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A Maximum Likelihood Approach for Image
Registration Using Control Point And Intensity
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Abstract—Registration of multidate or multisensor images is an
essential process in many image processing applications including
remote sensing, medical image analysis, and computer vision. Con-
trol point (CP) and intensity are the two basic features used sep-
arately for image registration in the literature. In this paper, an
exact maximum likelihood (EML) registration method, which com-
bines both CP and intensity, is proposed for image alignment. The
EML registration method maximizes the likelihood function based
on CP and intensity to estimate the registration parameters, in-
cluding affine transformation and CP coordinates. The explicit for-
mulas of the Cramer–Rao bound (CRB) are also derived for the
proposed EML and conventional image registration algorithms.
The performances of these image registration techniques are eval-
uated with the CRBs.

Index Terms—Affine transformation, control points (CPs),
Cramer–Rao bound (CRB), image registration, intensity, max-
imum likelihood (ML).

I. INTRODUCTION

REGISTRATION refers to the process of establishing the
geometric transformations between images taken at dif-

ferent times, from different sensors, or from different viewpoints
[1]. There are at least three main applications of image reg-
istration: remote sensing [2], [3]; medical image analysis [4];
and computer vision [5]–[7]. Registration is an important pre-
processing step for fusion of remote-sensing images. In med-
ical imaging, image registration is a vital component for a large
number of applications such as clinical diagnostic, radiotherapy
treatment, and surgery. In computer vision, image registration
is required for motion tracking, object recognition, and shape
reconstruction.

Many image registration algorithms have been proposed
based on different image features and criteria. Intensity and
control points (CPs) are two basic features used for image
registrations in the literature. While intensity is the gray value
of a pixel, CPs are pixel points, such as corners, road inter-
sections, points of locally maximum curvature, and centers
of gravity of close-boundary regions in an image [8]–[10].
Most CP-based methods use a least-squares (LS) criterion to
estimate the registration parameters [11], [12], and the intensity
approach might use the normalized cross-correlation [13],
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LS [14], and maximum likelihood (ML) criteria [15], [16].
The CP and intensity approaches have their own advantages
and disadvantages. The CP approach has a low computation
complexity, but its registration accuracy might be poor. The
intensity approach has a more accurate registration, but it
cannot be applied to some applications such as image-to-map
registration because the intensity information is not available
in the reference map. In addition, the computation load of
the intensity approach is fairly high. Recently, combination
of different registration methods has becoming a promising
approach to improve the performance of image registration.
The landmark registration and intensity registration are used
iteratively to align nonrigid magnetic resonance images [17]. A
hybrid registration method is proposed in [18] that takes advan-
tages of both optical flow-based photometric registration and
landmark-based registration, but due to the lack of a rigorous
measure for the image registrations, it is difficult to assess the
performance of an image registration technique.

In this paper, an exact maximum likelihood (EML) [19]
image registration method is proposed. It uses both CP and
intensity features in a unified framework to compute the regis-
tration parameters. A single cost function is defined based on
both features. When either information is not available or has
a poor measured quality, the EML method can still be used to
align images. When there is no CP, the EML method can be
shown to be equivalent to the intensity-based ML registration
approach. When the intensity information is not available,
the EML method becomes a ML approach for the CP-based
registration. We also show here that when the CP measurement
noise level is high, the ML approach for CP-based registration
is superior to the conventional CP-based LS approach.

To evaluate the performance of an image registration algo-
rithm, we propose to use the Cramer–Rao (CRB) to assess the
theoretical limit of image registration. CRB is widely used in
statistical signal processing to determine the fundamental limit
on estimation accuracy [20]–[22]. Although image registration
is usually considered as a parameter estimation problem, to the
best of our knowledge, such a theoretical limit for image regis-
tration has not yet been developed. In this paper, we derive the
CRBs for the conventional CP and intensity approaches as well
as the proposed EML approach. Based on these bounds, we can
evaluate the effectiveness of using CP and intensity for image
registration, and the efficiency of the estimation techniques in
achieving the registration limit.

