22)

InFig. 10wehad D '=2cmand D =3 cm.

or,

We are now in aposition to discuss the first two cardinal points (and planes), the first and second focal points (and planes).



Chapter 4
The General Optical System

The Focal Points and Planes
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Figure 12.

If abeam of parallel rays enters an optical system the emergent beams will converge toward a point (or diverge away from apoint for a
negative system). This point will liein the second focal plane. If the rays are parallel to the optic axis of a system the point is the second focal
point. The focal plane passes through the focal point and is perpendicular to the optic axis. Thisisillustrated in Fig. 12.

We shall now determine the position of the second focal point, F', in terms of the elements of the matrix [A] 5 . To do this et us take our
second reference plane QQ to be the second focal planein Fig. 12. Then D ' = O 'F . The first reference plane PP can be anywhere to the | eft
of O. We now note that every ray of the parallel beam passing through PP no matter what its y coordinate is, passes through the same point y '
in the focal plane. That is, one of the linear equationsrelatingy ', &« ' to y, & must be of the form

' = (constant)e (independent of a').



Thus, the lower diagonal element of the matrix of equation (22) must be zero so that,
D =0F =ag/an (23)

and thus
a = any.

The position of the second focal point, F', relative to the second vertex O ' is thus determined in terms of the matrix elementsrelating O' to O.
A positive value of D ' indicates that F ' isto the right of O '; anegative value means F ' isto the left of O .

P Q
y o
optical [\ ‘
F O| system |O N o
al
P Q ‘*
Figure 13.

Rays emerging from a point in the first focal plane areillustrated in Fig. 13. A parallel beam emerges from the optical system. We can take
the first reference plane PP through F and QQ the second reference plane anywhere to the right of O '. Now we note that the rays through Q'
pass this plane at constant angle . ' although the incident rays all have different anglesc at the plane PP, the focal plane. So one of the linear
equations must state that e ' is independent of e, (and depends only on y). Equation (22) gives thisrelation if the upper diagonal element is
zero, that is, if



I = OF = a1y /as. (24)

Here D ispositive if Fisto theleft of O, negativeif Fisto theright of O. Then we have from equation (22) that
y = (a12 — Dam)a’. (25)

Thus the focal points may be easily found from (23) and (24) once the matrix [A] 5 . is computed.

TheMatrix Relating the Focal Planes

It is extremely useful to choose the reference planes PP and QQ to be the first and second focal planes respectively. The matrix equation
relating the emergent ray y ', e ', at the second focal planeto an incident ray v, «, at the first focal planeis given by

[i] =[ma,trix]FF;[f::] .
F i

From the discussion above, the matrix has a particularly simple form, since both diagonal elements are zero. Using (23) and (24) in (22), we

obtain
[y] 0 [4112—1}4122)] [!J']
= ! ' (26)
alp 0 rr L2 1p:

a21
The significance of the two non-zero elements of the matrix connecting the two focal planesis not evident at this point. However, as will be
shown later the elements are related to the first and second focal lengths, f and f ', defined as the distances from the first and second principal
points to the first and second focal points respectively (see Fig. 17). The principal points are defined later as well. In the familiar case of the
thin lens, the two principal points are coincident at the lens centre. For the moment we can anticipate the later results by designating the two
non-zero matrix elements of equation (26) as

am = 1/F (28)

and
(@12 — Dags) = —f'. (29)

A very general relationship between f and f ' may be easily shown by using the theorem on the product of determinants of matrices. First let us
note that the determinant of atrans ation matrix,



1 -D
0 1]’
is unity and the determinant of the refraction matrix separating two media of index n; and n, say, is

1 0
[z —n1)/n1R ng/n

] = ng/ny.

Now if there is a series of refracting surfaces separating mediawith indices of refraction n, ny, n,, ...n", starting with the medium of index n
on the left and ending with the medium n* on the right then the determinant of the product matrix is given by:

(n/n1)(n1/nz)(na/n3). .. (ns/ni1)(n'/n;) = n'/a,

ignoring all the translations as they involve multiplication by one. For the optical system |A|44. = n'/n, and since atransation from the planes

through the vertices O and O ' of the optical system to the first and second focal planes respectively does not change the value of the
determinant then

0 -5
1/f 0

0 212 — Daos

= f/f=n'/n (30)
a21 0

The ratio of the first and second focal lengthsis seen to be equal to the ratio of the index on the left of O to the index on theright of O'. Also f
and f ' must have the same sign.

