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Many imaging applications deal with the detection of small targets or spots embedded within an inhomoge-
neous background. We present a method that accomplishes a multiresolution detection on the wavelet-
transformed image. The targets are separated from the background by the exploitation of Renyi’s informa-
tion, which is evaluated at the different decomposition levels of the wavelet transform. The scale-dependent
candidate detections are successively combined by means of majority voting for final detection. Connections
with results provided in different fields such as multifractal analysis, generalized information measures in
scale-space, and cross-entropy analysis in fine-to-coarse transformations are discussed. Detection perfor-
mance is investigated through an example from medical image analysis. © 2000 Optical Society of America
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1. INTRODUCTION

In this paper we study the detection of small targets em-
bedded within an inhomogeneous background. The prob-
lem is of interest for different applications, such as the de-
tection of tumors and other irregularities in medical
images and target detection in infrared sensor data.!™*
Figure 1 provides an example from digital mammogra-
phy. The figure shows a rectangular area extracted from
a mammogram, which consists of two kinds of regions:
microcalcifications, representing the targets to be de-
tected, and background tissue. The microcalcifications
are shown as brighter spots, whose actual average size is
~0.3mm in diameter, hidden within “noise” originated
from both the acquisition process and the broad varia-
tions of breast tissue structure. The very small exten-
sion of these targets requires a mammogram to be spa-
tially sampled at least at a pixel size of 0.1 mm, whereas
the detection accuracy is independent of digitization
depth in the range from 12 to 9 bits per pixel.® Such an
example is a challenging one for a machine and extremely
so for a human observer. It has been claimed that, as
normally viewed, images of this kind display only ~3% of
the information they detect.® In practice, beyond the di-
agnostic quality of the images, visual assessment depends
on factors relating to the diagnosticians, such as their
level of training, use of search versus nonsearch protocols,
their premature termination of the search, and use of con-
servative decision criteria.’ In this framework,
computer-aided detection is reputed to be a promising
line of investigation.”

Note that, in principle, the detection task should be dis-
tinguished from the segmentation task, the latter ac-
counting for target localization accomplished together
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with exact shape reconstruction. Here we focus on the
spatial localization process; the terms detection and seg-
mentation will be used interchangeably. To face the
problem, one could assume prior, context-based knowl-
edge to be available and then compute Bayesian esti-
mates, which are optimal under the specific “true” model,
for the unknown signal. For instance, in mammography
a method has been proposed on the basis of Markov ran-
dom fields,® which allows prior knowledge of spatial rela-
tions among objects to be explicitly modeled but at a price
of high computational complexity. Actually, a complete
model is seldom, if not at all, available. All of this makes
particularly appealing methods, such as the one described
here, carried out under the assumption of no context-
based knowledge available a priori.>3

The essence of our approach is to decompose the image
on a wavelet basis and use the thresholding of the wave-
let coefficients to obtain different scale-dependent esti-
mates of the objects of interest. To this end, a wavelet
representation of the original image is obtained by means
of a weighted, undecimated discrete wavelet transform.
Then, at each scale, candidate targets are detected by a
thresholding procedure; what is novel here is that our ap-
proach automatically determines the threshold function
by relying on an information-theoretic tool, namely, Re-
nyi’s information.® Eventually, the candidate targets col-
lected at the different scales are suitably combined to ob-
tain the final detection. In this way, images with varying
characteristics can be successfully segmented with one
procedure and without the need for a priori fixed thresh-
olds. Meanwhile, image reconstruction by means of an
inverse wavelet transform is avoided, thus relaxing con-
straints on the choice of the wavelet basis.”

© 2000 Optical Society of America



Boccignone et al.

Fig. 1. Example of an image (a mammogram) containing small
targets, microcalcifications, embedded within an inhomogeneous
background. A microcalcification is a tiny calcium deposit that
has accumulated in the breast tissue, and it appears as a small
bright spot in the mammogram.

It is worth noting that wavelet thresholding, as dis-
cussed by Donoho and Johnstone and subsequent works
in the wavelet literature,''2 has actually been employed
for denoising rather than true detection. Denoising
methods work as follows: perform the wavelet transform
of the observed data; apply simple thresholding nonlin-
earities to empirical wavelets coefficients; and compute
signal estimates by taking the inverse wavelet transform
of the thresholded coefficients. However, many of the
procedures derived to date are sensitive to noise distribu-
tions whose tails are heavier than the Gaussian distribu-
tion, as in the case of images like mammograms. In ad-
dition, a reconstruction step is required.'?

As concerns the idea of specifically exploiting wavelet
coefficient thresholding for object localization, a method
has been proposed by Strickland and Han.* Their moti-
vation for using wavelets is that such bases can act as an
optimum detector or matched filter. Since the matched
filter technique requires specific knowledge of the target
signal, they introduce the simplifying assumptions that
the spots to be detected are truly Gaussian objects and
the noise is one of the Markov types. By choosing the La-
placian of Gaussian wavelets, the wavelet transform per-
forms as a multiscale matched filter and, at each scale,
the output of the different subbands can be thresholded to
produce a detect/no detect result. It can be noted that
our work shares some aspects with Strickland and
Han’s*; therefore, their results are a suitable reference for
comparison. In contrast, the overall rationale is quite
different; most important, in Strickland and Han’s ap-
proach no general estimation problem is addressed (in the
denoising sense). The main drawback of such an ap-
proach is that the detection threshold is experimentally
chosen as a fixed percentile of the histogram of each chan-
nel. Further, in many applications, targets will occur at
unpredictable scales and their shape will be non-
Gaussian. In this case, one has to take into account the
problem of using the features extracted at the different
scales as a suitable input to a classifier.

We begin in Section 2 with a formal statement of the
problem and a discussion in depth of the assumptions
that motivate our approach; in addition, for the sake of
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completeness, we give a short review of some basic con-
cepts of wavelet analysis that are used throughout the pa-
per. In Section 3 we present the method. In Section 4
we report outcomes of experimental work performed on a
standard mammogram data set. In Section 5 we discuss
results so far achieved and provide a physical interpreta-
tion of the approach, which highlights some links to mul-
tifractal analysis, information measures in scale-space,'?
and  cross-entropy evaluation in fine-to-coarse
transformations.'* We conclude in Section 6 with a re-
view and final comments.