This paper is organized as follows. Section II introduces our
proposed unified CP and intensity-based EML image registra-
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Fig. 1. EML image registration method uses both CP and intensity. (a) Reference image. (b) Distorted image. The first corresponding CPs are represented by
the circles and the second corresponding CPs are represented by the squares.

tion model. Section III presents the EML algorithm that es-
timates the registration parameters of the unified model. The
CRBs of the EML method and the conventional CP and inten-
sity approaches are derived in Section IV. Experimental results
are presented in Section V to evaluate the performance of the
proposed EML and to compare with the conventional image reg-
istration methods. Conclusions are given in Section VI.

II. IMAGE REGISTRATION MODEL

To align a distorted image through some affine transforma-
tion to a reference image as shown in Fig. 1, either CP or the
intensity information is usually used in the conventional image
registration approaches. Suppose that the number of CPs is ,
the number of overlapped pixels between the reference and dis-
torted images is , and the measurement noises on the
CPs and on the overlapped pixels are independent white
Gaussian, we can then formulate the image registration as a ML
estimation problem based on both CP and intensity. The mea-
surement models of the CPs and intensity are first introduced
here. Based on these measurement models, we develop a uni-
fied model for image registration.

A. CP Measurement Model

Let and
denote the true coordinates of the th corresponding CPs in the
reference and distorted images, respectively,
where is the total number of CPs. These CPs can be linked
by an affine transformation given by

(1)

where represents the - and -axis translations,
is the affine transformation matrix between the reference and

distorted images and is given by

(2)

where the diagonal elements of are defined as
and so as to simplify the derivation of the recursive
optimization of the EML image registration method. The four
elements of cover any combination of rotation, skewing,
shearing, and scaling between the reference and distorted
images.

Let and
denote the measured coordinates of the

corresponding CPs in the reference and distorted images, re-
spectively, . The CP measurement model can
be expressed as

(3)

where and , 2, 3, 4 are white Gaussian noise with zero
mean and variance .

Equation (3) can be written in matrix form as

(4)
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Fig. 2. First remote-sensing image example. (a) Reference image. (b) and (c) Two distorted images after some affine transformations.

where

, , and represent the vectors for measurements, noise,
and registration parameters, respectively. The covariance matrix
of is equal to , where is the identity matrix.

B. Intensity Measurement Model

Assume that the size of the reference image is .
Let denote the overlapping region of the reference and dis-
torted images, and there are pixels in . Given the coordinate

of a pixel in the reference image,
the coordinate of the corresponding
pixel in the distorted image can be related by

(5)

where , , and and are
the affine transformation parameters to be estimated. Suppose
that the true gray values of pixels and are
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Fig. 3. Evaluation of the registration MSE of the EML algorithm versus the measurement noise deviation for the images in Fig. 2(a) and (b). (a) Translation MSE.
(b) MSE for the affine matrix. N = 200,N = 2500, and � changes from 0.01 to 0.1 subpixel and � changes from 10 to 100.

Fig. 4. Comparison of the CRBs and MSEs of the estimated translations and affine matrix obtained by the EML image registration method and the conventional
CP-based LS method. The MSE is plotted versus the CP measurement noise deviation for the images in Fig. 2(a) and (c). (a) Translation MSE. (b) MSE for the
affine matrix. N = 100,N = 0, and � changes from 0 to 10 pixels. CRB[���] = CRB [���].

and , correspondingly, the measured
gray value of the pixel can be expressed as

(6)

where is a white Gaussian noise process with zero mean
and variance .