Equation (30) illustrates the power of the matrix method as the result is difficult to demonstrate in other ways for even asingle thick lens and
ageneral proof is not usualy attempted for more complicated systems.

It is also perhaps well to note that the theorem on matrices constitutes a useful check on the accuracy of multiplication in computing [A] 5 -
In the example of Fig. 10, the final product matrix (involving 7 matrices) should have a determinant equal to unity sincewehadn=n"'=1.

Example



10

A thick biconvex lensin air has aradius of curvature of 10 cm at each surface and the surfaces are 10 cm apart. Find the focal points and the
focal lengths of the lens if the index of the glass of the lensis 1.50.

Solution:
0

Alog = 1 0 1[1 —10 1
" las—n0 1sa]le 1 ||@-15/150-10 115

23 —20/8
~|5/60  2/3

f=60/5=12cm=f'sincen=n"'=1.
OF = (2/3)x(12)=8cm. O 'F ' = (2/3)x(12)= 8 cm.

Fis8cmtotheleft of O, F'is8 cmtotheright of O

Exercise 1
Take the lens of the example to be 1 cm thick and show that f = 10.17 cm, OF =9.83cm, O 'F' = 9.83 cm.

Exercise 2
Take the lens to be a biconcave thick lens with radii of 10 cm, index 1.5, thickness 1 cm. Show that f' = f =-9.84 cm,
OF =-10.16 cm, O 'F' =-10.16 cm.



Exercise 3
A thick lensis concavo convex, thefirst radiusis 10 cm, the second radiusis 20 cm. If thelensisin air and

has an index = 1.5 and the thickness = 3 cm, show that f' = f = 36.36 cm,

Exercise4
A biconvex lens of index 1.50 hasradii 10 cm and 20 cm, athickness of 10 cm. Air isto the left of O and water (of index

4/3) isto theright of O . Show that ' =24 cm,f=18cm, O'F'= 16 cm, OF = 17 cm.

Exercise 5
Find the matrix [A] 5 » and the [matrix] . for athin lens (that is, the thickness of the lens is taken to be zero), with index n on the left, n* on

the right and the index of the lens, p. Take the radii of curvature as R, and R,

The above exercises may be worked using the computer programme in the appendix.



Chapter 5
I mage For mation

Newton's Equations

P Q
x’
y F O| optical o F’
system y
P Q

Figure 14.

In Fig. 14 isillustrated the formation of an image point at y' of an object point at y by an optical system between O and O '. The plane PP
represents the plane through the object point, a distance x to the left of O; QQ is the plane through the image point, a distance x ' to the right
of O'. Thefocal points F and F' can be determined as discussed in the previous chapter and the matrix relating aray passing from the first

focal plane to the second is given by
[ ]
1/f 0 FF! .

The planes PP and QQ can be related by using this matrix and two further translation matrices. Thusaray vy, c., a PP emergesastheray y ',



« ', at QQ such that

y_l—z 0 -—F 1 - i
al, [0 vl o0 |0 1, (31)

H :[—sz z'sz—f'] [y']
al, 1/f —2'ff Pa o q' (32)

Since all therays emerging fromy arrive at y ' regardless of the angle «z, the upper right hand element of the matrix of (32) must be 0, in
which case

or

zz' = Ff! (33)

and
y = —(2/ )y (independent of o). (34)
Itisclear from Fig. 14 that an object of height y isimaged as an image of height y '. The lateral magnification, m, is defined astheratioy 'ly
which from equation (34) is given by
m=y/y=—fle=-2(F" (35)

Equations (33) and (35) are Newton's equations for image formation and apply generally to any optical system.

Example 1

An object 2 cm high is placed 40 cm to the left of the vertex O of the thick lens of the example of chapter 4. Find the image position and
image size.

Solution: Since F is8 cm to the left of O, x=32 cm
32x'=(12) (12
x'=45cm. (i.e. 4.5 cmtotheright of F).

Or theimageis 8 + 4.5 =12.5 cm to theright of O . The magnification, m, is given by m=-12/32 = -3/8 and so the imageisinverted and is 2
x 3/8=3/4cminsize.




