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Non-Rayleigh Echoes From Resolved Individuals and
Patches of Resonant Fish at 2–4 kHz

Timothy K. Stanton and Dezhang Chu

Abstract—In this paper, the statistics of the echo envelope mea-
sured from fish is studied over a range of scattering geometries
in the frequency band 2-4 kHz. In this frequency band, not only
are these particular swimbladder-bearing fish resonant (at about
3.7 kHz) resulting in strong echoes, but also their target strength
is narrowly distributed at these frequencies. In addition, their
size distribution is narrow. Thus, it can be assumed that the echo
variability as measured through the receiver of the sonar system
is principally due to beampattern effects of the sonar, spatial vari-
ability of the fish, and interference between overlapping echoes.
The measurements were conducted over Georges Bank near Cape
Cod, MA, using a broadband downward-looking echosounder in a
short-range, direct-path geometry. Echoes from sequential pings
were grouped according to whether they 1) involved resolved
echoes from individual fish, 2) were entirely within a single patch
of fish, 3) spanned the edge of a single patch of fish, or 4) spanned
multiple patches of fish. The resultant distributions of echoes
were compared with theoretical probability density functions
(pdfs). The echoes are determined to be strongly non-Rayleigh,
with beampattern effects a major factor, for all geometries except
for the case when all echoes are from within a single patch. Rec-
ommendations are made for the appropriate echo pdf for these
scattering geometries.

Index Terms—Echo statistics, fish, reverberation.

I. INTRODUCTION

T HE statistics of echoes from fish are important to under-
stand whether the active sonars are short range in which

there is a direct path between the sonar and fish or long range
which involves the ocean waveguide and includes effects due to
interactions of the echo with the seafloor, sea surface, and het-
erogeneities of the water column. For example, with short-range
downward-looking systems which are routinely used to assess
fish stocks, a motivation has been to improve the accuracy of
acoustic assessment of fish distributions, either through incorpo-
rating the echo statistics into echo integration methods or using
the statistical information directly [1]–[3]. For long-range, hor-
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izontal-looking systems, a motivation has been to improve the
performance of active sonar systems when fish are considered
to be a source of “noise” in the proximity of a different target of
interest [4].

Regardless of the motivation, there have been several key el-
ements in the studies of echo statistics: 1) statistical variability
of echoes from individual resolved fish (without sonar beam-
pattern effects) as related to their random orientation relative to
the direction of the incident acoustic signal [5]–[8]; 2) statis-
tical variability of echoes from individual fish (measured with
a directional sonar) as a result of being randomly located in the
sonar beam [9]–[12]; 3) statistical variability of echoes (mea-
sured by a directional sonar) due to a directional sonar beam
sweeping across an aggregation of fish or multiple aggregations
of fish [12]–[19]; and 4) influence of waveguide effects, such as
multiple interactions of the fish echo with the seafloor and sea
surface, on the statistics of the echoes [20].

In this third case above, the variability is related, in part, to
a combination of directionality of the sonar beam, patchiness
of fish, and heterogeneity of fish within a given patch. For ex-
ample, the spatial resolution of the sonar in relation to the size
of the patch is important, since the echo statistics (and the de-
gree to which they are non-Rayleigh) depends strongly upon
how many patches are in the resolution cell [1], [12], [16], [21].
The patchiness has been shown to be variable over a wide range
of scales, from meters to kilometers, as demonstrated in the re-
view of data from short-range direct-path sonars in [22], and
the various works involving long-range sonars, such as in [4]
and [23]–[29]. In the work of [4] involving a broadband mid-
frequency sonar (1–9 kHz) detecting fish at ranges up to 10 km
in a 200-m-deep waveguide, the statistics of the echoes from
patches of fish were shown to be non-Rayleigh. Furthermore,
echoes were demonstrated in [4] to survive an energy normal-
izer, a key metric of clutter.

The vast majority of the studies with short-range, direct-path
sonars have involved acoustic frequencies in the tens to hun-
dreds of kilohertz. In this frequency region, the variability of
echoes from individual resolved fish is a major factor as listed
in 1) above. In this case, the echo from individual resolved fish
as measured with a directional sonar is related to the convolu-
tion of the probability density function (pdf) of the echo from
the fish without beampattern effects and the pdf associated with
being randomly located in the beampattern itself. Although the
beampattern itself is not random, once a scatterer is randomly
located in the beam, the beampattern weighting factor becomes
a random variable. The randomized weighting factor is referred
to, compactly, as the “beampattern pdf.”