C. EML Image Registration Model

Based on the CP and intensity measurement models in (4)
and (6), we propose the following unified registration model
for the EML approach. Assume that the measurements noises
of CPs and intensity are independent white Gaussian, then
the conditional density function for the CP measurements

, , and for the intensity measurements
, , can be written as [23]

(7)

where

(8)

For the reference image, , , and ,
i.e., is the coordinate of an overlapped pixel between the
reference and distorted images. is determined by the CP
measurements and . The unknown pa-
rameters in include the affine transformation , the CP co-
ordinates , , and the
CP measurement noise variance . is determined by the in-
tensity measurements. The unknown parameters in include
the affine transformation and the intensity measurement noise
variance . These unknown parameters will be estimated by
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Fig. 5. Comparison of the CRBs and MSEs of the estimated translations and affine matrix obtained by the EML image registration method and the conventional
CP-based LS method. The MSE is plotted versus the CP measurement noise deviation in the subpixel level. (a)Translation MSE. (b) MSE for the affine matrix.
N = 100, N = 0, and � changes from 0.0 to 0.10 subpixel. CRB[���] = CRB [���].

maximizing the likelihood function based on the CP mea-
surements and intensity measurements.

When there is no CP, , (7) becomes the likelihood
function of the conventional intensity-based ML registration
method [15], [16]

(9)

When the intensity information is not available, , (7) can
be expressed as

(10)
The objective function of the conventional CP-based LS method
can also be linked to the likelihood function in (10) by [2]

(11)

III. EML IMAGE REGISTRATION ALGORITHM

Based on the EML image registration model in (7), an iter-
ative optimization technique can be applied to maximize the
likelihood function. The unknown parameters include the affine
transformation , the CP coordinates , ,
CP measurement noise variance , and intensity measurement
noise variance . We first derive the estimation formulas for
and . The EML algorithm is then used to estimate the coordi-
nates and the registration parameter recursively.

Without loss of generality, we ignore the constant term in de-
riving the optimization process, and the corresponding negative
log likelihood function of (7) becomes

(12)

where

(13)

Note that is a function of , , , and . If we set , ,
and equal to their estimates, i.e., , ,

, , and minimize
with respect to , then can be estimated by

(14)

Similarly, by setting , , and equal to their estimates, i.e.,
, , , and minimizing with respect

to , the estimate of is given by

(15)

Substituting and back into (12), we can solve for and
. That is

(16)

Because an analytical solution for and is hard to derive,
an iterative optimization method is used here. We divide the
EML image registration algorithm into two steps to estimate

and . First, is estimated while is held fixed at its
estimate . Then, is updated by using the current estimate of
CP coordinates. We will keep iterating these steps until the final
convergence is achieved.
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Fig. 6. Comparison of the CRBs and MSEs of the estimated translations and affine matrix obtained by the intensity-based EML image registration method.
The MSE is plotted versus the intensity measurement noise deviation for the images in Fig. 2(a) and (c). (a) Translation MSE. (b) MSE for the affine matrix.
N = 0, N = 10000, and � changes from 0.0 to 100. CRB[���] = CRB [���].

A. Estimating With Being Held Fixed

By setting the affine transformation parameter as its esti-
mate , the CP coordinate
can be estimated as

(17)

Since is a minimum of given , the first derivatives of

should be zero, i.e., . That is

(18)

From (18), we have

(19)

where

is a identity matrix

(20)

By solving (19), we can obtain an optimal estimate of for

(21)

B. Estimating With Being Held Fixed

Based on the estimate obtained in
the previous step, we can get an update of the estimate of by
a method similar to the Marquardt–Levenberg strategy in [14].
That is

(22)

where and are constants, and is the identity matrix.
When , (22) becomes the standard Marquardt–Levenberg
strategy in [14]. When , it becomes the Newton optimiza-
tion method in [19].

The derivative of with respect to can be derived from (12).
That is

(23)

where

(24)

When intensity is missing, the estimate can be obtained
directly by solving (24), and is given by

(25)
The Hessian matrix are determined by

(26)

where the elements of and are given by

(27)

can be computed by using the similar
method. For instance

(28)
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Fig. 7. Second remote-sensing image example. (a) Reference image. (b) Distorted image with similar intensity. (c) Distorted image in which intensity variation
is large.

