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Abstract

One of the major challenges related to image registration
is the estimation of large motions without prior knowledge.
This paper presents a Fourier based approach that estimates
large translation, scale and rotation motions. The algorithm
uses the pseudo-polar transform to achieve substantial im-
proved approximations of the polar and log-polar Fourier
transforms of an image. Thus, rotation and scale changes
are reduced to translations which are estimated using phase
correlation. By utilizing the pseudo-polar grid we increase
the performance (accuracy, speed, robustness) of the reg-
istration algorithms. Scales up to 4 and arbitrary rotation
angles can be robustly recovered, compared to a maximum
scaling of 2 recovered by the current state-of-the-art algo-
rithms. The algorithm utilizes only 1D FFT calculations
whose overall complexity is significantly lower than prior
works. Experimental results demonstrate the applicability
of these algorithms.

1 Introduction

Image registration plays a vital role in many image pro-
cessing applications such as video compression [1], video
enhancement [2] and scene representation [3] to name a
few. This problem was analyzed using various computa-
tional techniques, such as pixel domain Gradient methods
[2], correlation techniques [15] and discrete Fourier (DFT)
domain algorithms [6, 11]. Gradient methods based image
registration algorithms are considered to be the state-of-the-
art. They may fail unless the two images are misaligned by
only a moderate motion. Fourier based schemes, which are
able to estimate relatively large rotation, scaling and transla-
tion, are often used as bootstrap for more accurate gradient
methods. The basic notion related to Fourier based schemes
is the shift property [18] of the Fourier transform which
allows robust estimation of translations using the normal-
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der to account for rotations and scaling, the image is trans-
formed into a polar or log-polar Fourier grid (referred to
as the Fourier-Mellin transform). Rotations and scaling are
reduced to translations in these representations and can be
estimated using phase-correlation.

In this paper we propose to iteratively estimate the po-
lar and log-polar DFT using the pseudo-polar FFT (PPFFT)
[19]. The resulting algorithm is able to robustly register im-
ages rotated by arbitrary angles and scaled up to a factor
of 4. It should be noted that the maximum scale factor re-
covered in [11] and [16] was 2.0 and 1.8, respectively. In
particular, the proposed algorithm does not result to inter-
polation in either spatial or Fourier domain. Only 1D FFT
operations are used, making it much faster and especially
suited for real-time applications.

The rest of paper is organized as follows: Prior results
related to FFT based image registration are given in Section
2, while the proposed algorithm, is presented in Section 3.
Experimental results are discussed in Section 4 and final
conclusions are given in Section 5.

2 Previous related work

2.1 Translation estimation

The basis of the Fourier based motion estimation is the shift
property [18] of the Fourier transform. Denote by

F{f (@)} 2 Flws,wy) (1)

the Fourier transform of f (x,y). Then,

FAS (2 Az,y + Ay)} = f (wayw,) e artondy),
2)
Equation 2 can be used for the estimation of image transla-
tion [6, 10]. Assume the images I (z,y) and I5 (z, y) have
some overlap that

ized phase-correlation algorithm [6, 9, 10]. Hence, in or- L (x4 Az, y+ Ay) = I (z,y) . 3)
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Equation 3 is Fourier transformed, so that

I, (W, wy) € @rdatenty) — I (e, wy) 4)
and R
-/[\2 (ngwy) _ ej(wmAx+wyAy). (5)
Il (wan wy)

Thus, the translation parameters (Ax, Ay) can be estimated
in the spatial domain [6, 7] by taking the inverse FFT of Eq.
5:

Corr (z,y) = l{ej(“’wA“"“’yAy)} =d(zx Az,y Ay)

(6)
and by finding the position of the maximum value of the
correlation function Corr (x,y):

(z,y) = arg {I(na>)< {Corr (z, y)}} : ™
Ty

In order to compensate for possible affine intensity changes
Eq. 5 is reformulated as:

Corr () & Azl ]2 Lmen) -,
Fi @asw))|| o (o)
_ ej(wmAx+wyAy)

where * denotes the complex conjugate.

