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Interval Methods for Fault-Tree Analysis in Robotics

Carlos CarrergdMember, IEEEand lan D. WalkerMember, IEEE

Abstract—This paper describes a novel technique, based on in- nuclear, undersea), where a failure in the robot can have disas-
terval methods, for estimating reliability using fault trees. The ap-  trous consequences, and where repair is often impossible. This
proach encodes inherent uncertainty in the input data by modeling 5 motivated intensive research in fault tolerance (fault de-

these data in terms of intervals. Appropriate interval arithmetic tection & isolati d reliabilit deli d Vi f
is then used to propagate the data through standard fault trees ection & isolation) an .re 1abiiity (mo € |_ng and analysis) o
robots [30], the latter being the topic of this paper.

to generate output distributions_which reflect the _un(_:grtaint_y in
the input data. Through a canonical example of reliability estima- The primary tool for reliability analysis in robotics has been
tion for a robot manipulator system, we show how the use of this FT analysis [30]. FT [9], [29] support the encoding of fault

novel interval method appreciably improves the accuracy of reli- . ! . . . .
ability estimates over existing approaches to the problem of un- information from widely disparate subsystems into a single

certain input data. This method avoids the key problem of loss of formal framework. With strong motivation & funding coming
uncertainty inherent in some approaches when applied to nonco- from the nuclear & hazardous waste clean-up communities in
herent systems. It is further shown that the method has advan- both the USA [26] and Europe [15], numerous FT studies have
tages over approaches based on partial simulation of the input-data peen performed over the past few years to identify & analyze
space because_ it can provide guaranteed bounds for the estlmateskey failure paths within different types of robots [12], [15],
in reasonable times. [30]-[32]. These studies have almost exclusively been limited

Index Terms—Fault tree, interval method, reliability estimation, g qualitative analyzesef, cut-set generation, identification

robotics. of uncovered failure modes) due, in part, to the difficulty of
obtaining good input probability data (from mean time to

Acronymst failure or failure rates of subsystems and components) for
FrPr failure probability quantitative analysis, as robots of interest are typically 'one
FT fault tree of a kind’, or 'several of a kind’ devices. Thus quantitative
MCS Monte Carlo sampling estimates havc_a been _Iargely untrusted, which in turn has led to
LHS Latin hypercube sampling overconservative designs, or even the nondeployment of some
s implies the statistical meaning systems [32]!

Notation The problem of uncertainty in low-level input FT data af-
S; Robot sensor #, optical Encoder, with FrPs; fecting the accuracy of (and hence assurance in) output reli-
M; Robot actuator #, Electric Motor, with FrPmm; ability estimates from the FT has been recognized for some
J; Robot joint #i, with FrPr j; time. The structurg of the FT itself has been used by several
A component failure rate authors to synthesize attempts to combat this problem. In [20],
n mission time the standard deviations of the reliability statistics were used to
p component FrPr bound the standard deviation of the top-event probability in FT
w v, p interval points analyzes. A combination pf exact expressions for, and 'bou'nds
w on the values of, the variance of the necessary combinations

I. INTRODUCTION

of events is used to propagate the standard deviations through
the FT [20]. However, this analytic approach implies specific
knowledge of the closed-form standard deviations of the input

N THE PAST few years, a key driver for developing andlata (primary events). This is typically unavailable for many en-
applying new technologies in robotics has been the needdimeering applications such as robotics, and our motivation for

send robots into hazardous & remote environmeegsgpace, this work was to find a method to represent more general uncer-
tainty.

Manuscript received October 5, 1999; revised November 14, 2000. Carrerad\S an attempt to deal with more uncertain situations, the use
is supported by projects ESPRIT 24137 and CICYT TIC97-0928. I.D. Walkef Dempster-Shafer theory to model imprecise input data is pro-
is supported by the US National Science Foundation (NSF) under grant C in 1M111. Dem r's rule of combination
9796328, by NSF/EPSCoR grant EPS-9630167, and by the US Depart nsed I[ ] ed .pSte S ruie 0 combinatio (anopposebd to
of Energy (through Foster-Miller Inc.) under contract #DE-FG07-97ER148388Y€S U e)-|s usedin[11]to aSS'QmS_SFT‘@S oppose to prob-
subcontract #805-05002. abilities) to input events and gate logic in a FT. This allows user
. F Carreras is Wlijh the gegagtf?memo dg ”'\‘/?e(;‘izfif;ia%'zgtﬁ“hcad E-ST-Suhcertainty in both the FT logic and the appropriate assignment

elecomunicacion, Universidad Politécnica de Madrid, adrid, Spaj : - .
(e-mail: Carreras@die.upm.es). aﬂﬂ probabilities given trial (;lata to pe rgflected in thg calcula-

I. D. Walker is with the Department of Electrical and Computefions. The resulting output information is expressed in terms of
Engineering, Clemson University, Clemson, SC 29634 USA (e-maithe three logical variables: True, False, and Uncommifted &
lanW@ces.clemson.edu). ; i ; ; i

Publisher Item Identifier S 0018-9520(01)06816-6. Iog!cal representatlon.of uncertainty). However,. in many appll|

cations, users would like an output representation that contains

1The singular & plural of an acronym are always spelled the same. more information about the structure of the uncertainty.