From (5), we have . To compute
, a cubic convolution interpolation with

the following kernel is used [24]

(29)

Suppose that is a pixel point located in the rectan-
gular subdivision in image

where and are integers, i.e.,

, and . can
be obtained by using the above cubic convolution interpolation
kernel

(30)

where and are the sampling increments in the and
axis, respectively, and is the gray value.
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Fig. 8. Evaluation of the registration MSE of the EML algorithm versus the measurement noise deviation for the images shown in Fig. 7(a) and (b). (a) Translation
MSE. (b) MSE for the affine matrix. N = 100,N = 10000, and � changes from 0.01 to 0.1 subpixel, and � changes from 10 to 100.

Fig. 9. Comparison of the CRBs and MSEs of estimated translations and affine matrix obtained by the EML image registration method and the conventional
CP-based LS method. The MSE is plotted versus the CP measurement noise deviation for the images in Fig. 7(a) and (c). (a)Translation MSE. (b) MSE for the
affine matrix. N = 100,N = 0, and � changes from 0 to 3.0 pixels. CRB[���] = CRB [���].

and can then be
derived from (30).

The procedures of the EML image registration algorithm are
summarized in the following steps.

Step 1) Set an error threshold and the
maximum iteration time .
Step 2) Initialize , , and start
the iteration.
Step 3) Estimate the CP coordinate
using (21) for .
Step 4) Estimate using intensity and
estimated CP coordinates in the Step 3).
a) Estimate and

using (30).
b) Estimate and by (23) and

(26).
c) When only CPs are available, estimate

by (25).

Step 5) Estimate and by using
, , and (14) and (15). is up-

dated according to [14, Appendix]. is
decreased after a few iterations.
Step 6) If , or , go
to Step 7); else, go to Step 3).
Step 7) Stop.

IV. CRB OF THE EML IMAGE REGISTATION METHOD

CRB is a performance bound that measures the accuracy limit
of a parameter estimate. By observing the differences between
the CRB and the mean square error (MSE) of the estimates, we
can evaluate the accuracy of the proposed EML and conven-
tional registration methods. CRB is defined as the inverse of the
Fisher information matrix ( ) [23], which is the second-
order derivative of the expectation of the log likelihood function.

The CRB of the EML registration algorithm is defined as

(31)
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Fig. 10. Comparison of the CRBs and MSEs of the estimated translations and affine matrix obtained by the EML image registration method and the conventional
CP-based LS method. The MSE is plotted versus the CP measurement noise deviation in the subpixel level for the images in Fig. 7(a) and (c). (a)Translation MSE.
(b) MSE for the affine matrix. N = 100,N = 0, and � changes from 0.0 to 0.10 subpixel. CRB[���] = CRB [���].

where the is given by

(32)

The elements of the above can be derived as

(33)

where

(34)

From the block matrix inverse theory [25], we have

(35)

where , and .
is given in the Appendix.

Suppose that is the CRB of the CP-based EML
registration algorithm. can be derived from (38) by
letting

(36)

Let denote the CRB of the conventional intensity-
based ML image registration method. Suppose that the number

of CPs is zero in (37), becomes

(37)

V. PERFORMANCE EVALUATION

In this section, we evaluate the registration performances of
the proposed EML and conventional CP-based LS method, and
compare them with the corresponding CRBs. We consider the
EML image registration algorithm for the following three cate-
gories: 1) and (using both CP and intensity);
2) and (using CP only); 3) and
(using intensity only).