2. BACKGROUND

Define the image f as a random field from D to a subset of
the real numbers R, where the image domain D C 7%, Z
being the set of integers, is a lattice of N sites; let F
= {F,},p be any family of P random variables indexed
by p € D. A possible sample f of F, is denoted by f
= (fp1 ,--»fpp), and it is called a configuration of the
field. The value of the field observations represent pixel
intensity; namely, f, = f(n, m), where (n, m) e Z* speci-
fies the coordinates of site p, provided that P = N X M,
ifl<sns<Nand1l<ms<M. Namely, N and M are
the horizontal and vertical dimensions of the image.

Consider the image as the collection of two sets of
pixels D7 and D? related to the targets and to the
background, respectively; the sets are disjoint and
cover all the domain D, that is, D" N Df = & and
D =D"U DP. Then a segmentation is a partition of
D through the labeling of the field f as M(f)
= [MT(fpk),Mﬁ(fpj)]pkEDT’ijDﬁ, such that M™ N M*?
=, where  M" = U,.p-M"(f,) and MP
= UjcpsM B( fpj). Such a segmentation can be reformu-
lated as an estimation problem of the true signal /., given
a background noise fj; and observed data f:

Equation (1) provides a simplified model in which the
noisy term is due to the joint contribution of actual noise
and background structures. For instance, in a digitized
mammogram, the actual noise component should account
for different contributions: the blur due to patient move-
ment; a finite focal spot; intensifying screen glare; scat-
tered radiation, which acts as a contrast reducer; and
dust and dirt, which lies between the film and the inten-
sifying screen and attenuates the light before exposing
the film. Further, the distribution of such noise is com-
plex, since it is blended with tissue structures, and its
variation in different regions depends on the predominant
type of tissue. For example, the noise level is consider-
ably higher in bright regions of the mammogram repre-
senting glandular tissue. Likewise, in infrared images,
fs appears as a mix of correlated and uncorrelated noise
components; notwithstanding, background structures
could be predominant in certain regions. In the litera-
ture, such a distinction is often taken into account by dis-
tinguishing between clutter and noise: The components
of fg that are stochastic random processes are called
noise, and the deterministic components that are not part
of the signal f, are identified as clutter.? In the most



1162 J. Opt. Soc. Am. A/Vol. 17, No. 7/July 2000

general case, the background signal is treated as a non-
ideal background and modeled as a cloud signal of fractal
nature.?

Clearly, if we do not consider any context-based infor-
mation (for instance, the geometric characteristics of the
clutter), the amount of information at hand is a function
of the signal-to-noise ratio.!® Unfortunately, for com-
plex, nonstationary images, the classic definition of an av-
erage signal-to-noise ratio is of moderate interest. More
attractive is the local signal-to-noise ratio (LSNR) defined

as3

LSNR(dB) = 10logy, 2,

k:jeaht,m)
X [fr(n - kym 7.]) - MB]2/0%>

where o-% and ug are the variance and the mean of the
background, respectively, measured in the window d, )
around the pixel of interest (n, m). Provided that £, is
known, when the LSNR is gauged at different parts of a
mammogram, e.g., Fig. 1, or on simulated cloud data,? a
high variability is counted from point to point (e.g.,
—3dB +~ 16dB). However, for the problem we address
here, where f, and f; are initially unknown, a more ap-
propriate measure is the LSNR defined in terms of the lo-
cal contrast ratio (LCR)®; namely,

LCR(dB) =10 10g10Nr-,

x| fi,my 2 fn—kym = )],
k,Jj €9(n,m)

N, being the size of the window d,, ,,). It is important to
note that in both LSNR and LCR one has to choose the
size of the window d, .,y and that different choices may
lead to different measures. This makes clear one point:
For the problem we are facing, a signal-to-noise ratio defi-
nition does not make sense until one defines the scale
(window size) of the target with respect to the scale of the
background features.

With this rationale supporting us, we often find it ad-
vantageous to work in a transform domain rather than at-
tempting to separate signal from noise in the spatial
(pixel) domain. The general motivation for transform do-
main processing is that an appropriate image transform
can concentrate the signal energy into a small number of
coefficients. Two standard choices for the image trans-
form are the Fourier transform (FT) and the wavelet
transform (WT). If a FT is adopted, one should cope with
the fact that in the spatial signal the harmonic frequency
components are present but hidden, whereas in the
spatial-frequency spectrum it is the spatial information
that is hidden. In contrast, the targets should be pre-
served under a transform that can localize the signal
characteristics in the original and the transformed do-
main. A suitable transform that satisfies these require-
ments is the WT. The WT uses basis functions that can
dilate in scale and translate in position according to sig-
nal characteristics.!® These basis functions have a re-
markable aptitude for localizing the signal in both spatial
and spatial-frequency domains, in the sense of the classi-
cal uncertainty principle.!® Moreover, empirical evi-
dence has shown that wavelet bases provide more effi-
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cient representations of real-world data than either
spatial or frequency domain representations.!” Because
wavelets are able to represent complicated signal struc-
ture concisely, filtering techniques based in the wavelet
domain are often much better at separating signals from
noise than classical approaches based in the spatial or
frequency domain alone, especially when the signal and
noise have overlapping spectral content. Intuitively, in
the WT domain a few coefficients will have high LCR and
can be kept, whereas a large number of coefficients, which
can be discarded, will exhibit low LCR. In this sense,
wavelets implement the idea that the signal-to-noise ratio
should be tuned on the scale of the target with respect to
the scale of the background features.

We recall that a one-dimensional (1-D) wavelet  (x) is
a function of zero average, [“Zy(x)dx = 0, which is di-
lated with a scale parameter s and translated by u as
s u(x) = (1/Vs) y{(x — w)/s]. The functions {ths .}
form a family of basis functions, and the WT of a signal f
is the decomposition of f on this basis computed as the in-
ner product

X —Uu

1 [+=
Wf(u) = Tf f(x)l/f*( )dx 2)
S —

S

where the 1/s factor is used to conserve the norm. In
the following we will consider real bases; thus * = .
Equation (2) indicates that W, f («) is obtained when the
convolution of the signal with the chosen wavelet is per-
formed. Since ¢ has by definition a zero average, the con-
volution measures the variation of / in a neighborhood of
u, whose size is proportional to scale s. Intuitively, this
transformation can be interpreted as a mathematical mi-
croscope whose position and magnification are u and 1/s,
respectively, and whose optical characteristic is given by
the choice of the specific wavelet . Two issues are im-
portant for this choice: compact support and regularity.
Compact support improves the spatial resolution of wave-
lets. Wavelets are compactly supported if they have fi-
nite support with a maximum number of vanishing mo-
ments, for they support width. A wavelet has n
vanishing moments if [x*¢(x)dx = 0, for 0 < %k < n.
Regularity relates to differentiability: Since differentia-
tion in the Fourier domain amounts to a multiplication by
(Jjw), the existence of derivatives is related to sufficient
decay of the Fourier spectrum.