In summary, we are now able to find corresponding image and object positions for any optical system by:

i. Determining the product of the refraction and translation matrices between the first vertex O and the last vertex O ', the product matrix
being designated as [A] 5 -

2. Obtaining from [A] 5. the position of the focal points relative to the vertices, (the distances OF and O 'F ' from equations (23) and
(24)) aswell asthefocal lengthsf and f * from equations (28) and (30).

3. Using Newton's equation (33) to compute the positions of the image and object relative to the focal points and equation (35) to compute
the magnification.

We shall use the following exampleto illustrate further these steps and later use the example to illustrate other cardinal points which are
discussed in the following sections.

Example 2

2 CM—y

Figure 15.
Thethick lens of Fig. 15 hasradii of curvature equal to 1.5 cm and OO 'is2 cm. The index of the lensis 1.6, the index to the left of O is1.00
and the index to theright of O 'is1.30. An object is placed 10.467 cm to the left of the vertex O. Where is the image and what is the
magnification?
Solution:

i
» 1 011 =211 o
9= oa 16| |0 1| |12 s125|°

or



1.25 —1.625]

Aloog =
oo [n.s 0.65

f=1/.3 =3.33 cm (from equation 28).

f'=13xf=4.333 cm (from equation 30).

O 'F'=0.65/0.3 = 2.167 cm (from equation 23).

OF = 1.25/0.3 = 4.167 cm (from equation 24).

(SeeFig. 16. Alsoillustrated in the Figure are the principal points, H, H ', which will be discussed in the next section)
. Theobject is placed 10.467 cm to the left of O so that x = 10.467 - 4.167, or x = 6.3 cm.

x '= ff '/x=(4.333)x(3.333)/6.3 = 2.293 cm or the image is at adistance 2.293 + 2.167 = 4.460 cm to the right of O ".

m = -f/x = -3.333/6.3 = -0.529 (from equation (35))

or

m=-x'/f'=-2.293/4.333=-0.529

— 3333 — K 4,333

F HIH|fo o P image
I

object

X e 4.167—— “2 167H—X'—

)

Figure 16.




Chapter 5

I mage For mation
The Cardinal Points
It is often convenient to discuss image formation in terms of other positions than the focal points. These other points are the positive and
negative principal points and the positive and negative nodal points. These, together with the focal points, are all defined as the cardinal
points of alens system and the planes perpendicular to the optic axis through these points are the cardinal planes. From the basic definitions

of principal points and nodal points, it isasimple matter to find their positions using the matrices already described.

The positions of the principal points and nodal points are most readily specified in terms of their positions relative to the focal points F and
F'. Let us assume that a cardinal point Z, say, isadistance zfrom F and the cardinal point Z 'isadistance z' from F'. Then theray vy, e, a the
plane through Z goes through the plane at Z ' with coordinatesy ', & '. This can be expressed as

I P | e W g L

H zl—sz z'sz—f‘] [y’]
L P 1."Irf _zfl'lrf Zz ﬂr z:. (36)

We may now define the principal and nodal points and the definitions will impose conditions on the matrix of (36) which will give the
positions zand z ' of the pointsin question relativeto Fand F .

or

Positive Principal Points

The planes through the positive principal points, H and H ', are the positive principa planes and are defined as planes of unit positive
magnification, that is, planes for which y ' =y. But from (36) y = -(z/f)y + (zz'/f-f ") «. . Thuswe must have zz'/f - f* = 0 and -z/f = 1 for the
positive principal pointsH and H '

Then
2=FH = —Ff, (37)

£ =FH = —F, (38)



and

1/f #/f

R s

e L),

(39)

Thefirst and second focal lengths are generally defined as the distances FH and F 'H ' respectively. We see then from equations (37) and (38)
that we are justified in having written equations (28) and (29) where we introduced the symbols f and f ' into the matrix connecting the first

and second focal planes.

optical
— f — system

Figure 17.

fl

The principal point, H ', isadistance f ' to the left of F ', the principal point H adistance f to the right of F for a positive focal length system as
illustrated in Fig. 17. Depending on the system the points may lie on either side of O or O ' and even may be "crossed,” that is, H ' may lieto

the left of H.