Two cases are investigated here. In the first case, CPs are uni-
formly distributed in the images. In the second case, CPs have a
special distribution. To compare the registration accuracy, dis-
torted images are generated using some known affine transfor-
mations. Each test is repeated times, and we set 100 in
the experiments. In each test, the affine transformation param-
eters are fixed while the CPs and noisy images are reproduced
using the same affine transform and noise variances. The MSE
is defined as the average of these 100 trials. The MSE of the

-axis translation is defined as

where and denote the estimate at the th trial and the
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Fig. 11. Comparison of the CRBs and MSEs of the estimated translations and affine matrix obtained by the intensity-based EML image registration method.
The MSE is plotted versus the intensity measurement noise deviation for the image in Fig. 7(a) and (b). (a) Translation MSE. (b) MSE for the affine matrix.
N = 0, N = 10000, and � changes from 0 to 100. CRB[���] = CRB [���].

true -axis translation, respectively. The MSEs of the -axis
translation and affine matrix elements are defined in a similar
fashion. In our study, we only plot the component that has a
larger MSE. More precisely, if the MSE of -axis translation
estimate is larger, the estimate of -axis translation will be de-
picted for illustration. Similarly, for the affine matrix, the ele-
ment estimate with the largest MSE among the four elements is
chosen for plotting.

A. CPs With Uniform Distribution

In this example, the original and two distorted remote-sensing
images are shown in Fig. 2(a)–(c), respectively. In Fig. 2, the
maximum gray level is 512. One noisy distorted image with the
intensity variance is shown in Fig. 2(c). The size of the
images is 128 128. Fig. 3 shows the MSE of the EML algo-
rithm for aligning Fig. 2(a) and (b), and three CRBs: ,

, and . The CP measurement noise variance
changes from 0.01 to 0.1 subpixel. The intensity measure-

ment noise variance changes from 10 to 100. When the CP
variance is , the corresponding intensity variance is

. , . The CRB of the CP and in-
tensity-based EML approach is lower than both and

. The performance of the EML approach is close to its
CRB for all noise levels. Because of limited Monte Carlo trials
and computer computation accuracy, the MSE is a little lower
than CRB for some samples.

When the intensity information is unavailable, the registration
performances of the conventional LS method and the proposed
EML method are plotted in Figs. 4 and 5 versus different CP
measurement noise levels. If , ,
and is unavailable because the intensity-based image
registration approach cannot be applied in this case. In Fig. 4,
the number of CPs is 100, and the CP measurement noise is in
the pixel level. The EML method significantly outperforms the
conventional method when the noise level is high. The perfor-
mance of the proposed EML image registration method is close

to the CRBs for all noise levels. However, when the CP measure-
ment noise variance is larger than three pixels, the performance
of the CP-based LS method is far worse than the CRBs. For ex-
ample, the CRB of the translation estimate in Fig. 4(a) is 3.7
pixels when the CP variance is ten pixels. However, the MSE is
about 7.4 pixels. The same conclusion is drawn in [19] for the
EML-based radar registration problem. Fig. 5 plots the CRBs
and MSEs of the EML and conventional CP-based LS methods
when the CP measurement noise is in the subpixel level. The
performances of both LS and EML methods are close to the
CRBs in this case. Both methods obtain registration within sub-
pixel accuracy.

We also consider the situation when there is no CP available.
When the number of CPs , ,

, and is unavailable because the CP-based
image registration approach cannot be applied here. Most of the
two images in Fig. 2(a) and (c) are overlapped. Variations of
the CRBs and MSEs of the EML approach versus the intensity
measurement noise are shown in Fig. 6. When the intensity mea-
surement noise variance changes from 0 to 100, the MSEs of
estimated translations are below 0.010 subpixel, and the MSEs
of estimated affine matrix are below 0.0001. The registration
accuracy is high even if the intensity measurement noise is rel-
atively large.