0018-9529/01$10.00 © 2001 IEEE



4 IEEE TRANSACTIONS ON RELIABILITY, VOL. 50, NO. 1, MARCH 2001

Another approach to dealing with uncertainty that has be@put space in reasonable times, so the results are safe, meaning
popular recently is that of fuzzy logic. Accordingly, several authat it is guaranteed that the results from the worst case scenario
thors [10], [24], [27], [28] have advocated ‘fuzzifying’ FT inputare included in the output histograms. This is a clear advantage
data. For example, the idea of fuzzy data has been appliecbt@r methods based on partial simulation of the input data space
robot reliability in [32], where each input was treated as a rangeg, Monte Carlo), which cannot guarantee generation of the
(essentially the range of 'unit possibility’ of a fuzzy membershigorst case without complete simulation of all possibilities, as
function reflecting the uncertainty of the input data), resulting igpposed to all intervals (appreciably less computation) in our
a corresponding range for the output reliability estimate. HoWethod.
ever, as shown in [16], this approach can lead to extremely conthe interval approach in this paper is based on the approach
servative results, and can result in loss of uncertainty in SOME[5]. However, the version in [5] is valid only for integer

caées, as ex_p:a|_nEd in Section II. ; values, and the reliability application requires real numbers.
ommercial risk assessment computer programs performife 5jgorithm was modified to allow consideration of real

uncertainty analysis are usually based on Monte Carlo SiMyi;mpers in [8], in which the structure of estimates from the

lation [21], [25]. This method collects stati.stical results fro”fhzzy and interval approaches were compared for the robot
the processing of random samples of the input data space.gf3jication for the first time. The case of loss of uncertainty

mathematical basis establishes essentially that (after a typig hg the fuzzy approach, and the inherent ability of the
implementation), if well-characterized inpsthormal distribu- jnterval approach to avoid this problem was discussed in [7].
tipns are considered ard output values are obtained from thg—|0wever, the interval estimates in [7], [8] are obtained in
simulation of/V input vectors of random samples (output meayte-force’ fashion, requiring extensive computation, and in
f and standard deviation), it can be assumed that the reaome cases forcing restricted analysis of the problem. This
output mean is inside the range — 3, 1 + 3o] with a proba-  paper introduces a new generalized and fully parameterized
bility 0.997, with an error given bgo /+/N. This error tends to yersion of the method, which allows more complete analysis.
0 as/ increases. However, when considering uncertainty ang distinctive feature is the new set of grid models that allow
ysis, input distributions are not really known, so they must hgyproved efficiency of the computation process.
approximated with known distributions or described in terms |n Section II, an illustrative example of a 3-joint robot with
of histograms to obtain estimates of the statistical parametgggundant sensors is presented and evaluated in terms of some
of the outputs. In general, the accuracy of these estimates &rrent approaches (fuzzy, Monte Carlo). Then, the generalized
proves with the number of simulated samples. But this is onjijterval method is formally introduced. Results are obtained
an approximate relationship, because the increase is not strigpwing that the interval method improves the accuracy (mea-
monotonic, and it is not known how many samples are requirgdred in terms of (1) in Section IV) of the reliability estimates
for a given accuracy. In Monte Carlo simulation, this problen robot FT analyzes over those in [32], avoiding the loss of un-
is particularly important when input distributions are very difcertainty detected when considering the aging of the systgm (
ferent froms -normal distributions €.g, multimodal distribu- time-varying reliability). This conclusion (discussed further in
tions that have several peaks), and when large input spacesSgétion 1) was predicted in [7] using thare evenapproxima-
considered. In these situations, estimates based on Monte Cada Pr{A U B} = Pr{A} + Pr{B} when computing the FT,
methods should be interpreted carefully. Another problem ahd it is confirmed here with results obtained from the exact FT
this approach is that it is not guaranteed that the worst case sggmputation accompanied with detailed statistics of the process.
nario (eg inputs causing the maximum FrPr of the top evenfyis also shown that the interval method not only appreciably im-
is actually simulated. Therefore, this method cannot be useddi@ves the efficiency of algorithms based on exhaustive simula-
obtain bounds on the output probabilities. tion of the input space [16], but constitutes a feasible alternative