The basic idea of wavelet analysis is to represent any
arbitrary function f as a superposition (integral) of wave-
lets. In practice, f is written as a discrete superposition
(sum). To this end, one can define a discrete scaling s
= 86, based on a dilatation step sy > 1, and let the
translational parameter u vary with s and the transla-
tional step u,; that is u = nuosé, where [, n € Z.
Then the family of basis functions ¢ , can be written as
(1/s¥?) y{(x — nuysh)/sh]. The WT can be more or less
redundant, depending on the type of sampling (s, u, val-
ues). In the case of critical sampling uy = 1 and s,
= 2 (i.e., the scale s is sampled along a dyadic sequence
{25, .2), the wavelet family can be chosen as the real or-
thonormal basis {¢; ,(x) = 1/224y;(27'x — n)}. Conse-
quently, any finite energy signal can be decomposed over
this basis as: f = 2,7 3.(f, ¢1..)¥10-
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The algorithm proposed by Mallat!® relates an orthogo-
nal WT with multiresolution analysis. In a nutshell, the
mother wavelet is constructed with a low-pass scaling
function ¢(x) that satisfies the two-scale equations ¢(x)
= V22,h(n)p(2x — n), (x) =v22,8(n)p(2x — n),
where g(k) = (=1)*h(1 — k). The coefficients A (%) and
g(k) have to meet several conditions for the set of basis
functions to be unique and orthonormal and have a cer-
tain degree of regularity. Then the 1-D signal can be rep-
resented as

flx) = 2 epa27X2¢(2 7 x — n)

L
+ 2 27”22 wl,nlpl,n(x)y (3)

j=—o n

wherec; , = 2772 f(x)$(2 Lx — n)dx are the scaling co-
efficients and w,, = 27120 fx)p(27Ex — n)dx are the
wavelet coefficients. Here L denotes the maximum,
coarse scale. For a dyadic decomposition of a N-samples
signal, L = log, N.

Filtering operations can be performed by use of the
h(k) and g(k) coefficients as the impulse responses
that correspond to low- and high-pass operations,
respectively. The scaling and wavelet coefficients can be
recursed as c¢;41, = 2,h(2u —n)c;, and  w;yq,
= 2,8(2u — n)c;,. Noting that these recursive equa-
tions define the convolutions c¢;.;, = ¢;, * (2u) and
W1y = €1, * 8(2u), respectively, such computations
can be succinctly organized into a discrete-time filter
bank comprising low-pass and high-pass filters and deci-
mators.

On the other hand, if one is tied to specific constraints,
e.g., the linear phase must be preserved to achieve wave-
let symmetry, then the orthonormality requirements
must be relaxed by the employment of biorthogonal
(quasi-orthogonal) bases. This means that reconstruc-
tion wavelets Jl,n must be used, which may be different
from decomposition ones; i.e., f = =, .3 (f, zﬂl,n)@l’n.
Consequently, a scaling function ¢ together with synthe-
sis filters 7 and g should be appropriately selected.

To deal with images, we need a two-dimensional (2-D)
WT. The 2-D wavelet bases are expressed as the product
of two 1-D wavelet bases along the horizontal and vertical
directions. More precisely, from the 1-D scaling function
¢ and the corresponding wavelet ¢, we construct the set
{4*(x,v)}1<p=3, consisting of the three functions i’
= ¢ Y(y), ¢2=y¢@y(y), and ¢ = y(y)¢ ),
from which by scaling and dilation we obtain the basis
{w;"n’m(x,y) = 12 y*27% — n,27%y — m)} for n, m
running through Z2. The 2-D scaling function is com-
puted as ¢(x, y) = p(x)dp(y).

The 2-D WT is then defined by the inner product
W, f = (f,tﬂf"n’m), where the scale index [ is not greater
than L = loglmin(N, M)]. Thus a finite energy image
can be decomposed by use of separable 2-D wavelet bases
according to the fundamental identity

1
F=2 5|2 2 Fvtandblnn| @
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Just like in the 1-D case, a precise identity as specified
by Eq. (3) can be stated. In other terms, the 2-D WT ker-
nel is a separable kernel function. Typically, 2-D wavelet
bases are implemented with a 2-D filter bank in which the
application of the & and g filters is alternated on rows and
columns of the image f(n, m).12 The corresponding filter
coefficients are expressed as hyp(n,m) = h(n)h(m),
hgin,m) = gln)h(m), hyig(n,m) = h(n)g(m), and
huu(n, m) = g(n)g(m), where the first and second sub-
scripts represent the low-pass and high-pass filtering ef-
fects in the x and y direction, respectively.

Formally, denote, at all scales 2! =1, wf‘(n, m)
= {f, z,//f’n’m) and ¢,(n, m) = (f, ¢, ) the wavelet coef-
ficients and the scaling coefficients, respect-
ively, where co(n,m) = (f,¢o,.n) 1is by definition
the original image f(n,m). With separability of the
wavelet basis recursion equation for coefficients, it
has been shown that the 2-D WT can be computed by
iterating for 0 <[ <L the following: ¢;.1(n,m)
= ¢; * hy(2n,2m), wi.,(n,m) =c, * hig(2n,2m),

w12+1(n, m) =c; * hy(2n,2m), and wZSH(n,m)
= ¢; * hgua(2n,2m). Here ¢, denotes the original im-
age f.