There has been no experimental study that directly isolates
the beampattern effects. Specifically, at the high frequencies, the
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echo from the fish (without beampattern effects) is highly vari-
able (Rayleigh-like). Given the fact that the variable nature of
the fish echo (without beampattern effects) is not fully known,
beampattern effects could not be completely separated from the
high-frequency fish echo data to rigorously study effects due to
the beampattern. Furthermore, in the case of aggregations of un-
resolved fish (short-range or long-range sonars), although there
has been reasonable characterization of the general statistical
properties of the echoes in previous studies, there has not been
a controlled study directly relating parameters of the statistics
to the precise scattering geometry. Specifically, the studies have
not accounted for the precise manner in which the sonar beam
sweeps across a patch—the percentage of the sweep that the
beam remains within a patch, whether the beam sweeps across
a patch edge, or whether it sweeps across multiple patches.

Recently, a broadband echosounder has been used at short
ranges in the down-looking direction to exploit the resonance
frequency of swimbladder-bearing fish [30]. Through use
of several broadband channels, the system spans, with some
gaps, most of the frequency range 1.7–100 kHz, and has been
used in recent studies of Atlantic herring. These fish contain
swimbladders for buoyancy and have been observed to resonate
at about 3.7 kHz when residing near the seafloor in depths of
approximately 200 m [30]. In contrast to the higher frequency
studies cited above, the scattering by fish at the lower fre-
quencies (single digit kilohertz) is essentially nondirectional,
resulting in a narrow distribution of echoes from resolved fish
(not including the sonar beampattern). Furthermore, at these
lower frequencies, contributions to the scattering such as from
zooplankton are negligible [30]. Since the lengths of these
fish were observed to be narrowly distributed, the remaining
contributing factors to echo variability are beampattern ef-
fects, spatial variability, and interference between overlapping
echoes. In the case of resolved fish, beampattern effects under
these conditions (low frequency, narrow distribution of echoes
from fish not including beampattern) can be isolated.

In this paper, statistics of echoes from fish are revisited, but
now at lower frequencies (2–4 kHz) where the target strength of
each (resonant) fish is narrowly distributed and with data win-
dows that help connect parameters of the theoretical pdfs to the
scattering geometry. The echo statistics, as derived from data
from the new broadband system, are studied over a range of
scattering geometries, beginning with the case of the resolved
scatterer where effects due to the beampattern are isolated. The
other geometries include partitioning the echoes according to
whether they are all within a patch, spanning the edge of one
patch, and spanning multiple patches.

This partitioning and associated analysis, which has not been
done in previous studies, leads to new insight into how to ac-
count for beampattern effects when patches of fish (or, more
generally, patches of any type of scatterer) are present when
using a directional sonar [31]. The results apply directly to short-
range direct-path sonars and provide valuable information on
the fish-echo component of long-range sonars without the com-
plicating effects of the ocean waveguide [20]. Furthermore, al-
though the results involve only one type of fish observed in a
particular location and at a particular time, the measurements
are controlled and isolate important elements of the statistics
and associated general equations which, in turn, can be applied

to other fish at other locations and times for similar cases of
isolated fish and patches of fish. For example, this study con-
cerning single-species, single-size fish, now observed in isola-
tion, can be extrapolated through the general equations to mul-
tiple species, multiple sizes. Also, a “patch,” defined and dis-
cussed in more detail later, is defined, in part, relative to the
resolution of this particular sonar, the grouping of fish on scales
larger than the resolution, and the abruptness of the patch edge.
Although the analysis is specific to these particular data, the re-
sults can be applied to other sonars and patch sizes provided the
patches have similarly abrupt edges and that their sizes are sim-
ilarly larger than the sonar resolution cell.

Comparisons with theoretical pdfs are made, some of which
are explicitly connected to the scattering physics and sonar pa-
rameters over a broad range of conditions, and the other being
the -distribution [35]. The -distribution is applied as it has
not only been shown in previous studies to be very useful in
predicting the statistics of various reverberation processes, but
it can also be connected, to a much more limited extent, to pa-
rameters of the scattering and sonar [20], [21].

II. EXPERIMENT AND PARTITIONING OF ECHO DATA

Acoustic backscattering data from individual fish and patches
of fish were collected during a ten-day annual survey of At-
lantic herring in 2005. The survey was conducted by the North-
east Fisheries Science Center (NEFSC), National Oceanic and
Atmospheric Administration (NOAA), over Georges Bank off
Cape Cod, MA, using the FR/V Delaware II. Samples of fish
were collected with a pelagic trawl. A modified form of an
Edgetech broadband acoustic system was towed in water depths
of 190–215 m at a speed of about 2.5 kn and is described in [30].
The system was towed over the fish at a range of approximately
30 m to the fish. There was no evidence from the data that towing
at this range caused a change in behavior of the fish. One of
the three acoustic channels spanned the frequencies 1.7–10 kHz
(most energy in the 2–4-kHz band) and data collected during
two transects during the day will be the subject of this anal-
ysis. The beamwidth in this band was in the range 23 –47 .
All data analyzed are from the echo envelopes after pulse com-
pression processing. With a range resolution of the processed
signal at approximately 20 cm, the sonar resolution cell at this
range of detection and beamwidths was approximately 40 m .
The net samples show that the fish were generally monospecific
(herring) and nearly monosize (average length of 23.6 cm; stan-
dard deviation 1.7 cm). The acoustic data in the lowest fre-
quency channel show the fish when residing near the bottom at
these depths to have a strong resonance at 3.7 kHz as a result of
the gas-filled swimbladder resonating [30]. Also, the numerical
density of the fish varied from patch to patch, but was no higher
than 2 m [30].