Over the past few years, there has been increasing intetestlonte Carlo simulation in terms of computation times, with
and activity in the theory and application of Interval Arithmetithe advantage of providing guaranteed bounds for the results.
and Interval Computation [1], [17]-[19]. These techniques arose
from the need to deal with uncertaingg manipulate imprecise
data, keep track of round-off error). They have been used in nu- II. ILLUSTRATIVE EXAMPLE
merous applications recently [2], [23] and constitute the formal _
basis of the uncertainty propagation approach in this paper. Assumptions:

We are thus motivated herein to represent input data in termsl) The rare-event approximatioBr{4 U B} = Pr{A} +
of intervals. The standardterval data type is extended with a Pr{B}, is accurate.
'mass’ so intervals can be used to represent 'densities’ in the2) All failure events are mutuallg-independent.
form of histograms [3], [4]. Note that closed form densities or This approach uses the example of a planar robot manipu-
distributions are not required, and the data can come from stéator, in Fig. 1. This type of robot structure is analogous to the
dard reliability data. The method is based on formal intervalpper arm—forearm — hand’ structure of the human arm, when
computations [1], [17], [23] and represents histograms by usingerated in the plane. The rigid links are connected by 3 ro-
predefined interval models calleptids which allow control of tational joints, each driven by its own electric motor. Positional
the tradeoff between the accuracy of the results and the cdi@edback is obtained by using dual (redundant) optical encoders
plexity of the computation. One major advantage of this intervat each joint. This arrangement is fairly typical for robot manip-
approach is that itis often possible to simulate the whole intervdhtor subassemblies in remote environments [32].
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Joint 3 Actuator M3 1
oint3 (3 Sensors S3A, S3B

Joint 2 ‘, Actuator M2
Sensors S2A, S2B

u v w X
Actuator M1
Sensors S1A. S1B Fig. 3. Representation of input data as fuzzy possibility.

(0.000739 2, 0.00203, 0.04158, 0.109 032) so that 90% of the
cases are represented under the ’'possibility distribution’. For
a typical optical encoder, a corresponding representation of
(0.001 24,0.00341,0.0698,0.184) is reported in [32].

These 'fuzzy estimates’ can be summed and multiplied using
the rules [28]:

Addition: (1, v, w, ) new

Fig. 1. 3-joint planar robot with redundant sensors.

= (Ul + u2,v1 + V2, w1 +we, 1 +$2);
Multiplication: (w, v, w, &) pew

= (ul tU2,V1 - U2, W1 - W2, X1 '352)%
where the input distributions are{w;,v;,w;,z;) and
(U/Q, V2, W2, 'TQ)'
. . ... . . The use of these rules allow the combination of such fuzzy
The task is to position the end-effector arbitrarily in |tse timates through the usual FT logic gates, (AND, @R)
|torllan.ar_ \{vorlt<hs paci. tS|hnce this dcar:j b et 3ch|eved fV\f”th :ny ZIﬁiile preserving the essential fuzzy structure (these estimates
€ joints, the robot has a redundant degree ot reedom. tpf, o 4re computed pairwise from the corners of the input trape-
this robot, failure therefore occurs when any 2 of the Jo'n%ids). That method, which we term the *fuzzy approach’, was

are rendered immobile (joints are considered locked by bra Sod in [32] to evaluate the effects of uncertainty on the reli-

upon failure—the issue of failures in the brakes themselvesalfgility of the encoders & motors on the overall robot. Eor ex-

beyond the scope of this example). In tumn, each joint fails émple, given the numerical distributions for electric motor and

e't_?ﬁ.r |t|s ”.‘0“” f%'ls‘ or .?Oth of :jts:nc:todelr:sTf?|l. the robot [32 ptical encoders given in this section, and considering the event
ISlogic can be easily eéncoded Into a or the robot | , joint .J; fails’, its probability iss; 4 - s; g + m; (using as-

with top event ‘failure of the robot’, as in Fig. 2. This example umption #1). Therefore, since input probabilities aresfen-

I'r:St mt_rod;zced 'r? [32t]r’1 comparef 8; contrast?_our,liesults Wit ependent events (assumption #2), the output trapezoiff for
Otie ”:h[ ]f’. w derel efcor:ﬁep ObDL‘?lF;?‘ga 'fng br rtran?eI?:E(u,v,x,w) = (0.0007407, 0.002 04, 0.046 45, 0.142 89).
(rather than fixed values for the probabilities of subsys em 1al- This result reflects the uncertainty in the output, beyond