Practically, the rows of ¢; are first convolved with 2 and
g and subsampled by two. The columns of these two out-
put images are then convolved with 4 and g, respectively,
and subsampled, which gives the subsampled images c;,
wi, w?, andw?. The resulting representation of the im-
age is eventually composed of the 3L + 1 subimages or
coefficient planes (cg, {w?}lslsL’Kkg). The plane c;
(low-frequency subband) represents the smoothed image.
For £ =1, 2,3, the detail subbands contain horizontal
(LH), vertical (HL), and diagonal (HH) directional infor-
mation, respectively.

This algorithm, known as the fast 2-D WT, might not
be convenient for pattern-detection purposes: On the one
hand, it is not shift invariant; on the other hand, image
subbands result uncorrelated at the different scales. To
overcome such drawbacks, an undecimated discrete WT
has been proposed.’® Such scheme is characterized by
subbands obtained by alternating a low-pass filter tapped
by a bandpass filter (as in the above algorithm) but in-
serting 2! — 1 zeros between each sample of the filter in
place of decimation. In this case, the subbands remain at
full size, and this spatial redundancy, which may turn in
a loss of computational efficiency of subsequent process-
ing, is clearly counterbalanced by a higher suitability of
the representation for pattern-detection aims. Here we
will extend the above scheme to a weighted, undecimated
discrete WT.

As a first step, an undecimated discrete transform is
applied to the image f. Note that in our case the detail
planes w¥ = {w*(n,m)} are obtained from the image
equation (1), which by linearity gives

w?(n, m) = w?(n, m), + wf(n, m)g. (5)

Each plane has the same dimensions of the original im-
age, that is N X M. The fact we are not concerned with
exact signal reconstruction reduces the transform con-
straints. First, we can adopt, along the analysis phase,
either an orthogonal or a biorthogonal basis, without be-
ing concerned with the properties of the synthesis basis.
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Second, we can further compress and specifically tune the
representation obtained, by suitably combining the un-
decimated detail subbands. Namely, at each level [, a
representation plane w; = {w;,(n, m)} is built, where
each coefficient is computed as the weighted linear com-
bination

3

Consequently, we achieve a multiresolution represen-
tation, at which, at each scale /, we have one coefficient
plane {w,;(n, m)}, each coefficient modeled as

wy(n,m) = wyn,m), + win,m)g. (7)

In the sequel we will not consider the low-frequency band
¢;, since the searched information mostly resides in the
detail subbands.

3. THEORY

If the signal as described by Eq. (1) is a realization of a
non-Gaussian process, one can use a nonlinear estimation
to recover [, from noisy measurements. First, decompose
the observed signal f [Eq. (1)], in an orthogonal basis B

= {b}o=v=v:
<fa bv> = <f7’ bv> + (f,B’ bv> (8)

Then the estimator ?T can be computed as ]77
= V2N f, b,)t(v)b,, where t(v) is a set of constant co-
efficients that in the ideal case are chosen as #(v) = 1, if
(f,, b,)|? = o2, and t(v) = 0 otherwise, o2 being the
noise variance. The estimator performance is measured
by the mean-square error

& = E(If, = FJ? = 2 min([(f,, b,)[% 0?). (9

Clearly, nonlinear estimators are signal dependent and
require, in principle, a precise modeling of the signal pro-
cess. Unfortunately, ideal coefficient selection cannot be
implemented because values (f,, b,) are not known in
advance. However, it has been shown that nonlinear
thresholding in orthogonal basis performs as a nearly op-
timal estimator.!!

Assume that the orthogonal basis B has been chosen to
concentrate signal energy over a few coefficients having a
high amplitude above the noise; this can be done either
experimentally, along a training phase, or, if possible,
analytically.!” A thresholding estimator can be defined

asll
V-1
Fr= 20 tUf, by)by, (10)
v=0
where t(<f’ bv>) = <f, bv> if |<fa bv>| > topt and

t((f, b,)) = 0 otherwise, ¢,, being an optimal threshold.
The performance of such an estimator has been proved to
be close to the ideal coefficient selection.!! In particular,
the mean-square error ¢,

€= E[(f, b,) — t({f, b)), (11)

is of the same order of the ideal coefficient selection e,
[Eq. (9)].
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Notably, Donoho and Johnstone!! have shown that
such a performance is related to the rate of decay of the
sorted decomposition coefficients. Most interesting, if
the basis B is chosen as an orthogonal wavelet basis, the
coefficient decay is related to regularity (structure) of the
signal and precisely to its Lipschitz regularity (cf. Section
5). When the observed signal f is decomposed in a dis-
crete wavelet basis, thresholding as given in Eq. (10) be-
comes

1
2!

ﬁ=§ ; (b am| (12

n,m

Signal estimation performed according to Eq. (12) re-
quires an orthogonal basis and an inverse WT. To over-
come such constraint, it is possible to estimate the signal
in the transform domain directly, with coefficients defined
by Eq. (7), as follows.

Denote 7(x) and B;(x), 0 < 7(x), B;(x) < 1, the dis-
tributions (histograms) of the wavelet coefficients
x = w;(n,m) relative to objects and background,
respectively. The distributions 7;(x) and B;(x) are
defined on the supports Q] and Qf, respectively. Both
these supports depend on the parameter ¢,
namely, Q7(¢,) = {x:%; min <x <1t} and QFt) = {x:¢,
< X < X max), Where x; i = minfw; (n,m)} and x; .
= max{w;(n,m)}. Thus we suppose that r;(x)
— 0 on QF(t)) and that B;(x) — 0 on Q](¢)).

To detect the objects of interest, one should determine
t; such that the distance between the two distributions be
maximized. We say that such distance represents the
level [ information (precisely 2/), and we define it as the
1? distance Zeealnlx) — Bi(x)]?> over the support (),
= QJ(t) U QFt). Clearly, since

> [nx) — B0 = D n@?+ D Bix)?

xely xeq] xeqf

-2 n@Bx),  (13)

xel);

the term at the left-hand side of Eq. (13) is maximized if
Zreqn@)B(x) is  minimum. In fact, for
Exeglrl(x) Bi(x) = 0 the two distributions can be consid-
ered orthogonal (we exactly distinguish the spots from the
background). If the left-hand-side term of Eq. (13) de-
notes “information,” the last term on the right-hand side
can be conceived as a sort of entropy, which destroys in-
formation while increasing. Define