Y
F H H’ F
yl
X | f — ——F ——— X"
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Figure 18.

In Fig. 18 isillustrated aray diagram showing the formation of an image using the properties of the principal planes and of the focal points.
(Equation (34), y = -x y '/f, also follows from the diagram.) The object distance as measured from H is s, the image as measured fromH ' iss".
Theray y', o' a theimageisrelated to theray v, o, from the object by

e A,
1,

As stated before in deriving Newton's equations, the upper right hand element of the matrix must be zero if y 'isanimage of y, that is, if the
rays through the image plane at height y ' are to be independent of « '. Thus we have

fio+f/s=1 (41)

or

H =[1—aff ~d' +odff—af]~f
/i (—s'+ 7/ f

which makes the upper right hand element zero and givesy = ((f - s)/f)y ' or the magnification, m=y '/y = f/(f -s). From equation (41), (f- s) =
-sf'/s* and so

m=—f&'{fla = —nsin's, (42)

and since the determinant equals f '/f equation (40) becomes



=17 el 2] «
@ a_ 1/f mf/f||a s,. (43)

Example 3
Use (41) and (42) to compute the image positions of the object in example 2.

Solution: From the results of example 2, (see Fig. 16) H is 3.333 cm to theright of F or (4.167 - 3.333) = .834 cm to the left of O. H 'i1s4.333
cm to the left of F' or (4.333-2.167) = 2.167 cm to the left of O . The object distance s = 10.467 - .834 = 9.633 and

4.333/s' + 3.333/9.633 = 1.
S0 S = 6.627 cm.

Measured from O ' theimage is 6.627 - 2.167 = 4.46 cm (to the right of O ') in agreement with Newton's equations of the previous example.
Also m=-(1.0/1.30) X (6.627/9.633)= -0.529 as before.

If the medium has the same index on either side of the optical system, f = f ' and these equations take the very familiar forms,
1/s' +1/s =1/, (44)

and
m=—s/s. (45)

For athinlensin air, the situation is even simpler as the image and object distances s’ and s can be measured from the same point, the centre
of the lens, since for athin lens the principal planes are approximately coincident at the lens centre. This and other special cases will be
discussed in the next chapter.

Negative Principal Points

The planes perpendicular to the optic axis through the negative principal points, H(-) and H '(-), are the negative principal planes and are
defined as planes of unit negative magnification, that is, y '= -y. It isleft to the reader to show that

z'=F'H‘[—)=f', (46)

and



and

zFH(-) =, (47)

y -1 0 3
R e N v
Ly /7 7] i L2 L
H H
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y=y
f — f W —f —e—f"
Figure 19.

Thusin the positive system illustrated in Fig. 19, an object placed at the distance f to the left of F will give riseto an inverted image, the same
size asthe object, at adistancef ' to theright of F'.

It isleft as afurther exercise to the reader to show that the equation for image formation may be expressed in terms of the object distance, u
from H(-) and theimage distance, u ', from H '(-) as

and

Flutffu'=1 (49)

m = fu'/flu. (50)



Chapter 6

Practical Optical Systems

The methods developed in the preceding chapters may now be applied to a number of common optical systems. In each case we shall
compute the matrix [A] 54 from which all the cardinal points are obtainable. We shall mainly use equations (23), (24), (28), and (30) which

give the positions of the focal points and the focal lengths. Then Newton's equations (33) and (35) may be used for image formation, or
aternatively equations (41) and (42) which make use of the principal points given by equations (37) and (38).

The Single Refracting Surface

For asingle spherical surface separating two media of indicesnand n', the matrix [A] 54 . is Simply the refraction matrix, namely,

oo e
(nf —n)/aR na'/n|’

We can immediately recognize
f=nR/(n'—n), (61)

and

F =(n'/n)f =2'B/(n' —n). (62)

The distances OF = nR/(n'- n) =fand OF '= (n/n)nR/(n'- n) =n'R/(n'- n) =f". Since (38) givesF 'H ' = -f " and (37) gives FH = -f, the
principal pointsH and H ' are here coincident at the vertex O of the refracting surface.