Fig. 2. FT for 3-joint planar robot with redundant sensors.

e obtained via a quantitative FT analysis [32]. However,
'fuzzy’ operations used to generate this fuzzy trapezoid
broduce a very conservative estimate. Furthermore, such fuzzy
manipulations have a severe limitation that was not unveiled
; ; .. until input probabilities varying with time (taking into account
0and 1. Thus the set, v, w, z) uniquely describes each dIStrI'the aging of the system) were considered. This case is reported

bution. . L .
. L , . , .in [16] where it is shown that the fuzzy approach in [28], [32]
The idea of using intervals, or ‘fuzzy probability ranges’, End outlined here led to erroneous reliability range estimates

the possibility of the input FrPr, as shown in Fig. 3. Note tha;
this FrPr has a possibility of 1 far < p < w. Betweern and
v, and betweem andz, the possibility varies linearly between

appealing since this often fits the available data. For examp $ero width. As defined here. this means complete loss of
existing reliability data for electric motors (typically use ncertainty! '

in robot manipulators) across a wide range of apphcatlons':Orthis robot example, consider the evéhtExactly 1 joint

reports an overall FrPr of 0.009 24, together with informa- : . :
tion that 68% of cases will be between 0.22 and 4.5 timq‘e%”S' From Fig. 2 (u‘smg‘; assumpbtlonb#Z),‘ ‘ o
this value, and 90% of cases will be between 0.08 and 1.8FPT{f'} =3 (j1 - j2-Jjs) — 2 (j1 - J2 +J1 - Js +J2 - ja)

of it [32]. Thus, for this case(u,v,w,z) are estimated as + J1 + J2 + J3;
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J: = probability of failure of jointi,« = 1,2, 3, which are com- While LHS reduces the number of samples, they are much
puted here as (no rare-event approximation), harder to compute, and, in the words used in [22], [33],
LHS becomes particularly useful only when arceedingly
sparseN-dimensional space must be sampledAét points.
Consider the fuzzy approach of [28], [32] and the failur€onsequently, both methods are regarded as time consuming
rates specified for this example for the time-varying casghen many samples must be generated, as in the example in
(using the exponential distribution for component failuréhis paper. In addition, there is no guarantee that the selected
probability, p(#) = 1 — exp(—At), A = the failure rates in the samples include the worst-case scenario, thus no safe output
distributions[29]. Then at time= 18.55, v = w = 0.112 (cor- bounds can be derived from these methods (bounds can be
responding to Fig. 3). Thus the trapezoid becomes a triangle gstimated from the largest simulated results, but without any
equivalently, the ’possibility range’ betweerandw vanishes! guarantee to be correct).
This exposes a serious limitation with the fuzzy approach, in Section lll reviews & discusses an alternative approach using
which the uncertainty present in the physical situation is nditerval methods; this approach avoids the problems detected in
reflected in the calculation. Clearly a more accurate approaéte fuzzy method while providing guaranteed output bounds, as
is called for. opposed to MCS and LHS. Although LHS might resemble the
This loss of measure of the uncertainty is due to the way th#erval method, itis quite different because the interval method
ranges are combined in the fuzzy addition and multiplicatiois based on a different computation model with different data
Only the endpoints of the ranges are combined, and then objipes Viz, intervals).
in a pairwise fashion. However, best & worst case conditions at

Si,A S, BT My — S;.AS;,B " My.

the endpoints (the shape of a trapezoid) are only preserved if ll. A NOVEL INTERVAL APPROACH
s-coherent systems are considered The proposed new approach builds on our initial work [8], in
OPr{p;}j=1. . which the input data are reformulated in terms of an estimate of

N >0, foralli=1,...,N

the probability densities of the inputs in terms of histograms [3],
[4]. From these histograms we compute the probability density

Wh%reglr.;{_pj}js?l ----- N Edt[,he system p(}lr(t)bablhty;;]z thf 'ntht of the event of interest, (top event of the ETg). For example,
probabilities. Sincg andy; correspond to noncoherent sys €M3or the electric motor data in Section I, an input distribution

the fuzzy approach can provide erroneous estimates, depean]gtogram) is constructed as follows:
on the input dategg data after the aging process. )

The proposed solution [16] to this problem was brute-force m =(0,0.000739) : 0.05
exhaustive sampling of combinations of points within the m =(0.0007390.00203) : 0.11
ranges. However, this was noted to be computationally ineffi- m =(0.00203,0.009 24) : 0.34
cient (in our example, 9 input independent input probabilities, m =(0.00924,0.04158) : 0.34
described with 5 fractional digits yield an input spacel6t® ' T e
possible combinations of input values); in any case, it left m =(0.04158,0.10903) : 0.11
unclear how fine the sampling had to be to be effective. m =(0.10903,1) : 0.05.