Two different types of data are analyzed, one in which the
numerical density of the fish is low compared with the sonar
resolution and the individual fish are resolved (Fig. 1), and the
second in which the densities are much higher relative to the
sonar resolution and they are not resolved (Figs. 2 and 3). In
this latter case, the fish are shown to be aggregating in patches
of varying size.
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Fig. 1. Echogram of resolved individual fish, as collected in the 2–4-kHz band. The box corresponds to the window in which the statistics were analyzed.

Fig. 2. Echogram involving patches of unresolved fish, as collected in the
2–4-kHz band. The outer white box outlines a region where the sonar beam
sweeps across a single-patch edge. The box is divided into two inner regions:
R1 involving the beam being within a patch and R2 involving the beam being
outside the patch. The statistics of the echoes are analyzed for each of these
windows (R1, R2, and R1 � R2).

A. Defining Patches

Patches are defined in the context of this research by a
combination of the acoustic parameters and behavior of the

fish. Specifically, for this particular experiment, the “patches”
of fish were observed to be associated with a contiguous group
of echoes due to unresolved fish in a multiping sequence whose
levels were well above the background noise level. “Con-
tiguous” refers to echoes from adjacent pings as well as within
the time series of the echo from an individual ping. Visually,
and hence, qualitatively, the resultant patterns of fish echoes
in the echograms have the appearance of groups or patches of
fish. These patterns depend upon a combination of spatial dis-
tribution of the fish and resolution of the sonar. Quantitatively,
there is a relatively abrupt change in acoustic level at or near
the edge of the patch, from high (but finite) signal-to-noise ratio
(SNR) within the patch to background noise outside the patch.
The SNR in this application is typically 10–15 dB, with the
modes (maximum value of pdf) of the echo statistics of the fish
echoes and background noise clearly separate. Since the SNR
is finite, part of the “fish” echo contains background noise. The
result of a finite SNR is a slight “whitening” of the fish-echo
data, causing any non-Rayleigh characteristic to tend slightly
toward Rayleigh. This type of grouping behavior of fish was
observed many times during the experiment. There were also
cases in which the fish were not grouped in patches, but rather
in a much more diffuse manner where there was not a clear
edge. These latter cases were not considered for this analysis.

Although the definition of fish patch used in this paper con-
tains the resolution of the sonar (as opposed to containing pa-
rameters solely associated with the fish), it is also directly rel-
evant to the subject of this paper—echo statistics according to
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Fig. 3. Echogram involving patches of unresolved fish, as collected in the 2–4-kHz band. The nine white boxes correspond to windows in which the statistics were
analyzed. The boxes span three types of conditions: boxes 1–3: sonar beam remains within a patch; boxes 4–6: sonar beam sweeps across a single-patch edge; and
boxes 7–9: sonar beam sweeps across multiple patches.

sonar resolution. As discussed in the papers cited earlier in this
paper and as shown below, the echo statistics are a strong func-
tion of patch size relative to sonar resolution cell. For example,
if a narrow beam sonar is moved close enough to an aggregation
of fish, it is possible that it might resolve the individual fish. The
echo statistics associated with resolved individual scatterers are
significantly different from the statistics associated with unre-
solved scatterers. Thus, it is essential, in the context of studying
echo statistics, to incorporate sonar resolution in the definition
of patch.

Finally, in the data analysis, categorizing patches with the
above definitions was subject to error simply because fish
generally do not organize perfectly into clear, distinct dense
groups with distinct boundaries. For example, the “edge” of the
patch was sometimes not perfectly contiguous resulting in a
fragmented appearance. In this case, classifying the patch was
somewhat subjective and sometimes a portion of a fragment
was considered to be part of the larger patch that it was near.
Also, sometimes in the sections considered to be between
patches, there were occasional echoes from individual fish.
Again, classifying the between-patch section as such was
somewhat subjective. To conclude, because of the finite density
of fish and natural behavior, there was contamination of the fish
echo with background noise, contamination of the “between
patch” data with fish echoes, and error in definition of patch
boundary since the edges were not perfectly sharp.

