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Parametric Modeling and Estimation of
Acoustic Sediment Properties Using
a System Identification Approach

Zobeida Cisneros, Luc Peirlinckx, and Leo Pierre Van Biesen

Abstraci— The acoustic properties of marine sediments are
measured to obtain am acoustic signature of their mechanical
characteristics. The proposed 1-D wave propagation model ac-
counts for absorption and dispersion. Use is made of an inverse
procedure based on a maximum likelihood estimator for obtain-
ing a parametric identification of the sediments. Measurements
are performed in the laboratory, in reflection and transmission
modes, on prepared samples of natural sediments, at normal
incidence, and using a controlled measurement environment in
the frequency range of 300 to 700 kHz. The model validation
is performed for a water layer, an ideal medium with little
absorption and dispersion, and for a silty-clay layer. A compar-
ison between the estimated and measured amplitude and phase
characteristics for these two media indicates that the parametric
identification of the silty-clay is successful. For both media,
comparable differences, of 0.3 dB maximum for the amplitude
and three degrees for the phase, are observed.

1. INTRODUCTION

HOUGH THE study of marine sediments and their func-
tional relation with acoustic properties has been carried
out since the 1950’s [1]-[6], it is not yet possible to fully
accomplish the identification of the sediment’s characteristics
through remote acoustic measurements, especially for those
frequently changing facies in an estuarine site. We will focus
on this problem using a system identification approach and
proposing a model that considers the losses due to absorption
and dispersion along the propagation of the wave through
the sediment. This is carried out by means of a rational
form model, which proved successful for describing absorption
and dispersion on quasi-linear homogeneous isotropic visco-
elastic composites [7]. Although marine sediments do not fully
fulfil the same constraints as the composites, it is known
that their mechanical behavior falls within the domain of
viscous, elastic, or a combination of both responses to applied
stresses of various characteristics. Moreover, Bjgrng [8] shows
that the high absorption at sand-silt saturated sediments when
using a high-intensity sound source masks out the nonlinearity
expected for these assemblages.
We study the nonconsolidated sediments that constitute the
_top most layers of the marine sedimentary record (1 m of
bottom depth). Briefly stated, marine sediments can be differ-
entiated on the basis of their main grain size component(s),
e.g., medium sands or silty sands, well or poorly sorted
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sands. But their mechanical response, not always explained
by this sole characteristic, strongly depends on the geo-
dynamic setup of the site. Sediments may be deposited after
a short residence time in the water column, or reworked
and resettled, and consequently their rigidity, porosity, and
permeability are accordingly established. They may have also
undergone a release of overburden hydrostatic pressure by the
new equilibrium set following an erosion event. Interestingly,
they may or may not belong to the actual environment, since
sea transgressions and regressions accompanied by deposition
and erosion are the building agents of the recent upper
sedimentary layers. Generally, fine grained sediments (muds)
are expected to have high viscosity and plasticity and to act as
a homogenous and isotropic medium. Nevertheless, particular
mechanical properties may be caused by the presence of
flocks and aggregates. The latter are frequently present in
estuarine environments and may be preserved even at depths
of several meters (see [9] and [10]). Sands, on the other
hand, have no cohesion and are highly permeable, especially
if they are coarse and well sorted. To show acoustically that
the difference is marked, data of the work by Saclantcen
[11] are used to build Fig. 1, where the distinct relations of
impedance—calculated as p x Vp—versus density at muds and
sands is depicted. Density (p) and the compressional velocity
Vp (Vp measured at 400 kHz) are parameters measured
on cores of the Adriatic Sea, with Vp corrected for field
conditions. The correlation coefficients B2 = 96% and 99%
for two muds deposited in different environments indicate that
the density reveals a good marker of the acoustic response
and supports the assumption that they can be modeled as
a homogeneous, one-phase element. Stoll, Hampton [4], [5],
[12], and others have observed this same behavior over a wider
range of frequencies. The less satisfactory correlation observed
for the sand data, nevertheless, indicates that the bulk density
solely does not control the acoustic response and suggests that
the assumption of isotropy and homogeneity of a one-phase
medium used for our modeling may not be realistic.