Methods based on Monte Carlo simulation can be consideredrhusm (representing the FrPr of an actuafif;) has 0.05
for evaluating the FT of the example in this section. In this casg$ its probability mass between 0 and 0.000 78, Fig. 4 is a
a transformation of the available numeric data into well-chagiot of the corresponding histogram. Only the range [0,0.15] is
acterized distributions or into histograms (as explained in Sefcluded, in order to allow a more detailed representation. Note
tion I11) is first required. The histogram representation is prehat in this type of distribution, in contrast to the fuzzy trapezoid,
ferred here due to the uncertainty implied in the available datgl the probability mass is included under the distribution. These

As for the sampling of the huge input space in the previous pafistograms are described in terms of intervals which are defined
graph, two major choices are provided in existing risk-assesss:

ment packages such as [13], [25]: MCS and LHS. For MCS, Definition: An interval[a, b]/p is the set ofV = (b—a— 1)
random numbers, usually uniformly distributed, are generatgflegers: that verifya < = < b with an associated probability
and then transformed to the histogram distribution. For large

input spaces, MCS is often time consuming due to the many|_et » be uniformly distributed ifia, 5], so that the probability
samples typically required [33], because distributions obtaingglany = [a,b] can be computed as/N. The interval defi-
from simulating a very small fraction of the input space cafition #1 is based on integer numbers; thus some preprocessing

Jp;

hardly be trusted [14]. and postprocessing are required for its application to the relia-
LHS was developed to reduce the number of such samplgifity problem where the data are based on rational numbers. In
[25], [33]. LHS: particular, the range [0,1] is partitioned infd steps of equal
« divides the range of each of theinput variables inta:  size represented by a number (midpoint) and a probability (ob-
nonoverlapping intervals, tained from the original distribution). Then, the [0,1] range is
 randomly selects values (one value from each interval)scaled into the rang®, M — 1] and mapped to an integer dis-
for each of thet variables, tribution in the same range, where each integéas the prob-

« combines them randomly inte &-tuples which are used ability of the subrangén — 0.5,n + 0.5] in the scaled distri-
as input vectors. bution. It should be noted that the scaling might require some
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0.0008 ' ' ' ' ' ' ] analytic grids are mainly considered. They are characterized by
0.0007 | 4 piarg/rssters.
0.0006 | « granularity(g),
= 0.0005 [__ 1 * center of symmetryc),
A, 0.0004 1 « focus(f).
0.0003 | The type determines the analytic expression of the grid. The
granularity represents the size of its intervals. The grid is sym-
0.0002 1 metric with respect t@. The focus reduces the number of in-
0.0001 —‘ 1 tervals of the grid to a finite number nearthis parameter is
0 . i , . . . . a distinctive feature from previous versions of grid models [5],

[6]. It reduces the complexity of the computation by limiting the
region of the numeric space which is analyzed in detail.
Two types of regular grids are considered:
« linear grids (formed by intervals of equal size),
e geometric grids (formed by intervals with exponentially
increasing sizes as they depart from the center of sym-

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
m

Fig. 4. FrPr of the Motor.

additional operations (multiplication or division by/) when metry).
computing the FT algorithm in order to maintain the original be-

. - : . Definition: Alinear grid is a set of adjacent intervdl4, B],
havior. The value oM is important in the computation, because . ‘ - . L
it determines the numeric accuracy. In genetalis selected ac- each of them uniquely identified by integeythat verify one of

cording to the maximum precision provided in the input data stge identities:

that no information is lost in the scaling process. For example, ([Fo0,ctyg 1( S+l . n<—f .
if the input data are provided withe fractional digits, a value [c+g- ”1+ Cl+9 (n+ 1)), —f_< 711 < -1,
M = 10™ is used for the scaling. [c—g+1c—1], n=—-4
T , . AA, [c, ], n =0,
The most distinctive feature of the interval approach is that [c+1ctg-1], "1
it is heavily based on predefined interval models called grids, o+ (ng Dot gn_1 > n, -
to represent the histograms through the computation [6]. Grids [c+§ (1) 0], 9 ) V2 ,