H =log D, m(x)B(x) (14)

xely

as the entropy we want to minimize for maximizing
information. From definition (14), by wuse of the
Cauchy—Schwartz inequality [Z,c q, (%) B(x)]?
S ExEQZTl(x)ZExEQlﬁl(x)z and use of logarithms, entropy
H can be upper bounded as
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2H < log D, m(x)2 + log >, Bi(x) (15)
xeQ] xeQf

Let

> plx)

xeQP

Io(r) = log (16)

1—-r

be the rth order Renyi’s information® of the distribution
p(x) over the support (3”. Then, from inequality (15), it
follows that H < 3 log zxem(xﬁ + 2log Exeglsﬁl(x)Z, ie.,

H < —[Ig7(2) + Igp(2)]. an
Thus we have shown that the minimization of entropy
H can be achieved by maximizing the second-order Re-

nyi’s information of 7;(x) and B;(x) with respect to the pa-
rameter (threshold) ¢;:

> nx)

.
xelly

r—2 -r

1
t; = argmax lim[ 1 log

+

lo
1—-r &

> ,BZ(x)’” ) (18)

xeﬂf

It is worth noting that Renyi’s information is also
known as generalized information or generalized entropy.
In fact, if in Eq. (16) we take the limit as r — 1, we obtain
the Shannon entropy function Iop(1)
= 3, corp(x)logp(x), whereas as r — 0, we obtain the
logarithm of the volume of the support set I,,(0)
= log(w{x:p(x) > 0}, that is, the measure of the support
set of the density p.2° These properties will be useful in
providing a general discussion of the physical meaning of
Renyi’s information (cf. Section 5).

An interesting question concerns the characterization
of the thresholding performance. In the following we
show how, by using the threshold as defined in Eq. (18),
we obtain an estimator whose performance is comparable
with that proposed by Donoho and Johnstone!! and which
is related to the objects of interest at a given scale.

Define the variance of the wavelet coefficients x
= wyn,m) as o2 = E(x?% — E(x)2. The variance of
the background can be bounded as o2 < E(x2)
= ExEle2Bl(x) < Exeglx2EEQl B; (x). Namely, the fol-
lowing holds,

or <2 Bila), (19)
xel)y
where ¢ = 2, g x 7.

It has been previously shown that the maximi-
zation of the left-hand side of Eq. (13) is equiva-
lent to finding the minimum of Exeﬂlrl(x)ExEQl,Bl(x)
with respect to a given ¢;. From inequality (19) it
follows  that  min,o®(1/c) 2, q,7(x) > o min[(1/c)
X ExEQlTl(x)]w. Thus the computation of ¢;, performed
by maximizing the right-hand side of Eq. (18), is equiva-
lent to determine ¢, by minimizing [(1/¢) 2, o t,(x)]"%
Hence

1/2

1
- mx)

CxeQy

t; = oargmin (20)

t
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Donoho and Johnstone!! have demonstrated that a
threshold ¢ = Ko produces an average approximation er-
ror € that remains within a K factor of the ideal coefficient
selection €,, as defined in Eq. (9). They also found that
K = 2 In P, P being the number of elements considered in
the image. In other terms, K depends on the P samples
of the whole image. By taking into account Eq. (20), we
can set K = arg min, [(1/c) eranz(x)]m- This shows
that, in our case, the choice of K is related to the target
distribution at scale .

With ¢;, at each scale the detection is performed by la-
beling each site (n,m) as M;(n,m) = 1 ifw;(n,m) > ¢,
and M;(n,m) = 0 otherwise. @Thus a resolution-
dependent labeling is performed by constructing a sa-
liency map as a binary map M; = {M,;(n, m)}. Each con-
nected set of nonzero locations of M, constitutes an
hypothesis target detected in the image, and all spots will
be included in M] = {M;(n, m)|M;(n,m) = 1}, while
MP = {M;(n,m)|M,(n,m) = 0} represents the back-
ground.

Eventually, we need to work out a strategy to combine
the different M; in the final labeling or detection. To this
end, we can treat the M; maps as a feature set for input to
a classifier.

Formally, assume that by using the saliency maps we
are able to construct a vector of measurements, say x
= x(n,m) = x1(n,m),..,x(n,m), at each site of the
decomposition. We then assume that we have L classifi-
ers, one for each decomposition level. According to Baye-
sian theory, we should assign the label A = M*, & = 7, g,
provided that the a posteriori probability of that interpre-
tation is maximum, i.e.,

P(\ = M*|x) = maxP(\A = M/|x). (21)
J=mB

The computation of the a posteriori probability func-
tions would depend on the knowledge of high-ordered sta-
tistics described in terms of joint probability density func-
tions p(x|\ = M*), which would be difficult to infer.
However, it is possible to simplify the above rule and ex-
press it in terms of decision-support computations per-
formed by the individual classifiers. Each classifier ex-
ploits only the information conveyed by the vector x.
Since the representations used by the classifiers are dis-
tinct, it may be true for some applications that these mea-
surements will be conditionally statistically independent.

Kittler and others?! have shown that, when the avail-
able observational discriminatory information is highly
ambiguous owing to a high level of noise, it may be appro-
priate, in some applications, to assume that the a poste-
riori probabilities will not deviate dramatically from the
prior probabilities. Under this assumption, Eq. (21)
becomes?!

L
(1 - L)P(M") >, P(\ = M*|x))
=1

L

= max(1 — L)P(M’) >, P(\ = Mi|x;). (22)
i=rB =1
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Clearly, when the a posteriori probabilities are hard-
ened to produce binary-valued functions, then Eq. (22)
works by combining decision outcomes rather than a pos-
teriori probabilities; that is, it leads to the commonly used
majority vote rule.

Finally, note that at this point we can either exploit a
vector of measurements x at site (n,m) for which
M;(n, m) = 1or directly adopt the M;(n, m) as a hard es-
timate of P(\ = M*|x). For the sake of simplicity, the
latter form has been used throughout the experiments re-
ported in Section 4.

4. EXPERIMENTS AND RESULTS

Experiments have been performed on the standard
Nijmegen data set (information is available from the au-
thors). This test set is formed by 40 mammograms, in-
cluding both benign and malignant cases. Each mammo-
gram is accompanied by a ground truth image produced
by two expert radiologists (e.g., Fig. 2, top image).