The example in Fig. 1 shows a slightly different trend of
impedance for each of the mud samples. If high accuracy is
needed, e.g., to differentiate the hemipelagic and the Holocene
mud of the Adriatic Sea, it is important that a particular
set of data is gathered for one and the other environment.
Generalizing the results to any other silty-clay that may
have undergone different history of deposition, or may have
changed its internal structure due to chemical or biological
agents would be of small use. Certain laboratory procedures
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Fig. 1. Comparison of the impedance as a function of density for mud (a) and

sand (b). Graphs show the standard error of the impedance: (a) hemipelagic
mud (¢) and Holocene mud (M) and (b) along shore and relict sands (H).
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Fig. 2. Different trends of viscosity for treated and nontreated samples.
Geology Department, Lafayette College, Easton, PA, USA.

may also affect a sample’s response, as, for instance, removal
of the organic matter or lyophillization to bring the sample to
a fully dried powder. Fig. 2 presents the dynamic response
to a shearing stress. The continuous line corresponds to a
silty-clay free of organic matter brought back to a slurry after
being lyophillized. Shear thickening, well known for muds that
preserve their original structure [13], [14], is absent, whereas
it can be observed between 2 and 10 Hz for the nontreated
mud represented by the dashed line.

For our work, a silty-clay (mud) sample and a sand sample
were tested. The silty-clay belongs to the Boom Clay (type
locality in Boom, Belgium), an originally marine deposited
mud that presently lays in continental environment (great part
of it) after regressions of the sea. It was brought to a density
of 1330 kg - m™3 by dilution with demineralized water, had
not been lyophillized, and held its original content of organic
matter. Its granulometric distribution is shown in Fig. 3, where
® stands for the — log, (diameter of the grains in millimeters).
The second sample is sand made of quartz mainly, of very fine
to medium size particles in the range of (74, 351) pm in Tyler
sieve scale. Its organic matter had been removed and it was
saturated with demineralized water up to a density of 2040
kg - m

Next, the identification approach utilized and the discussion
over the estimated parameters will be presented, and finally,
further improvements will be recommended.
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Fig. 3. Grain size distribution of three subsamples of Boom Clay, Royal

Belgian Institute of Natural Sciences, Brussels, Belgium: (a) histogram and
(b) frequency cumulative curve.

II. THE MODELING APPROACH
AND THE EXPERIMENTAL SETUP

In this section, the modeling of the ultrasonic wave propaga-
tion is discussed for a plane parallel multilayer. The ultrasonic
wave propagation in the multilayer is described by means of a
plane wave theory that incorporates the effects of absorption
and dispersion along the layers. Modeling the absorption «; (w)
and dispersion c¢;(w) for the layer (¢) is carried out by a rational
form that has proven valid and advantageous for visco-elastic
composites [7], [15]. The complex wave number K;(w) is

defined as follows:

with the complex velocity

j —Jj-ai(w) (1)

ci(w

1+ 30 api(jw)!
1+ 302 Bria(jw)!

Vi(w) = coi = cg; - Pi(w, ari, Bri)-
()
The column vectors a;; and Br; contain the numerator and
denominator coefficients of the rational form related to layer
()
arp; = oL, - ,BLi,n,Jt
3)
with order N; and D;, respectively. cg; represents the fre-
quency independent phase velocity and P;(w,ar;, () the
function that describes the frequency dependence of the com-
plex velocity at layer (i). The interface reflection and trans-
mission coefficients at the interface between the layers (¢) and
(i + 1) are defined by

ri(w) = Pi(w, i, Bri) = Ziiv1 Pig1(w, @pis1, Brit1)
’ Pi(w, ari, Bri) + Zi i1 Pip1(w, aLi+1,ﬁLi+1)(4

“yarin]t and BLi = [Brig, -

ti(w) = 1+ ri(w). )
The parameter Z; ;1 is defined as the ratio of the real acoustic
impedances Z; and Z;;; of layers (i) and (i + 1)
Zi  pi-coi
Ziy1  Pit1l - Coitl
Note that this is a real parameter, since only the frequency
independent phase velocities as well as the densities p; and

©®
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Fig. 4. The measurement setup for the reflection experiment (monostatic
mode) and the transmission experiment (bistatic mode).

pi+1 are introduced for the layers (2) and (¢+1). The frequency
dependence of the complex acoustic impedance is described
by the function P;(w, ar;, Ori), as defined in (2).