allow selecting the size of the data ranges (granularity) at the op-
eration level, thus providing a mechanism to control the tradeg
between accuracy and computation-time. In general, the co
plexity of an interval-based computation is determined by tff1€ of the following identities:

sDefinition: A geometric grid is a set of adjacent intervals
ifA: B], each of them uniquely identified by integerthat verify

size of the interval input space and by the process of collecting [ 0, c— gt~ 1)] , n<—f,
the result of each runin a global output histogram. If unbounded [c—g™™+1,c— g—(n+1)] . —f <n0,
interval models are used, then exact collection of results tends[A’ Bl =< [e,d], n=0,

to increase the number of bars of the output histogram (merging [c +g D cq g — 1] , f>n>0,
2 intervals with nonempty intersection produces 3 output inter- [c+ gD, ], n> f.

vals) and the collection time easily becomes prohibitive. Thus

bounded interval models based on grids are used. Grids are li
of disjoint adjacent intervals covering the whole numeric range
of interest. In this situation, the collection process is govern%
by 2 rules:

Uggg & f are positive integers.

If the focus feature is not used, the expressions in definitions
& #3 revert to those in [5]f — oo) in those expressions). It

should be noted that the ability to set the center of symmetry to
any point of the range is particularly important in the geometric

Mergerule: All interval results occurring inside the sameyrid, because the center is the point where the model is most

interval of the grid are represented as a single interval wilgcurate.
probabilities added.

Once the input distributions have been transformed to integer

Splitrule: Any interval result spanning several intervals ofanges and represented in terms of a predefined grid, the com-

the grid is partitioned into as many intervals with proporpytation method is adapted from [3] as:
tional probabilities before being merged in the output his- 1) Consider the input spacé, x -

togram.

Several types of grids can be defined to control, not only the 2) For each vectox. ..
collection process, but the size of the interval input spage (
grids are also applied to the input histograms).

Of course, the user can decide what histogram bars should be
used to represent inputs and outputs [3]; in this case we use the
term, custom grids. They are tedious to define and, to be effec-
tive, usually require some previous knowledge about the shape
of the (output) distributions. In our interval approach, regular

describing input:

the split and merge rules.

- X Ny; N; is the set of
intervals describing the h|stogram of input

aig,bi5)/pigs -
spaceja, ;. b; ;]/p: ; represents barj#of the histogram

.) of the input

a) Compute its probabilit = []/_, pi ;-

b) Execute the operations using interval arithmetic.
¢) AssignP to each resulting interval.

d) Collectthe results in output histograms by applying
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Standard definitions of operations between intervals are us 0.0004
for the computation [17], [23]. For positive intervals: )
0.00035
[1, 1] + [22,92] =[z1 + 22,31 + 2 0.0003
[£1, 1] = [2, 2] =[z1 — Y2, 1 — 2] =  0.00025
[z1,91] - [T2, y2] =[x1 - 22,91 - Yo A 0.0002
[z1,0] _ [ﬂ g} 0.00015
[z2,02] w2’ m 0.0001
Itis clear that assuming uniform distributions in the output inter 5e-05
vals is an approximation that should be considered in the ani 0 ) i s
ysis of the estimates. 0 0.05 0.1 0.15 0.2
Because the interval method computes the FT for all possik j

input interval combinations, it produces a much more complete
estimate of the output distribution than the methods in [28], [32fig- 5. Joint probability of failure (no grid).
where only the trapezoid corners are considered and in a pair-

wise fashion. In fact, noncoherent systems can now be eval 0.0004
ated, because interval computations guarantee that the inter 0.00035
result of an operation contains all the results that can be obtain )

when operating values from the input intervals. Therefore, eve 0.0003
though best and worst conditions might not be represented o~ 0.00025
the interval endpoints, they are included in the histogram disti~ 0.0002

bution collecting all the interval results, and the interval metho 0.00015

can be used to obtain bounds for the output probabilities. If sut 0.0001

bounds are the only result of interest, then the computation ¢ )

be simplified to perform the Skelboe algorithm. This algorithrr 5e-05 .

is based on the cyclic bisection of only the input intervals prc 0 '

viding the largest output probabilities. Cyclic bisection provide: 0 0.05 0.1 0.15 0.2
tighter bounds on each iteration, thus there is no limitation o j

the accuracy that can be obtained. (For a detailed explanation _ 3 _ o _

see [17]). Fig. 6. Joint probability of failure (geometric input and output grids).