2.2 Polar Fourier representations

The polar Fourier representation (Fourier-Mellin transform)
is used to register images that are misaligned due to transla-
tion, rotation and scale [11, 16]. Let I (x, y) be a translated,
rotated and scaled replica of I5(z, y)

Ii(z,y) = Ix(s-x - cosby + s -y - sinfy + Az,
s-x-sinby+s-y-cosby + Ay) (9)

where 0, s and (Az, Ay) are the rotation angle, scale fac-
tor and translation parameters, respectively. The DFT of Eq.
9is

fz (T,Q) _ e{(wmAx+wyAy)8_12-f1( 0+ 90). (10)

r
El
Hence, M; and M, the magnitudes of fl and fg, respec-

tively, are related by rotation and scaling around the DC
component

My (r,0) = — M, <i 9+90>. (11)

52 ||’

Therefore, rotation and scale changes can be recovered
first, regardless the translation parameters. Using a polar

or log-polar DFT, rotation and scaling are reduced to trans-
lations, which can be robustly recovered using the phase-
correlation procedure. Using Eq. 11 to estimate the rotation
angle 6 results in an ambiguity by a factor of 7w [11] in the
estimation of the rotation angle. This ambiguity can be re-
solved by applying both hypotheses 6§ and 6 4 7 and recover
the translational motion (Ax, Ay) and the correlation peak
of each hypothesis. The rotation hypothesis and translation
values, which are related to the highest correlation peak, are
chosen as the result.

2.3 The pseudo-polar FFT

The proposed registration algorithm is based on the exis-
tence of a fast, accurate and invertible discrete pseudo-polar
FFT (PPFFT) [19]. An FFT where the evaluation frequen-
cies lie in an oversampled set of non-angularly equispaced
points which we call the pseudo-polar (PP) grid. This grid
is shown in Fig. 1. The PPFFT includes fast forward and
inverse transforms and a quasi-Parseval relation. A special
feature of this approach is that it involves only 1-D equis-
paced FFT’s. In particular, there is no need for re-gridding
or interpolation. The grid resembles the polar grid, while
having a fast and accurate computation scheme.

L+
L |

/
LI

Figure 1: The grid on which the pseudo-polar FFT is evalu-
ated. The grid resembles the polar grid.

3 The proposed registration algo-
rithm

This section presents the proposed image registration algo-
rithms, which use the pseudo-polar FFT (PPFFT) to reduce
rotations and scalings to translations in the polar and log-
polar domains, respectively.

3.1 Simultaneous estimation of rotation and
translation

Let I (4,7) and I (i,5) be the input images to be regis-
tered. I 1(") (i, 7) denotes the fact that I; evolves throughout
the registration process, while I (7, j) remains unchanged.
We assume that initially Ifo) (t,§) =11 (i,7) (n =0). The
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rotation and translation estimation algorithm operates as
follows:

1. Let (my,l1) and (ma,l3) be the sizes of I (4,7) and

I (i,7), respectively. Then, at iteration n = 0,
I, (i,7) and I (4, j) are zero padded such that

my=lL=my=1l,=2FkeZ. (12)

. The magnitudes M{” (6;,7;) and M3'” (0;,r;) of
the PPFFTs of Il("> (i,7) and I» (4, j) are calculated,
respectively.

. The polar DFTs ,magnitudes MFolar (6;,7;) and

M\zpozar (9i7Tj) of [f") (i,7) and Iy (4, ) are substi-

tuted by M7 (6;,7;) and M3'F (6;,7;) respectively.

—
. The translation along the 6 axis of M{* (6;,7;)

and M3 " (6;,7;) is estimated using phase correla-

tion. The result is denoted by A6,,.

. Let 6,, be the accumulated rotation angle estimated at
iteration n

0, = ZAGi =0, 1+ A0,.

=0

Then, the input image I (3, j) is rotated by 6,, (around
the center of the image) using the FFT based image ro-
tation algorithm described in [4]. This rotation scheme
is accurate and fast since only 1D FFT operations are
used

Il(nﬂ) @0,r) = Ifo) O+0,,r),n=1,...