In a preliminary stage, the detection of the single mi-
crocalcifications was considered. The aim was to tune
the method’s parameters for maximizing the true detec-
tions [true positive (TP)] while minimizing the false de-
tections [false positive (FP)]. Three issues have been
taken into account: (1) the choice of the wavelet bases,
(2) the number of decomposition levels, and (3) the tuning
of the y, weights in Eq. (6). Standard wavelet bases
have been used: Burt—Adelson, Battle-Le Marie, B
spline I, B spline II, Daubechies 4, Daubechies 6,
Daubechies 8, Daubechies 10%'7; the best TP/FP rate, at
fixed parameters, has been obtained by B-spline II wave-
lets. These are biorthogonal, regular wavelets of com-
pact support.

An acceptable number of decomposition levels resulted
in L = 4; clearly, this choice is a trade-off between the
size of the object to detect and the presence of noise. As
regards point (3), we initially set equal weights, i.e.,
v1 = v¥9 = y3. The results of these experiments show
that the method detects TP’s in the same regions as in the
accompanying truth images and a maximum of approxi-
mately 10 FP cases are detected per image. An example
is given in Fig. 2, bottom image.

A second set of experiments derived from a more subtle
analysis of point (3). The 7y, value choice, 0 < y, < 1,
implies a different weighting of the information in the
three subbands £ = 1,2,3. A first reasonable assump-
tion is that the strongest singularities (like background
texture ones) are most likely to appear within the diago-
nal details band (2 = 3) rather than within vertical (%
= 1) and horizontal detail bands (¢ = 2). A second as-
sumption is that subbands 1 and 2 should be equally
weighted. By imposing that y; + y, + y3 = 1, with 7y,
= vy, it is possible to observe the TP/FP ratio versus the
vs variation in the [0,1] range [free receiver operating
characteristic (FROC) curve].

For quantitative performance evaluation, the proposed
method was then compared with the most recent ones, in
particular Strickland and Han’s.* The detection of mi-
crocalcification clusters was considered by counting the
ratio TPC = number of TP clusters detected/number of
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TP clusters to be detected and the false rating
FPC = number of FP clusters detected/number of im-
ages. A cluster is observed if more than two microcalci-
fications are localized inside a circular region of radius 0.5
cm, marked around each detected microcalcification.®
The cluster is TP if marked as TP in the accompanying
truth image; FP, otherwise. The obtained FROC is
shown in Fig. 3. We obtained as best result 66% of TPC
at the FPC rate of 0.7 with y3 = 0.56. On the same da-
tabase, Strickland and Han achieve 55% of TPC at the
FPC rate of 0.7. Figure 4 shows the results of detection
performed on the image represented in Fig. 1, with
FROC-based optimal weighting y; = 0.56 and y; = vy,
= 0.17. Figure 4 should be compared with Fig. 2, which
was obtained by equal weighting y; = y, = y3. Figures

w

Fig. 2. Example of detection performed on the image repre-
sented in Fig. 1. Top image, the ground truth image; bottom im-
age, the detection map.
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Fig. 3. Cluster detection performance done by varying the y; parameter (FROC curve).

Fig. 4. Example of detection performed on the image repre-
sented in Fig. 1 but with y; = 0.56 and y; = y, = 0.17.

5 and 6 display two more examples of detection produced
by adopting the FROC settings.

5. DISCUSSION

An explanation of the physical meaning of the method
presented in Section 3 and of the role played by Renyi in-
formation is worthwhile at this point. We have already
mentioned that wavelet thresholding is equivalent to es-
timating the signal with a smoothing that is locally
adapted to the signal regularity.'! The wavelet theory
shows that the evolution across scales of the WT depends
on the local (Lipschitz) regularity of the signal. Local
regularity is precisely quantified at any point in terms of

the decay of the WT amplitude across scales, and such de-
cay is related to the values of Lipschitz or Holder expo-
nents at that point.!2

A function f is said to be Lipschitz a at (xq,y,)
if there exists a constant C >0 such that
for all  (x, y),|f(x,y) — f(xo,y0)| = C(x — xo|?
+ |y— yo|H%?, where 0 < a <1 is a Lipschitz expo-
nent. If there exists C > 0 such that the previous condi-
tion is satisfied for any (x,y) € , then f is uniformly
Lipschitz « over the bounded domain ().

This property can be used as a predictor of visual
smoothness or sharp intensity variation in the signal.
The wavelet coefficients that correspond to smooth areas
decrease rapidly as the resolution varies from coarse to
fine, whereas a slow coefficient decay generally indicates
the presence of either edges or detailed, textured areas.
Formally, Lipschitz regularity is related to the asymptotic
decay of |W*f(x,y)| k = 1,..,K. This decay is controlled
by the generalized WT  modulus W, f(x,y)
= (KW' (x, y)|P)YP, where usually'?> p = 2. Pre-
cisely, f is uniformly Lipschitz « over () if and only if there
exists A > 0 such that, for all (x,y) € Q and all scales s,
W, f(x,y)| < As'®*D If a partition function is
defined!?

Z(r,s) = 2, Wof(x,p), (23)
X,y

then the asymptotic decay is measured by the scaling in-
dex \(r),

logZ(r,s)
\r) = lim ———. (24)

<0 logs

Equation (24) implies that Z(r,s) ~ s*”’. The algo-
rithm to recover Lipschitz regularity at each point of the
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image computes Z(r, s) over the modulus maxima at each
scale and then reconstructs A(r) by means of linear
regression.'?

The method proposed in this paper is clearly related to
the estimation of Lipschitz regularity. It is actually easy
to note that the logarithm of the partition function Z(r, s)
as defined in Eq. (24) is equivalent, for s = 2, to Renyi’s
entropy defined in Eq. (16). In fact, considering Eq. (6),
the coefficients w; can be seen as a weighted modulus (for
p = 1) of the |w#(n, m)| components. Our method, how-
ever, does not compute linear regression to characterize
the behavior of the signal along the different scales;
rather, it captures such a behavior by means of a majority
vote strategy. Thus it can be seen as an approximate es-
timation of Lipschitz regularity. Clearly, here the goal is
not to shape the Lipschitz regularity function precisely
along scales but to take advantage of the different regu-
larity of the target, as opposed to the background, for de-
tecting one from the other.

Fig. 5. Example of detection obtained with the discussed opti-
mal settings. From top to bottom: the original image, the
truth image, and the final map.
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Fig. 6. Another example of detection.