B. CPs With Special Distribution

In many applications, CPs cannot be selected uniformly in the
image. For example, CPs must be selected along the coastlines
in some ocean remote-sensing images. In the second example,
we consider ocean remote-sensing images as shown in Fig. 7.
When aligning Fig. 7(a) and (b), both CP and intensity infor-
mation can be used for registration. However, when aligning
Fig. 7(a) with Fig. 7(c), only CPs can be used for registration
because the intensity difference between these two images is
too large to be suitable for registration. The size of the images
is 118 110. Because the number of pixels along the coastline
is limited, only 100 CPs are selected.
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Fig. 8 evaluates the performance of the proposed EML algo-
rithm for registering Fig. 7(a) and (b) when both CPs and inten-
sity are available. The three CRBs are also depicted for compar-
ison. The parameters are set as , , the CP
measurement noise variance varies from 0.01 to 0.1 subpixel,
and the intensity measurement noise variance changes from
10 to 100. The performance of the EML method is close to the
CRB which is much lower than , but only a little lower
than .

Figs. 9 and 10 evaluate the performance of the proposed EML
algorithm for registering Fig. 7(a) and (c) when only CPs are
available. Fig. 9 shows the results for the CP measurement noise
in the pixel level. When is larger than 1 pixel, the estimates
of translations and affine matrix by the conventional LS method
are far from the CRB. But the performance of the proposed
EML method can stay close to the CRB for all noise levels. In
Fig. 10, the CP measurement noise is decreased to the subpixel
level. The performances of both methods are close to the CRB.
When is of 0.1 subpixel, the MSEs of estimated translations
for coastline-located and uniformly distributed CPs are about
0.16 and 0.04, respectively. Apparently, the registration accu-
racy based on uniformly distributed CPs is much higher than
that of the coastline-located CPs.

Next, we consider the situation that only intensity is used for
registration of Fig. 7(a) and (b). We plot the CRB and MSE of
the EML image registration method versus the intensity mea-
surement noise in Fig. 11. When the intensity measurement
noise variance changes from 0 to 50 and , the
MSEs of estimated translations are smaller than 0.01 subpixel,
and the MSEs of estimated affine matrix are below 0.0001. The
accuracy of the proposed registration method is also high for
ocean remote-sensing images.

VI. CONCLUSION

In this paper, we proposed a unified ML model based on both
CP and intensity for image registration. An EML method was
developed to estimate the registration parameters and CP co-
ordinates in a recursive fashion. The CRBs of the EML and
conventional CP and intensity-based image registrations were
also derived. The performances of the conventional CP-based
LS and the EML image registration methods were evaluated in
different situations, and the performances were compared with
the CRBs. Through our investigation, we can draw the following
conclusions.

The EML approach has a wider application than the con-
ventional CP and intensity-based methods. When both CPs and
intensity are available, the accuracy of the proposed EML reg-
istration method is higher than both CP and intensity-based ap-
proaches. The EML image registration method can also be used
to align images when either intensity or CPs are not available.
When the CP measurement noise is relatively high, the perfor-
mance of the proposed EML method that uses only CPs is still
close to the CRB while the conventional LS method is far worse
than the CRB.

The CRB of the translations and affine matrix elements is not
sensitive to the intensity measurement noise variance when most

of the two images to be aligned are overlapped. Even if the in-
tensity measurement noise is strong, the accuracy of the pro-
posed EML image registration method using intensity is still
high. However, the CRB of the CP-based approaches is more
sensitive to the CP measurement noise. When the CP measure-
ment noise variance is in the pixel level, the accuracy of the
CP-based registration method is much lower than the inten-
sity-based approaches.

The distributions of the CPs have great effect on the reg-
istration accuracy of the CP-based EML and LS registration
methods. The registration accuracy will be much higher when
CPs are uniformly distributed in the images.

APPENDIX

DERIVATION OF IN (35) AND (37)

can be derived from (24). The deriva-
tives of with respect to the registration parameter must first
be obtained. That is

(38)

The elements of are expressed as
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(39)

where , and
, and are computed by

using the cubic interpolation method defined in (29). Other
elements of are given by

(40)
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