Example 1

As an example, consider exercise 1 of chapter 3 in which an object is placed 24 cm to the left of avertex O of a convex spherical surface
separating media of index 1.00 and 1.50. The radius of curvature of the surfaceis 6 cm (see Fig. 5). Solution:

F = (1.5)6/(.5) = 18 cm
F=0(1/1.5)(18) =12 cm

OF=12cm OF'=18cm



z=24-12=12cm
' = (18)(12)/12 = 18 cm.

The image distance (from O to the image point) is 18 + 18 = 36 cm. In this example the image and object positions are in fact the negative
principal pointssince m=-x'/f' =-18/18 = -1. Thenodal point N isadistancef'totherightof FandON=f'-f=n'R/(n-n)-R/(n'-n) =R
=6 cm. Of course N "is coincident with N, asH ' is coincident with H This example isillustrated in Fig. 23.

Figure 23.

Example 2

We can do example 1 in chapter 5 by repeated application of the above equations for a single refracting surface. We had a thick biconvex
lens, index 1.5 in air, 10 cm thick, with radii of 10 cm. An object was placed 40 cm in front of the first vertex O.

For the first refracting surface, f' = (1.5)(10)/.5 =30 cm, f = (1/1.5)(30) = 20 cm, and 30/s' + 20/40 = 1 gives s = 60 cm. This gives an image
50 cm to the right of the second vertex O ' so that the image distance for refraction at the second surfaceis s = -50 cm. For the second surface,
f'=(21)(-10)/(-.5) =20 cm, f = (1.5) 20 = 30 cm, and 20/s"' + 30/(-50)= 1 gives s = 12.5 cm in agreement with our previous result. And the
magnification, m = -(60/40)(-12.5)/(-50)= -3/8 as before.

Exercise 1l

Find the first and second focal points of the lens of example 2 in chapter 5 by repeated application of the equation for image formation by a
single refracting surface. We might note that the plane surface is simply a specia case in which R = oo and the refraction matrix is

1 0
[0 n',fn] .

Thefocal lengths are equal to =«. It is easy to show that



a'fs' +nfs=10 (63)

if sisthe object distance measured from O and s’ is the image distance also measured from O. For example s' represents the "apparent depth”
of an object a distance s under water (index 4/3) say, such that s' = (3/4) s.

Exercise 2
Derive equation (63).

TheThin Lens

Figure 24.

Possibly the most useful equations of geometrical optics are those for image formation by athin lens. A thin lens of index , isshownin Fig.
24 with media of indices n and n ' to the left and right of O and O ' respectively. The thickness, t, of the lensis assumed to be small compared
to the focal lengths of the lens such that we can set t = 0 in the translation matrix from O to O '. Thus

[1 n” 1 0 ]
0 1) [(n—p)/pR: n'fu]

] _[ 1 0
o= (g —n)/nB1 pfn

or

1 0
Alogr = ’
Moo [[#—nunﬂlJr[ﬂ'—P)f’“Rﬂ “'f“Lﬂ'



(assuming O and O ' approximately coincident).

So,
1/f = (o' — p)/nRs — (n — p)/nRy

or
n/f = a'/f' = (o' = p)/ B2 — (n - p)/Ru. (64)

Equation (64) reduces to the well-known lens-makers equation when n' = n = 1.00, namely,
YF=1/f =(p—-1)(1/R1 — 1/Rs). (65)
Exercise 3

Show that the points H and H * coincide at the assumed approximate coincidence of O and O ' which we take to be the lens centre of the thin
lens.

Exercise4
Find the positions of the nodal points of the thin lens.

Newton's equations apply here using (64) for f and f . It is also convenient to use (41) since sand s' are measured from the centre of the thin
lens, that is, f'/s'+ fls=1orn'/s'+ n/s=n/f =n'/f"which for athinlensin air becomes U/s + Us'= Uf =U/f" = (u - )(VR, - UR,). Also

m=-ns'/n's(=-s'/sif n'=n)

The matrix representing a thin lens has the particularly ssmple form

[A]oer = [ (66)

1 0 ]
1/f f'/f]
Question

A zero in the upper right hand corner of the matrix means that the matrix relates an image plane and an object plane. What does the zero mean
in Equation (66)7?