The rotation can be conducted around any pixel. We
recommend to use the central pixel of I; (4, 5) such
that the bounding rectangular of the rotated image will
be as small as possible.

. Steps 2-5 are reiterated until the angular refinement
term A6,, is smaller than a predefined threshold gy,
ie. |Af,| < g, or a predefined number of iterations
TNmax 1S reached.

. The rotated images I§"> (i,7) and I, (4, j) are then reg-
istered by phase correlation and the rotation ambiguity
is resolved by the procedure presented in section 2.2.

the registration process, while I (7, j) remains unchanged.
We assume that initially Ifo) (t,§) =11 (,7) (n =0). The
scaling, rotation and translation estimation algorithm oper-
ates as follows:

1. Let (mq,l1) and (ma,ls) be the sizes of I\™ (i, 5)
and I (i, ), respectively. Then, at iteration n = 0,
I §0) (i,7) and I (4, §) are zero padded such that

my =1l =my=1,=2" kel (13)

The padding is needed to abide by the limitations of
the PPFFT described in [19].

2. The magnitudes MY (0,7) and MIT (0,7) of the

PPFFTs of I§"> (i,7) and I5 (4, 7) are calculated, re-
spectively.

3. Let

baselerath(Mz 7 (0ir;)) — length (M3 (Gi,rj))

(14)
be the logarithmic base used to define the log do-
main in the 7 axis. The log-polar DFTs of I f") (,7)
and I, (i,7) are approximated by M{% (6,r) and
ML (0,r), respectively, using the following proce-
dure:

o~

MlLog Polar (i,) = M{F (i, Lbasejj) (15
AIEeT POl (5 ) = MEP (i, [baser ) )
where |z denotes the integral part of z (z > 0). The
polar axis is approximated using the same procedure
as in section 3.1, while the radial axis is approximated
using nearest-neighbor interpolation.

4. The relative translation between M\f 09 Polar (; ;yand

1\72’309 Polar (i,5) is recovered by a 2D phase correla-

. - —
tion on the 6 and 7 axes.

5. Let A6, and Ar,, be the rotation angle and the scaling
value estimated at iteration n, respectively. Then, the
input image I; (x,y) is rotated (around the center of
the image) [4] and then scaled using DFT domain zero
padding

Il(n+1) 0,r) = I§0) 0+ 0,7 - 10) (16)

where
3.2 Simultaneous estimation of rotation, 0 — zn: AG; =0, 1+ AB
translation and scaling P (17)
Let I; (4,5) and I (4,7) be the input images to be regis- Ty = HATZ. =7, 1-Ar,.
tered. I f") (i, 7) denotes the fact that I; evolves throughout =0
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6. Steps 1-3 are reiterated until either the updated esti-
mates are smaller than predefined thresholds |A6,,| <
€p and Ar,, < g, or a predefined number of iterations
Nmax 1 reached.

7. The rotation and scale parameters 6,, and 7,,, respec-
tively, are used as inputs to the spatial domain registra-
tion algorithm presented in section 3.1 step 7.

4 Experimental results

The registration algorithm was tested on the 128 x 128 Lena
and Airfield images, which were rotated, scaled and trans-
lated to create the test pairs shown in Figs. 2 and 3 similar to
[11, 15]. The images were registered using the rotation and
rotation/scale algorithms presented in sections 3.1 and 3.2,
respectively. The results are graphically presented by over-
laying the edges of one of the images on the other using
the estimated motion parameters, while the corresponding
numerical results are presented in tables 1 and 2. The trans-
lation was estimated using the phase-correlation algorithm
discussed in section 2.1 whose accuracy is limited to inte-
gral translation values. We note that the choice of integral
scaling factors for the experiments is of no special signifi-
cance for the performance of the proposed algorithm, which
was able to register any scaling factor within its dynamic
range that is discussed later.