Guaranteed bounds are a clear advantage of the interval ) )
method over Monte Carlo simulation and the method in [16]. Where each computation takes as input the output of the pre-

remains to be seen how they compare in terms of computatlJRUS computation. The original 9 inputs are reduced to 2, 2, 3,
time. Our experiments show that, in general, interval comp[SPectively for each subtree. If subtrees are not siriglepen-
tations do not add appreciable complexity. In fact, in severdgnt, Some oversize will appear in the interval results, but they
experiments the overhead caused by the collection prociéd still be guaranteed bounds of the distribution.

when using intervals can be comparable to the overhead caused

by random sample generation in Monte Carlo (except when IV. RESULTSUSING INTERVAL METHODS

very detailed output grids are used). Thus, in this situation, The results of the interval method presented here are applied
each interval run of the FT takes approximately twice thg the robot example in Section Il. No rare event approximation
computation as each Monte Carlo run. is applied, as opposed to some initial results in [7]. The dis-
The interval approach is particularly interesting for comyibutions obtained show much greater detail, and thus provide
puting large input spaces dominated by large input rargesappreciably more information, than previous estimation results.
many digits in the input probability values. However, they |n a first set of experiments, the impact of using different
are less effective when input spaces are dominated by mayiyes of grids during the estimation process is analyzed through
inputs. This is also a difficulty for Monte Carlo methods. Thenhe distribution obtained faE, the event 'jointJ; fails’. Fig. 5
reference manual of [25] suggests considersgprrelation represents the distribution obtained when using standard inter-
classes: sets of inputs with identical distributions which shaygls (no grid). Fig. 6 uses geometric grids (grain 2, center 0, no
the same sample in each run (heuristic). Another approaedus) for both the input representation and the collection of re-
suggested in [5] is to partition the FT inwindependent (or sults. Fig. 7 uses the same geometric input grid but the results are
quasi s-independent ) subtrees with fewer inputs which argollected through a linear grid (grain 100, center 0, no focus).
computed separately. For example, the FT of Section Il can @gid parameters take into account that the input distributions are
obtained from the independent computation of the probabilitiegaled to a rangf®, 10°] (probability values given with 5 frac-

of events tional digits). The output distributions are represented only in
* dual senso(S; 4,5; g) fails, the range [0,0.2].
* joint J; fails, Table | compares some parameters of interest obtained from

« robot arm fails, the simulations, including:
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TABLE |
STATISTICS FROM THE SIMULATIONS FOR EVENT: JOINT J; FAILS’
Input Output Interval Output Output Prob. Time
grid grid operations intervals range in [0,1] (ms)
none none 380 541 [-0.70695, 1.97994] 0.999453 | 1170
geo(2,0,-) geo(2,0,-) 1024 404 [0,1.57053 0.999746 330
geo(2,0,-) 1in(100,0,-) 1024 1958 [0,1.57053 0.999746 | 2280
geo(2,0,-)  1in(100,0,0.2) 1024 487 (0,1.57053 0.999746 390
' ' ' 0.003 | ' ' ' ' '
0.0004 ] L
0.00035 0.0025 :
0.0003
0.002
— 0.00025
= =
A~ 0.0002 = 00015} | —
0.00015 0.001
0.0001 '
5e-05 0.0005
0 : : I
0 0.05 0.1 0.15 0.2 0 ' ' : : :

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014
r

j

Fig. 7. Joint probability of failure (geometric input grid; linear output grid). Fig. 8. Output distribution (probability estimate) of event 'robot-arm fails’.

1) the number of interval operations, little impact of the data dependencies on the accuracy of the in-
of the memory requirements, while memory requirements remain low. A combination of a

3) the output ranges which, in general, exceed the [0,ggometric input grid with a linear output grid (Fig. 7) maintains
range, due to the oversize implied by the interval conibe computational complexity while providing greater detail in

putations, the results. Naturally, this implies an increase in the computa-
4) the probability mass inside the [0,1] range, tion time due to the collection process which is mainly a func-
5) the simulation time. tion of the granularity of the grid. Therefore it can be adjusted,

dr-f\pending on the complexity of the computation, as opposed to

Table I also includes results when a focus value is used to limit™ . ) . . T
. . ) rf\‘.e simulations without grids where no control mechanism is
the linear output grid to the range [0,0.2], thus reducing the Coa\_/ailable

lection time. The interval com ions ar rformed in the in- o .
ection time. The interval computations are performed in the The eventR, 'robot arm fails’ is analyzed in a second set of