Combination of Two Thin Lenses



The combination of two thin lensesin air forms the basic arrangement for the most common optical systems such as the microscope and
astronomical refracting telescope. Also, most oculars are combinations of two lenses as corrections for some of the defects of images can be
reduced in thisway. The defects are classed in terms of five monochromatic aberrations arising as correction terms to the first order theory,
plus two so-called chromatic aberrations arising from the dependence of the index of refraction on frequency.

f= f= 1,

A A
7

Figure 25.

The combination of two thin lensesin air, adistance d apart, is shown in Fig. 25. We may take the vertices of the system as the lens centres
O, and O,. The matrix isthen, using (66) with f; =f; ', and f, =,

2 B 1 L] 1 -4 1 ]
%% \yn 1fle 1] |ys 2

~ [ 1—d/f2 —d ]
VR4 -dAR 1-dh,,"

Thereforeif f (=f") isthe focal length of the combination, equation(28) gives,

1/f=1/f+1/fa—d/ffa (67)
Thefocal pointsare F and F ' such that

hF = f(1 - d/f2) (68)
and

O F = f(1 -4/ ) (69)

using (23) and (24).



One simple special case of interest is that in which two thin lenses are cemented together to form a doublet. In this case d = 0 and 1/f = 1/f; +
1/f,. Such adoublet is usually constructed to reduce longitudinal chromatic aberration. The lenses are made of different glasses which have

different dispersive powers (i.e. the indices of the glasses depend differently on the frequency of the light) and so the combination may be
designed so that the focal length f will have a minimum dependence on the frequency of the light (Jenkins and White, p. 157). Itisaso
possible to reduce the dependence of the focal length, f, on the frequency when using two lenses of the same index of refraction by choosing a
separation d = (f; + f,)/2. This may be readily shown using (67) and (65) and solving for a minimum dependence of f on y, the index of the

glass of the lenses (Jenkins and White, p. 163).



Chapter 6
Practical Optical Systems

The Telescope

The telescope in its most basic form is a specia case of two thin lensesin air. In thisform it is a simple astronomical refracting tel escope.
Basically, atelescope is used to increase the angle that a distant object subtends at the eye. If the eyeisrelaxed for distant viewing, the
telescope ssimply produces an angular magnification in which an incident (approximately) parallel beam from a point in a distant source,
making an angle c say with respect to the optic axis, emerges as a parallel beam making alarger anglec ' with respect to the axis. When the
object is viewed with the instrument, the image formed on the retina of the eye will be larger by an amount proportional to e '/ec. the angular
magnification, M. Thistelescopic system is characterized by a zero in the lower |eft hand corner of the matrix, [A] 01,02 which we obtainif d

=f, +f,. Then, from {A]01,02 above
k)
i

or M =ua 'foe. = - £, /f,,. Thus the angular magnification is the negative ratio of the focal length of the first lens, the objective lens, to the focal

lengths of the second lens, the eyepiece lens. Asillustrated in Fig. 26 the image as viewed through the telescope is inverted, and the image
formed by the objective lensisin the second focal plane of that lenswhich isalso thefirst focal plane of the eyepiece lens.

(70)

_ [—fu".fz —(A + F2) [y']
0 AR oo le],,

f{

M
/

e LIl

d

Figure 26.

For aterrestrial telescope one may insert an erector lens in between the objective and eyepiece lenses such that the image formed by the
objective acts as an object for the erector lens which in turn forms an inverted image at the first focal point of the eyepiece lens. The matrix of



this system of three lenses will have a zero in the lower left hand corner and the angular magnification is positive.

Exercise5

Find the matrix of the system of the three lenses of Fig. 27 and show that they form atelescopic system with positive angular magnification.
Solve for the casein which f; =20 cm, f, =2 cm and f, = 5 cm. (Answer M = + 4)

@ Fy Fj @Fi Fz@

Figure 27.

Exercise 6

A Galilean telescope has an objective lens with f = 20 cm and the eyepiece lens with f = -5 cm. The lenses are separated by 15 cm . Calculate
the matrix for this system and show that it is atelescopic system with M = +4.

The Ocular
In most telescopes it is common practice to have a system of at least two lenses called an ocular to perform the function of the eyepiece lens.

Thefirst lens or field lens improves the field of view and in combination with the second lens or eye lens can be chosen to reduce some of the
aberrations inherent in asingle lens. The most common oculars are the Ramsden and Huygen types.