This relation suggests an interesting interpretation.
It is well known that the exponent \(r) is connected, by
means of a Legendre transform, to the distribution or
spectrum of singularities D(a).'? This distribution, in
turn, is defined as the fractal dimension of the set of all
points characterized by a pointwise Lipschitz regularity
a. If fis a multifractal signal (which indeed is a plau-
sible assumption for the kind of images we are dealing
with??), the spectrum D(«) measures the global reparti-
tion of singularities having different Lipschitz regularity.
Basically, it gives the proportion of Lipschitz « singulari-
ties that appear at any scale s. On the other hand, it is
well known that Renyi’s information is a suitable tool for
characterizing fractal dimensions,?® each dimension being
related to the order r of I »(r). For example, we have
derived Eq. (18) in the limit » — 2: In this specific case
the fractal dimension, evaluated by Renyi’s information,
corresponds to a correlation dimension?’ and indicates
how the number of wavelet coefficient pairs, whose dis-
tance is less than s, changes with s. Note that such kind
of second-order statistics has been usefully exploited in
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computational vision for capturing image textural
properties.?

The fact that the image and, more precisely, that the
background signal fj; can be modeled as a fractal noise
sheds light on another facet of the correlation analysis
performed by the WT. As previously discussed, we ex-
pect such correlation to be maximum when the wavelet is
shaped like the searched target. This is the principle of
the matched filter, which, in the case of fractal noise, can
be discussed as follows.

A general fractal noise?® is characterized by a general-
ized power spectrum that has a power decay Pfﬁ(wx)
~ 1/|w,*, wheren = 2H + 1 and H is the Hurst param-
eter. H is related to the Lipschitz regularity «; for in-
stance, if f5 is the realization of a fractional Brownian
motion,'? then it is almost everywhere singular with a
pointwise Lipschitz regularity « = H. The optimal pro-
cedure to detect f, is to apply a prewhitening matched fil-
ter r(w,) = ?f(wx)/Pfﬁ( w,), where r is the FT of the filter

impulse response function r(x) and f * is the complex con-
jugate of the FT of the target signal f(x). By using the
1/|w,|™ power spectrum, one obtains

2

Fw) = |o"F¥(w,). (25)

For n = 0, Eq. (25) gives the classical matched filter of
impulse response ry(x) = f*(x) (appropriate for white

flat spectrum noise). For n # 0, Mw,)
= (-)"(i|w,|)"?¢(w,) and, by applying the spatial differ-
entiation property of the FT, r(x)

= (=i)"(9"/9x") ro(x). Thus the prewhitening matched
filter may be implemented by convolving the signal f with
the filter (9"/9x™) f*(x), which consists of a generalized
derivative operator followed by a normal matched filter,
namely, (9"/dx™) (f* * f)(x). Taking into account that
f- is real and scale dependent, we can choose f*(x) as
fro@) = (U\s)f(—als).

It has been proved'? that a wavelet i with a fast decay
has n vanishing moments if and only if there exists a
function g with a fast decay such that ¢(x)
= (=1)*[d"g(x)/x™]. As aconsequence, the WT can be
obtained as the convolution'?

an

Wif(u) = s"—(f * g)(u), (26)

ax"

with g,(x) = (1/\s)g(—x/s). Then if g,(x) = f, (x),
Eq. (26) becomes W, f(x) = 2" (9*/ox™) (f = 77,3)(x); that
is, by commuting convolution and differentiation, W f(x)
= s")(&”/&x”)(}_ﬁ,S * f)(x). This shows that the WT
acts as a prewhitening matched filter for detecting the
target at scale s. Summing up, the wavelet is propor-
tional to the generalized derivative of f,, namely, the sig-
nal we want to detect. Hence, the optimal detector is an
admissible wavelet even if the initial template f, is not.
This result includes the result of Strickland and Han’s
work, which presented evidence that, when f. is a Gauss-
ian spot and the noise is one of the Markov types with
power spectrum O(]w|2), the prewhitening matched fil-
ter is the second derivative of a Gaussian or a B-spline
wavelet that closely approximates the second derivative
of a Gaussian.
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In this perspective, the best performance of a bior-
thogonal B-spline basis that we have experimentally re-
ported with respect to other bases was not an unexpected
result. The suitability of B-spline wavelets for process-
ing images of the kind we are dealing with also stems
from a different property, namely, the asymptotic conver-
gence of B-spline wavelets to Gabor functions (modulated
Gaussian).?* Gabor functions are optimally concentrated
in both the spatial and the spatial-frequency domains,
which endows them with a remarkable aptitude for the
analysis of nonstationary signals and textures. In fact,
B-spline wavelets are the natural counterpart of the clas-
sic B spline. An essential property of these functions is
their compact support, which makes them much better lo-
calized than their orthogonal equivalents, the Battle-Le
Marie polynomial spline wavelets.

Eventually, it is of some value to make some connec-
tions of the topics discussed with some recent works in
the scale-space literature. A first work by Sporring and
Weickert!® is concerned with entropy-based description of
textures. To this end, a parametric image f(¢), where ¢ is
a parameter denoting diffusion time or scale, is trans-
formed from fine to coarse scales by means of a first-order
parabolic differential equation (diffusion equation).
Namely, (d9f/¢t) = V2f, V2 denoting the Laplacian opera-
tor. Global information embedded in the image is traced
through the change of Renyi’s information by logarithmic
scale,

Al oi(r)
dlogt

¢, [f(H)] = ) (27

where, clearly Ios(r) = 1/(1 — r)log =N, f(t). Tt is pos-
sible to show that such method shares some common
points with our approach.

Consider again Eq. (26). Such a convolution defines a
scale-space, and it is well known!? that when the function
g is the normalized Gaussian standard deviation g(x, ¢)
= 1/4wt exp[—|x[>/ (4¢)], the convolution (by setting ¢
= s) provides a solution to the diffusion equation, g be-
ing the Green’s function of the diffusion equation.?’ In
other terms, the WT is proportional to a heat diffusion
with initial condition (9"f)/(dx"™). In this case, the
evaluation performed through Eq. (27) is clearly related
to that provided by Eq. (24). However, the use of Renyi’s
entropy presented in this paper is specifically oriented to
the detection problem, while Sporring and Weickert!'® are
mainly concerned with a general discussion of informa-
tion measures and a characterization of textural images
by means of such measures.