The constituents of the measurement setup for the reflection
and transmission experiments are shown in Fig. 4, together
with their transfer functions for a multilayer of which layers
1 and 5 are water. The experiments are performed with
a pulser—receiver (Panametrics 5055PR) and without repo-
sitioning of the sediment samples under investigation. The
acquisition of the reflection and transmission experiments is
carried out in the monostatic and bistatic mode, respectively.
The position of the broadband transducers (center frequency
of 500 kHz) is not altered when switching from the monostatic
to the bistatic measurement mode.

The characteristics of the emitter H4.(w), the emitting
and receiving transducers Hr;.(w) and Hy.(w), respectively,
with ¢ = 1, 2, as well as the receiving amplifier characteristics
for the reflection and transmission experiments H 4,-{w) and
H 4,(w), respectively, are described in the frequency domain.
The generated pulses Xp,(w) and X,,:(w) (inputs) as well
as the reflected signal Y, (w) and transmitted signal Y,.(w)
(outputs) are digitized. The input and output measurement
errors are represented by the random variables ny, and
ny;, which have a frequency dependent variance 0%, (w) and
0%, (w), respectively, with (i = r,¢).

A calibration experiment is used in order to eliminate
the influence of the system setup in the estimation, one for
transmission and reflection, respectively. This experiment is
performed maintaining the same experimental configuration
and close conditions (temperature, water quality, etc.) as the
ones present during the test on the sediments.

The transfer function describing the calibration in transmis-
sion (bistatic mode) takes the form Hea(w) = Heyge(w) -
H,o(w), where Hyo(w) represents the wave propagation along
the water path (transducerle/water/transducer2r) and Hgyg
(w) describes the response of the measurement setup. Simi-
larly, the transmission experiment on the sample can be mod-
eled by means of the transfer function Hpe(w) = Heyst(w) -
H,(w), where H;(w) describes the wave propagation in the
multilayer.

For measurements in reflection, calibration is not possible
using the propagation along the water path since transducer 1
acts both as emitter and receiver. An alternative is to measure
a plate of Plexiglas placed at a distance d,, from the emitter
(optimally d,, = d1). This choice is made by considering the
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particular measurement setup of our experiments, in which
do and d4 are the widths of the walls of a container built
in Plexiglias that holds the sediments in place. By doing so,
Hyysi(w) is obtained from the calibration experiment, and
similar transfer functions can be generated for the reflection
experiments as the ones describing the transmission case, but
the characteristics of the Plexiglas need to be estimated from
an exftra transmission experiment.

The nonparametric estimates H, 5 (w) and H E(w) of
the transfer functions Hp,:(w) and H,,.(w) are obtained
from input-output measurements (Xr:(w) and Yo, :(w),
see Fig. 4). Combining the nonparametric estimates of the
calibration experiments H_ . (w) and H_} (w) with H%(w)
and H7(w), the calibrated transmission and reflection
coefficients ﬁt(w,Pt) and Hy(w,P,) of the multilayer
become available

M5 (w) = Hy(w,Py) - H2 (w) )]
H2(w) = H (w,Py) - HIE (w). (3)

The separation into numerators and denominators, as required

for the estimator, is carried out as follows:

_Np(w,Py)
D(w,P¢)

N Ny(w,P
and Ht(w7Pt):—‘Dt((%;£)2

&)

ﬁr(w,Pr)

with
Ny(w,Py)= e_j“’“{(rl + roe 20 Kad2)(1 4 pypyem 27 Kada)
+ (riry + e 2E2 Y (g 4 pye 2 Kade) o2 Kads
(10)
and
Ni(w,Py) = titotgtae?™ ¢ iK2dz o= Kads o —jKads (17)
The common denominator is given by

D(w,P.) = (1 + rirge” 2K292) (1 4 ryr =2 Kads)
+ (ry + 1y K2 D) (g pyem2iKads) =21 Ksds
(12)

The numerators N,.(w,P;) and Ny(w,P;) depend on the
vectors Pr = {7,,P.} and Py = {7z, P.}, which contain
the model parameters including the external delays 7. and 3.
The delay 7. introduced for the calibrated reflection coefficient
will differ from zero when the calibration experiment is carried
out at a distance dyy different from di. On the other hand, for
the transmission experiments, 7; is always

_dy+dz+dy
Cow

T (13)
where cow is the dispersionless phase velocity in water.
The absorption and dispersion in water are neglected in the
considered frequency range of 300 to 700 kHz. The arguments
of the exponentials appearing in (10)—(12) are then given by

w wT;
K;d; = d; = ‘
coi Ps(w, ars, Bri) Pi(w,ars, Bri)
with 7=2,3,4. (14)
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Finally, the vector P. contains the set of common model
parameters by introducing the vector Py,; for each layer