Exercise7

A Ramsden eyepiece consists of two equal focal length lenses, f; . If the separation is equal to f;, chromatic aberration is minimized. In
practice the lenses are usually moved closer together (Jenkins and White, p. 182).

Calculate the position of the focal points and the focal lengths of the ocular in the casein which d = (3/4) f,.

Magnifiers

The ocular discussed above as well asjust a single thin lens can be used as a magnifying glass. When an object is examined an image is
formed at the retinain the eye and this retinal image may be increased in size using a magnifier. For continued viewing, it is usual to assume
that an object 25 cm in front of the eye can be comfortably viewed. For this case then, an object of height y subtends an angle g, at the eye



with 8, = y/25, asin Fig. 28. Now if the object is placed at the focal point of an ocular, the emergent rays from the ocular may be focused by a
relaxed eye as also shown in Fig. 28. The rays from y now make an angle of 8, = y/f where f is the focal length of the ocular. Thus the change
in the size of the retinal image is given approximately by 8./8, = (y/f)/(y/25) = 25/f.

F H|  H| ™

Figure 28.



| 25.cm
Figure 29.

The ocular may also be used as in Fig. 29 with the object just inside the focal point of the ocular for an eye accommodated to the 25 cm
viewing distance. In this case the magnifying power (which is usually quoted on the eyepiece) is (1 + 25/f). Thisis an approximate formula
which assumes that the image distance from the second principal point is 25 cm and then

B _yfs %W _ (1 1y _ 2% snce st —
M=1= = _25(f sr)—f-l-l[smces—25an).

Exercise 8

Calculate the magnifying power for the Ramsden eyepiece of the above exercise 7 for both arelaxed eye and an accommodated eye if f; =2
cm.



Chapter 7

Spherical Mirrors

Convex and concave spherical reflecting surfaces have image-forming qualities which can be discovered from the laws of reflection stated in
chapter 1. In what follows we shall apply the matrix method to the case of reflection, again limiting consideration to paraxial rays.

The difficulty that often arisesin discussing image formation by mirrorsisthat of applying the sign convention used for refraction. In the case
of refraction the rays continue in the same (positive x) direction after refraction but in reflection the rays are of course reversed. To avoid the
difficulties, one may define a different convention for reflection or specify the positive image direction in terms of the on-going emergent
rays. Or, in terms of the mathematical formulation, one can regard reflection as a special case of refraction in which Snell'slaw, ng=n"g",
(for small angles), becomes the law of reflection,8=-8"'forn=-n".

In the matrix formulation it is perhaps easier to maintain all our previous sign conventions for refraction and treat the reflected rays as having
aslope angleequal to - o« . Thisin effect allows usto treat the rays after reflection as if they were proceeding on in the same direction as the
incoming rays. Of course the final calculated quantities such as a positive image distance or a positive focal distance, for example, will
actually lieto the left of the reference point in constructing aray diagram. The actual path of aray after reflection from a convex mirror is
shown in Fig. 30 and the corresponding diagram for deriving the reflection matrix is shownin Fig. 31.

Figure 30.



Figure 31.

The transformation equations for reflection are easily derived from Fig. 31. From the figure,

=404+

and

of =848
Therefore

o =2+ta=2/R+a
since
b=y/R=4/R

The transformation equations are then,

y=1 +0d

o=—-2/Ry +

or



H ) [—ﬂlfﬂ ﬂ H

1 0
—2/R 1

where

is the reflection matrix.

The Single Reflecting Surface

For asingle reflecting surface the [A] 55 matrix refers smply to the vertex of the reflecting surface and from (28) with [A] 5, equal to the
reflection matrix,

F=-R/2 (72)

and from (30) f' = f as the matrix determinant is unity. Of course Newton's equations for image formation apply as always and may be written
here as

ze' = R* /4

and

m = R/2z =2:'/R.
Alternatively,

Fld+ifa=1

becomes

1/ +1/s =—-2/R
and

m = —4 [a.

Thedistancesx and x ', sand s', and R follow the same convention as before for refraction. The final answer however must then be
"reflected” back to its true position. Let usillustrate this with the following example:



Example 1

A concave mirror has aradius of 12 cm and an object 2 cm high is placed 24 cm to the left of the vertex O of the mirror. Where is the image
formed and how large isit?