A recent work by Ferraro et al.”* allows us to compare
the method proposed here with cross-entropy techniques
in a multiscale framework. Cross-entropy modeling of
the target detection task has been previously proposed
and demonstrated in very simple situations?® In contrast,
in this work, owing to the employment of a thermody-
namical model for scale-space generation, features are de-
rived corresponding to entropy-rich regions of complex
images. Relevant information contained in an image f
(normalized as =, ,.p f(x,y) = 1) can be measured in
terms of the distance between f and the corresponding
fixed point f.,, under the transformation T that takes the

L 14
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original image f(-,0) to an image at a scale ¢, T,:f(-,0)

— f(-,#). Such a distance measure is provided by the
cross-entropy or Kullback—Leibler distance defined as'*
flx,y,¢)
H(f|f*) = 2 fle,y, ) n—————,  (28)
y fol, y)

where f.( - ) denotes the fixed point distribution of the
transformation. On this basis, a dynamic measure of in-
formation is set up as the cross-entropy evolution
(9/0t) H(f|f.), which can be measured during the trans-
formation T. It has been shown that when an irrevers-
ible transformation (e.g., isotropic diffusion) is applied to
an image, at any scale ¢, the minimization of
(d/ot) H(f|f.) can measure the information loss of the
process. Further, information can be gauged locally, at
each point (x, y) of the image, through the density of en-
tropy production o(x,y, ¢t) = (Vf/f)2.

It can be noted that, by assuming a uniform distribu-
tion as that achieved in the case of isotropic diffusion, i.e.,
fo(x,y) = 1/P, P being the dimension of the image do-
main, Eq. (28) can be reduced to

H(f|f*) = logP — | =2, f(x,y, O)logf(x,y, t)}.
X,y
(29)

The second term of Eq. (28) is Shannon’s information,
which can be derived as the Renyi’s information of order
1, I»(1). The expression basically asserts that, in the
situation in which one of the distributions is uniform (say,
f.), minimization of the cross-entropy between the two
distributions is achieved by maximizing the entropy of
the other distribution. Note that Eq. (18) together with
Eq. (22) can be conceived as an information
maximization-based technique.

Eventually, it is worth noting that the density of en-
tropy production o(x,y,¢) captures from a statistical
physics standpoint the concept of signal regularity.'* In
fact, it is possible to measure the overall variation of
(0/ot) H(f|f.) in terms of the o activities along scales,
the activity at (x,y) being defined as [ o(x,y,¢t)d¢t. On
this basis, different activities allow us to discriminate be-
tween different types of image features (e.g., edges, tex-
tures, and uniform regions). These are encoded as re-
gions of different information content within different
bands of spatial scale. In the method proposed in this
paper, majority voting provides an approximate, discrete
evaluation of the coefficient activity along the scales of
the WT. This is sufficient for our purposes, since our
goal is not a classic segmentation of the image as pro-
posed in the entropy production approach'* but the detec-
tion of targets with respect to the background.

6. CONCLUSION

A method for the detection of small targets embedded
within an inhomogeneous background was presented.
The method relies upon thresholding the wavelet-
transformed image to produce scale-dependent candidate
detections, successively combined by means of majority
voting.
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The work reported presents various innovations.
First, the method is based on a WT that is accomplished
by means of a weighted, undecimated discrete scheme; a
suitable tuning of the subband weights [Eq. (6)] endows
such representation with a remarkable skill at capturing
image characteristics. Also, the reconstruction problem
is avoided, since the detection is performed in the trans-
formed domain. Second, in contrast to other methods,
our approach automatically determines the threshold,
which we have demonstrated can be derived by maximiz-
ing the generalized Renyi’s information [Eq. (18)]. Fur-
ther, we have shown that an estimator close to the ideal
wavelet coefficient selection can be achieved. This way,
the correlation of information along scale can be reduced,
for detection purposes, to a simple rule, namely, a major-
ity vote rule.

Eventually, a physical interpretation of the method re-
veals interesting connections with results provided in dif-
ferent fields such as multifractal analysis, generalized in-
formation measures in scale-space, and cross-entropy
analysis in fine-to-coarse transformations. This sheds
new light on thresholding techniques that are usually
conceived and discussed in a strict signal processing
framework and, also on the more general links between
information-theoretic methods performing in wavelet
space and scale-space.

The theory was substantiated with experiments on real
mammographic images, obtaining encouraging results.
Experiments reported in Section 4 provide practical
guidelines for researchers wishing to utilize the method
for different kinds of images. In its essence, the ap-
proach does not assume any contextual information about
the presence or absence of targets in the image; neither is
an exact model of the background clutter and noise
needed. Thus images with varying characteristics can be
successfully segmented, avoiding the need for either fixed
thresholds or specific a priori conditions. On the other
hand, for effective use, the method requires some atten-
tion to be paid to the selection of the following param-
eters: the type of wavelet basis, the number of scales,
and the y weighting of the information carried in the sub-
bands. All these parameters are application dependent.

The choice of wavelets and the range of scales are two
well-known and crucial problems in the wavelet
literature.!®'2 If one wants to avoid the self-construction
of a wavelet basis, then attention should at least be paid
to the number of vanishing points of the chosen wavelet,
which is related to the order of differentiability and has a
straightforward interpretation in terms of detectable
structures. Once the wavelet basis has been selected, the
range of scales can be derived by taking into account the
size of the structure to be detected against the size of
background structures. In the case studied here, it is
easy to predict that most of the fine background struc-
tures will be matched at the finest scale, whereas they are
discarded at subsequent, coarser scales (L = 2,3,4).
Nevertheless, it has to be remarked that the voting pro-
cedure has given evidence of appreciable flexibility with
respect to this specific problem.

As regards the presented method, some particular at-
tention should be devoted to the y weighting of subband
information. For this specific issue, ROC analysis, which
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is based on statistical decision theory, provides a reliable
tool. We have employed it in the particular form of
FROC curves, which constitutes a standard procedure in
mammographic analysis. It is worth noting, however,
that in general ROC curves provide objective estimates of
the probabilities of decision outcomes (in terms of true-
positive and false-positive decisions), and thus they be ex-
ploited for any and all of the criteria the system may have
to tune.
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