Table 1 and Fig. 2 present the registration results of the
Airfield image which contains man made objects character-
ized by sharp edges surrounded by smooth regions. The
algorithm was able to robustly register the images in Fig.
2a having a scaling factor of 2 and a large rotation of 100°.
This test was repeated for various rotation angles resulting
in a similar accurate registrations. Figures 2b and 2¢ present
a situation of partial alignment under large rotation. The
registration algorithm was able to register the images since
the DFT’s magnitude is the Periodogram [18] and thus it
is an approximation of the image’s power spectrum [18].
These statistical properties are invariant to partial alignment
when the non-corresponding image parts have similar sta-
tistical properties. The robustness property was examined
using the images in Fig. 2c, where significant noise was
added to one of the images and registration was conducted
using rotation and rotation/scale registration modes. In both
cases the translation is evaluated afterward. When the rota-
tion mode is used, we were able to register images in both
noisy and noise-free scenarios, while the algorithm diverged
when registering the images using the rotation/scale mode.

The numerical results in table 1 show that when the al-
gorithm converges it achieves high accuracy. No consis-
tent misalignments (“local minima”) were observed. The
scale/rotation mode was found to be less stable resulting in
the algorithm’s failure to estimate the motion in Fig. 2b

Figure 2: Registration results of Airfield and F16 images.
In each row, the left and center images were registered. The
edges of the images in the center column are overlayed on
the left images to illustrate the registration accuracy. The
results are shown in the right column. (a) Scale = 1, An-
gle = 100°. (b) Robustness was tested by adding noise
(1 = 0,0 = 40) to the images related by Scale=1, Angle
=130°. (c¢). Registration of a segmented F16 image. Scale
=3, Angle = 23°.

using this mode. When the algorithm converged, conver-
gence was achieved within 3-4 iterations for all image sets
while consuming 5-7 seconds of computational time on a
1.5MHz P4 Win2000 computer, where the algorithm was
implemented using non-optimized C++.

The images in Fig. 3 were used to test the algorithm
for registration of images with large scaling factors. Prior
algorithms [11] reported to recover scalings up to a factor
of 2. The proposed algorithm was successfully tested for
scalings factors up to 4. The graphical registration results
shown in Fig. 3 are accurate, where the numerical results
are presented in table 2. Figures 3a, 3¢ and 3d demonstrate
the algorithm’s ability to recover large image scalings. We
were not able to consistently recover scalings larger than 4.
Computation times were similar to the results in Table 1 and
Fig. 2. We conclude that the proposed algorithm is able to
register images with scalings up to 4 with good accuracy.
Within this range any rotation angle can be estimated while
translations are estimated.
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Imaces Correct Registration Computed
& (Scale, 6) mode (Scale, 8, Az, Ay)
a (1,100°) scale,rotation,translation (1,100.65°)
(1,130°) rotation, translation (1,129.72°)
c (3,23°) rotation, translation (3,23.22°)

Table 1: Registration results of the image sets presented in Figure 2 us

ing the pseudo-polar based algorithm. The images are

rotated and scaled by small scaling factors. The results demonstrate the algorithm’s robustness even when noise is present

and there is a partial alignment.

Image Registration Correct
sequence mode (Scale, 0) Computed (Scale, 0)
a scale,rotation,translation || (4.0,105°) (4.0,103.78°)
b rotation, translation (1,150°) (1,150.11°)
c scale,rotation,translation (1,135°) (1.03,135.2°)
d scale,rotation,translation (3,33°) (3.01,32.9°)

Table 2: Registration results of the Lena images presented in Figure 3 using the pseudo-polar based algorithm.

S Conclusions 5]
In this paper we proposed a FFT based image registration
algorithm, which was shown to be able to recover large ro-
tations and scaling factors. This algorithm which uses the
pseudo-polar FFT [19] enhance the current state-of-the-art
image registration algorithms. The overall complexity is
dominated by FFT operations and is O (n?logn). The al-
gorithm can achieve close to real-time performance by us-
ing machine specific optimized FFT implementations which
are widely available.
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Figure 3: Registration results of the Lena image when large
scalings factors are present. In each row, the left and center
images were registered. The edges of the center image are
overlayed on the left image to illustrate the registration ac-
curacy. The output is given in the right column. (a) Scale
=4, Angle = 105°. (b) Images with partial non overlapping
areas: Scale=1, Angle = 150°. (c) Scale = 1, Angle = 135°.
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