P. ={Pr3,Pyr3,Pry} with Pri={7n,7Z 11,00 0L}
(15)

Note that since layer 1 is identical to layer n + 1 = 5
(water), the following relation exists between the parameters
Zi,i+1(i = 17 e ,n):

n

[[Zi+1=1 wih n=4 (16)

i=1

which implies that only n — 1 = 3 of them can be estimated.
However, assuming that the acoustic impedance of water is
known a priori, the acoustic impedances Z; = p;co; of the
other layers can be derived from the estimated parameters
Z; 541

In our particular case, reflection and transmission exper-
iments are treated using a symmetrical Plexiglas structure
(container) constructed with identical Plexiglas plates (dy =
dy = 0.01 m, see Fig. 4). The thickness ds of the third
(sediment) layer equals 0.02 m. Due to the symmetry, the
complex wave numbers are given by

K3 = Koample K2 = K4 = Kplexi amn

resulting in the following relations between the interface
reflection coefficients:

rg=—"r9 T4=-—-T1. (18)
This reduces the common parameter vector P for the reflec-

tion and transmission experiments to

19

P. = {m, 73,74, Z1,2, 12, 812, Z2,3, @13, BL3}-

Note that although ds and dy are expected to be equal, the
delays 79,73, and 74 are estimated, since small differences
in thickness can have an important influence on the phase
characteristic of the reflection and transmission experiments
in the considered frequency range.

III. THE ESTIMATION OF THE MODEL PARAMETERS

The estimation of the model parameters P, and Py is
elaborated using a Maximum Likelihood (ML) approach (re-
flection or transmission data). In [16], the identification of
transfer function models for linear time invariant systems is
treated in an ML sense. A similar approach was followed
for the identification of parametric models for reflection and
transmission experiments performed on a viscoelastic plate [7],
[15].

The ML estimator (MLE) for linear systems constructed
in [16] requires the measured input X;(w) and output Y;(w)
spectra of the system under investigation, as well as knowledge
of the perturbing noise variances. Furthermore, the noise
sources are assumed to be zero mean complex normal dis-
tributed. If the measured spectra of input and output are
obtained using a Discrete Fourier Transform, this assumption
is valid [17]. Although the reflection or transmission models
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defined in (9) are nonlinear with respect to the model param-
eters P, and Py, it can be shown that the basic assumptions
necessary to apply the ML approach are still valid in this
case. A more elaborate analysis of the developed MLE can be
found in [7] and [15].

The nonparametric estimates occurring in (7) and (8) are
obtained from averaging the input-output measurements during
the calibration experiments and the reflection and transmission
experiments, respectively

M yi
H;Lp(w) = exp (% Zlog (%))

with (20)

4 = calr, calt, mr, mt.

Since the generation and acquisition of the signals are not
perfectly synchronized, the measurements are averaged using
the H), technique [18]. During the averaging procedure,
the variances on the nonparametric estimates o%.,(w) are
determined as well. Due to the high signal—to—n]oise ratio
of the input and output spectra (typically 40 dB), the Hg
estimates will still be complex normal distributed, so that the
assumptions on the noise properties are also justified. Taking
into account these considerations, the cost functions C,., C; to
be minimized in ML sense are given by [7], [17]

F
C.(Py) = Z ler(wi, Pp))?  and
1=1

F
Ci(Pe) =Y le(wi, Pe)|? @1
1=1
with
HI (wy) - Hi(wy, Py) — HIE
ei(thi): QCah(wl) }(wh 1) mz(wl)
Ve (@) - [Hilwr, PO + 0 (w1)
with i=rt (22)
and where {w;,l = 1,---,F} denotes the set of angular

frequencies taken into account. The nonparametric estimates
of the inputs and outputs, as well as their variances, are
determined at each spectral line [ as explained before (see
(20)). Finally, H;(w;,P;)(i = r,t) represents the transfer
function models as defined in (9) evaluated at the [-th spectral
line. Equation (21) gives rise to a nonlinear minimization
problem.