_teger domain b_y scaling the [O.’l] range f0210°] range. Since experiments. This is more complex; the FrPr is
interval operations only provide bounds for the output rang€es

with an accuracy determined by the data dependencies involved, = = j1-j2 +j1 - Js +J2 - ja — 2- (J1 + j2 + Ja)s
it is possible that some results can fall outside[th&0°] range, j; = failure-probability of joint.J; in Fig. 6. The results using

thus leading to parameter #4 above. (Times should be taken 9fl\, metric input and output grids with grain 2 and center 0 are

as relative measurements, because performance is not optimiggély g Results with other grid combinations have similar fea-

in the current software implementation of the approach).  y,res. The number of operations is 61440 and the probability
Considering a simulation strategy based on individual samass outside the [0,1] range still remains very low (0.999 857).

ples (Monte Carlo), the size of the input spac8 isl0” input  The simulation time is 24 590 msec.

vectors that would requiré5 - 10° operations for exhaustive |, this set of experiments, the interval-based results are com-

computation. This number is greatly reduced in all intervalsared to exact results (in the integer domain) obtained from ex-

based simulations, thus proving their efficiency. When no grigg,ystive computation of all individual integer inputs in order to

are considered (Fig. 5) a great level of detail can be obtainggajyate the error introduced in the interval results. Exhaustive

However, merging individua_l resul_ts in_the output histogram ir]:‘omputation has been possible by using scaling fac¥delow
creases substantially the simulation time, even for this simplgs (probabilities with up to three fractional digits) and consid-
case (more complex simulations show that this time quickly bgring that all sensors and all motors behave identically (other-

comes too large). In addition, because the number of input if}ise the size of the input space would have been too large). The
tervals used for the computation is determined by the availallg oy ¢ is:

data, the oversize of the output range is much greater than when
using grids that enforce more input intervals; although in all &= Z [Piex _piyint|;
cases the probability mass outside [0,1] is very small, showing vi 2piex
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V. APPLICABILITY AND FUTURE WORK

The interval-based reliability-estimation algorithm intro-
duced in this paper has been illustrated using examples from
robotics. We anticipate that the robotics arena, in which dealing
with uncertain input data has proved a major obstacle in
guantitative reliability estimation [32], is one area in which the
method introduced here is likely to be particularly applicable.
However, the interval approach to reliability estimation pre-
sented here applies to any system modeled by FT with input
uncertainty represented by intervals. The ability of the approach
to include formally the effects of the uncertainty in the input
data in the output reliability estimate make the method very
appealing across a range of applications. Our ongoing work
focuses on the effects of different scalings & representations of

Fig.9. Output distribution (probability estimate) of event 'exactly 1 joint failsthe interval data on the output distributions.

at time 18.55.

& = the fraction of the exact output distribution,ex, p; int =
probabilities of bar # of the exact and interval-based output [1]
histograms, both represented in terms of the interval grid, the
factor 2 accounts for the fact that each misplaced results cause%]
a difference in the distributions of twice its probability. An error [3]
below 7% has been obtained in all comparisons, while computa-
tion times have been reduced as much as 4 orders of magnitud[g]
when using geometric grids. [8] also shows that, if computa-
tion times are fixed, then interval results provide smafl¢han
methods based on random sampling like Monte Caelathey

are faster in getting closer to the true distributions. This is be-
cause the interval input vectors can be sorted so the that combi®l
nations with higher probabilities are computed first. In general, |7,
this is not feasible if individual numeric samples are selected.

The last set of simulations investigates the effect of agingg
input probabilities on system reliability. In particular, we are in-
terested in the results provided by the interval approach Wherﬁg]
the fuzzy approach breaks down. Fig. 9 shows the output dis-
tribution for event?' provided by the interval method using a [10]
linear input grid with grain 3000 and a linear output grid with
grain 100. In this case, the joint failure probabilities used in[ll]
the computation are previously obtained also using input and
output linear grids. This provides much more detail at the cost of
higher requirements in memory and computation-times. In parI—lz]
ticular, the simulation providing the distribution in Fig. 9 com-
putes 589560 interval operations in 1,600 seconds (including?3!
input generation and output collection times). The probability[14
mass outside [0,1] still remains very low: 0.986 358. This result
confirms that the fuzzy method, which shows a loss of uncer-
tainty and peak at 0.112 for this example as explained in Se({%s]
tion I, underestimates the true result.

In summary, these examples confirm that the interval methodd6l
in this paper result in more accurate & detailed estimates than
with the fuzzy approach, and also produce consistent & meant7]
ingful results where the fuzzy method does not (loss of uncer—lg]
tainty). Also, by the appropriate use of grids, tradeoffs betweeri g
accuracy and computational-complexity can be easily manageftp]
as demonstrated in the examples. This allows comparable per-
formance to Monte Carlo methods with the advantage that guay,,;
anteed distribution bounds are provided.

(3]
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