Solution: (1) f=-R/2=-(-12)/2 =6 cm.
OF is6 cm to the left of O.
OF is6 cm to the right of O.

Sincex =18 cm, X'(18) = 36, x' =2 cm to theright of F' or 8 cm to the right of O (I '(calc) in Fig. 32).

7\

T o I’ 0O I' (calc)

Figure 32.

Now the actual rays pass through the point 8 cm to the left of O, the point | ' in Fig. 32. The magnification m = -f/x = -6/18 and therefore the
imageisinverted and 2/3cmin size.

(2) We may also use
1/ +1/a =—-2/R

which gives
1/ =(-2/-12)—-1/24=1/6 — 1/24 = 1/8.

Then ' =8 cm to the right of the matrix plane at O (I '(calc) in Fig. 32) or the real imageis 8 cm to the left of O, (I"in Fig. 32).



Chapter 7
Spherical Mirrors

A Thick Mirror

Figure 33.

A thick lens with the second surface covered with areflecting coating asin Fig. 33 can be treated by the matrix method. The rayson
reflection are considered by the reflection transformation above to be proceeding in the positive x direction so that the optical system to the
left of the reflecting surface at O' must be "reflected” at O ' aswell, as shown in Fig. 33. The final distances in the problem arereferredto O ",
that is, apositive distance to the right of O " is actually the same distance to the left of O.

Example 2

A biconvex lens 2 cm thick with aradius of 6 cm is silvered on the second surface. The index of refraction of the lens material is 1.5. Where
are the focal planes of thisthick mirror?

Solution:

O R R 1 0][1 -2 1 0
4o = 1712 372| [0 1] |13 1) o 1] ]1/18 23

[ 5727 —16/9]
- [aays1 spet |

Thusf=81/44cm=f".

OF = (81/44) (5/27) = 15/44 cm and



O"F= 15/44 cm using equations (23) and (24).
Theray diagram is shown in Fig. 33.
Example 3.

As afurther example of the use of the focal planes, suppose an object 2 cm high is placed 15/22 cm in front of the vertex O. Where isthe
image and how largeisit?

Solution:
Since x = 30/44 - 15/44 = 15/44
(15/44)" = (81/44)(81/44)

or X=9.94 cm, or 9.94 + 15/44= 10.28 cm to theright of O ", which is actually 10.28 cm to the left of O. Since m =- (81/44)/(15/44)= -5.4,
theimageis 10.8 cmin size and inverted (or m=-x'/f ' =-9.94/1.835 = -5.4).

Exercise

Solve the above example to find the focal positions using repeatedly the equations for reflection and refraction at a single surface.

Astronomical Reflecting Telescope



Figure 34.

One simple form of the astronomical reflecting telescopeis shown in Fig. 34. A parallel beam of light reflected from the spherical concave
mirror is brought to the second focal point, F',,, of this mirror after further reflection by asmall plane mirror. The focal point F'isaso the

first focal point F, of the eyepiece lens. The plane mirror is sufficiently small so that it interrupts only a small amount of the light falling on

the concave mirror. In another common arrangement, the spherical mirror has arelatively small holein its centre and a small plane (or
convex) mirror redirects the light back to afocus at the centre of the large mirror where the focal image is examined with the eyepiece.

Figure 35.

The matrix method may be used to discuss this telescope asindicated in Fig. 35. Then, if |R| is the absolute value of the radius of curvature of



themirror and f =f', equalsthefocal length of the lens

IA]W,:[ 1 n] [1 —[|R|f2+.fr,)” ]
-2/R 1] |0 1/fr 1

R/2fr —(|RI/2 + fr)
0 2fr/R

or

The telescopic system is again indicated by the zero in the lower left hand corner of the matrix and the angular magnification, M = e /e =
R /2f, .
L

In practice, the large reflecting telescopes are usually used simply as cameras with a photographic plate placed in the focal plane of the large
reflector. The surface of the reflector is made parabolic in shape to avoid spherical aberrations. Of course areflector is free from chromatic
aberrations as the laws of reflection are the same for all frequencies of light. The mirror may be made large in diameter in order to attain a
high angular resolving power and to increase the light flux per unit area (the illuminance) at the photographic plate.