The order selection for the rational form modeling the
absorption-dispersion behavior of the sample is based on a
comparison of the value of the cost functions C, and C
obtained from estimations performed with different model
orders. The model order is increased as long as an important
decrease of the cost functions is observed. Furthermore, in
[16], it is shown that when no model errors are present, the

theoretical value of the cost function equals

CZ:F—% with ¢ =r,t (23)
with n,; the number of parameters to be estimated for reflec-
tion and transmission, respectively. By comparing the value of
the cost function obtained during the order selection procedure
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with the theoretical value (23), conclusions can be drawn
concerning the presence of model errors.

The initial parameter values for the thickness of the spec-
imen and density are obtained from basic experiments, while
the dispersionless phase velocity comes from the literature [3].
Initial values for the numerator and denominator coefficients
of the rational transfer function are not available. However,
this problem was solved by starting the estimation only with a
first-order model (N; = 1,D; = 0) or (N; =0,D; = 1), and
selecting a very small parameter value [7]. After minimizing
(21), the model order is gradually increased and the previously
obtained estimation results are used as initial parameter values,
while the newly added coefficient, again, is chosen to be
very small. Since the initial parameter values of the other
parameters are determined within a measurement accuracy of
10%, the minimization does not suffer from the presence of
local minima.

In the next section, the constructed MLE is applied to the
experiments performed on the sediments.

IV. THE EXPERIMENTAL RESULTS AND DISCUSSION

Experiments and discussions following hereafter present
detailed results for the Boom Clay sample. The results of the
sand sample are not widely discussed because no satisfactory
results could be obtained, partly due to limitations of the
current measurement setup. A validation experiment in the
case where the plexi container is filled with water is included.
It illustrates the accuracy of the used plane wave model for
an ideal medium (dispersionless and absorptionless, isotropic,
homogeneous, and linear in the used frequency band of 300
to 700 kHz).

For the example proposed for discussion here, the parame-
ters that characterize the walls of the Plexiglas container are
kept fixed along the estimations of the parameters for the
sediment sample. Other calculations where the delays at the
walls had been estimated along with the sediment parameters
did not contribute to a better model for the sediments.

The parameter vector of one wall of Plexiglas Py, is as-
sumed to characterize the two walls of the Plexiglas container,
that is, Pr2 = Prs = Pp;. Py is obtained from previous
estimations for a Plexiglas plate and for the container filled
with water, both measured in transmission. The results of
these estimations for the Boom Clay are presented in Table I,
together with the ones for Pr,» that are marked “fixed” and that
serve as input data for the estimations, both in transmission and
reflection. The parameters and their uncertainties correspond
to a model (N; = 2, D; = 1) for layers ¢ = 2,3. The model
order (2, 1) was then selected after following the model order
selection as explained in Section III.

It is important to note that errors due to the estimation
of the parameter vector Py are further introduced into the
estimation of the sediment parameters. Nevertheless, these
errors influence the results of the estimations for both the
transmission and reflection experiments in the same manner.,
The specific estimations for reflection, nevertheless, hold un-
certainties that are systematically higher than the ones for
transmission, which indicates that the quality of the estimates
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TABLE I
THE ESTIMATED MODEL PARAMETERS AND THEIR UNCERTAINTY FOR
REFLECTION AND TRANSMISSION DATA FOR THE BooM CLAY SAMPLE

P, P, comment
Tz () -1.9425e-7 _
(0.0005¢-7)
T (5) — 2.68400e-5
(0.00007¢-5)
7, (8) 3.776e-6 377606 fixed
(0.001e-6) (0.001e-6)
zZ, 2.0554 2.0554 fixed
{0.0006) (0.0006)
oy 7.57e-7 7.57e-7 fixed
(0.06e-7) (0.06e-7)
0, 7.8e-16 7.8¢-16 fixed
(0.2¢-16) (0-2e-16)
BZ 1 7.25e-7 7.25e-7 fixed
(0.06e-7) (0.06e-7)
13 (8) 1.412e-5 1.3578e-5
(0.005e-5) (0.0001e-5)
Zy5 0.620 0.6321
(0.002) (0.0005)
o 3.7e-6 5.67¢-7
(0.3e-6) (0.08e-7)
s, 1.5e-14 2.20e-15
’ (0.1e-14) (0.04e-15)
Bs 3.4e6 5.55e-7
(0.2e-6) (0.08e-7)

deduced for the former is less reliable than that for the latter.
The ratios Z; 3 obtained from reflection and transmission
data have comparable magnitude, but further estimates of
a1, 032, P31 differ significantly. Based on the better quality
of the transmission estimates then, these results for an (N3 =
2,D3 = 1) order of the absorption-dispersion model are
discussed next.

Fig. 5 shows the magnitude and phase characteristics of the
measured and estimated transmission coefficients, and of the
magnitude and phase differences for water in place of the
sediment in the plexi container. The results for the Boom
Clay sample are given in Fig. 6. Comparing the magnitude
and phase differences in Fig. 5(c) and (d) with Fig. 6(c) and
(d), it is concluded that the accuracy of both estimates is
comparable. Magnitude differences of 0.3 dB are observed
and the phase differences are within three degrees. Moreover,
the experimental value of the cost function for the Boom Clay
sample, Cy = 7544 (expected value C; = 64), is quite similar
to Cp = 6271 obtained for water. This confirms the validity
of the proposed absorption-dispersion model for a multilayer,
and also that the Boom Clay can be regarded as a linear,
homogeneous, isotropic visco-elastic medium in the frequency
range used. However, it indicates that other loss mechanism
should be considered when a better accuracy is envisaged. In
addition, the absorption and dispersion characteristics of the
Boom Clay sample are depicted in Fig. 7(a) and (b), where it
is apparent that dispersion effects are small in the frequency
range of our experiments.

The (Ny = 2, Do = 1) estimation for one layer of Plexiglas
of 0.02 m (water/Plexiglas/water system where n = 2) results
in a cost function of C; = 1204, which indicates that errors
due to diffraction at a complex multilayer (n = 4) are readily
present. Moreover, shear waves have not been considered.
Nevertheless, it should be noted that the experimental cost
function itself (21) is weighed with respect to the variances of
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Fig. 5. The estimation results in transmission for the plexi container filled
with water. (a) The magnitude of the measured (M) and estimated (-) transfer
function. (b) The phase of the measured (M) and estimated (—) transfer
function. (c) The magnitude difference between the estimated and measured
transfer function (H). (d) The phase difference between the estimated and
measured transfer function (H).

the measurements, which are also experimentally determined,
and therefore can enlarge the cost function value.

In order to illustrate our approach applied to a sediment
with different geo-mechanical characteristics, the sand sample
presented in Section I was examined. However, due to its
high absorption, the signal to noise ratio was too low for
the experiments held in transmission, thus only reflection data
could be used, which readily brings forward errors due to the
calibration procedure followed. Indeed, the estimation results
in a cost function C,. = 28451 for a (N3 = 1, D3 = 1) rational
form, as compared to C, = 16636 for a (N3 = 1,D3 = 1)
model for mud measured in reflection. Selecting higher model
orders did not improve the estimations because uncertainties
on the parameters became too high. Despite the calibration
constraints (and the diffraction effects), the latter comparison
confirms the necessity of using a more elaborate model which
describes other mechanisms of energy losses characteristic of
a two-phase (sediment solid frame and saturating brine) media
as proposed in [4], [5], [19], and {20].

V. CONCLUSION

In this paper, a system identification approach for the
parametric modeling of ultrasonic wave propagation through
marine sediments has been elaborated. Using a validation
experiment, it has been demonstrated that a silty-clay sample
of the characteristics of the Boom Clay can be modeled
by the transfer function developed under the assumption of
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visco-elastic response of a one-phase medium, and considering
absorption and dispersion.

With the encouraging results obtained from the experiments
on the Boom Clay sample, one can propose that the current
approach is useful for identifying muds, namely silty clays
of low density (<1500 kg - m~3) encountered in marine
environments that can be described essentially by a one-phase
medium.

The parametric identification of the sand sample was less
satisfactory due to the fact that the physical mechanism of
acoustic wave propagation in sediments having this granu-
lometric distribution and sorting is more complicated than
proposed.
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If more precise estimations are needed as for a sediment,
the granular and fluid parts of which may respond as a two-
phase medium (e.g., sand, sandy silt, and even muds with
a poor sorting), the model proposed by Biot [19], [20] and
modified by Stoll [4], [S] appears to be a logical alternative
to ameliorate the parametric wave propagation modeling.
Nevertheless, the general framework of the inverse problem
presented here remains valid. It allows the incorporation of
more elaborated models describing the underlying physical
phenomena of acoustic wave propagation in marine sediments
and the incorporation of diffraction corrections.
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