In general (i.e., beyond the data collected in this experiment),
fish exhibit a variety of grouping behaviors, as reviewed in
[22]. The analysis specific to these data can be applied, through
the methods summarized below, to other fish and other sonars,
subject to the aforementioned criteria involving contiguous

grouping (as observed by a sonar with a given resolution cell)
and distinct patch edge.

B. Forming Histograms of Echo Data

The statistical properties of the echoes are studied within the
windows shown in Figs. 1–3. The patch analysis in Fig. 2 fo-
cuses on one specific case: the sonar beam sweeping across a
single-patch edge. The data window is designed so that the sta-
tistics associated with the sonar beam being within the patch
(R1) and outside the patch (R2) can be studied separately before
being combined (R1 R2). There are nine windows in Fig. 3,
three per category: all data within a single patch, data spanning
across one edge of a patch, and data spanning across multiple
patches.

Histograms were formed from the windows and compared
with theoretical pdfs (Figs. 4–6). Histograms were created
using echo data from tens to hundreds of pings sampled at
the Nyquist rate (a rate based on transmit signal before trans-
ducer effects) creating up to thousands of points per plot.
Because of the reduced bandwidth of the signal caused by
the frequency-dependent transducer response, the number of
statistically independent samples within a window is in the
low hundreds to well over 1000, depending upon the window
size, with the smallest window (low hundreds of points) being
within the limit of being statistically valid for these broad
distributions. Here “statistical independence” involved either
insonification of 1) completely different set of scatterers such as
in the case of the data being from the same ping, but separated
in time by greater than an inverse bandwidth or in the case
of the data being from pings separated by a distance greater
than an acoustic footprint or 2) overlapping set of scatterers,
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Fig. 4. Echo statistics associated with resolved fish from Fig. 1. (a) Fish echoes above a threshold with (2) superimposed. (b) Background noise below the threshold
with the Rayleigh pdf superimposed. (c) All data combined with the mixed pdf given in (1) superimposed.

but with completely different phases (randomly and uniformly
distributed over the range 0–2 ) such as in the case of data
from adjacent pings at the same range. Being “statistically
valid” requires that samples needed to be large enough so that
the parameters of theoretical pdfs could be determined satisfac-
torily. Although it is ideal to maximize the number of samples
to conduct a statistical analysis, it would be at the expense of
stationarity for such a patchy environment. Thus, determination
of window size involved a tradeoff between number of statis-
tically independent points (where a larger window provides a
more desirable number of points) and statistical stationarity
(where a smaller window better ensures stationarity in a patchy
environment).

III. STATISTICAL ANALYSIS

The statistical analysis is divided according to whether the
echoes involve resolved fish or patches of unresolved fish. The
case of patches is further divided into whether the sonar beam re-
mained within a patch, spanned across a single edge of a patch,
or spanned multiple patches. In all cases except for when all
echoes are from within a patch, a mixed pdf will be used to ana-
lyze the data. The “mix” in this case occurs when data involving
system noise between fish echoes are included in the analysis.
The mixed pdf is given as

(1)

where is the echo envelope as measured through the receiver
of the sonar, is a Rayleigh pdf describing the background
noise measured between the fish or patches, and is the pdf
describing the echoes from the individual fish or patch.

The parameter is a weighting factor in the range 0–1 that
is determined by the ratio of the aggregate number of sam-
ples associated with fish echoes to the total number of sam-
ples in the selected window. The samples associated with fish
echoes were determined initially through a visual inspection of
the echograms and identifying what portions of each echo was
associated with fish, as described in the previous section. From
that information, the relative number of samples of fish echo
and noise-only (no fish) were determined. In this approach, the
fish echoes were approximately 10–15 dB higher than the back-
ground noise. Since the resolution of the sonar is much smaller
than the extent of the fish distribution in all three dimensions,
the echograms represent a 2-D “slice” (of finite, but small, thick-
ness) at an arbitrary angle and arbitrary location through the 3-D
distribution of fish. The term thus represents, in essence, the
“area” in this slice associated with fish echoes relative to the
total “area” sampled.

The mixed pdf given in (1) only involves two components:
one associated with the fish echo and the other associated with
the system noise between echoes. This is based on the fact that
the fish are all of a (nearly) single size and single species, as
determined by net sampling and by resonance classification
(showing the swimbladder resonance to be the same throughout
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Fig. 5. Echo statistics associated with data from a single-patch edge in Fig. 2. Both linear (left column) and logarithmic (right column) scales are shown.

the patches) [30]. This relatively simple composition of fish, in
combination with the relatively well-defined patches, allowed
use and testing of the relatively simple two-component mixed
pdf.

In more complex assemblages, a higher component mixed
pdf would need to be considered. For example, if there was a
broad distribution of sizes and/or species of fish within a patch
and if each size class or species was well populated with many
per sonar resolution cell, then a one-component pdf would be
appropriate for data within the patch, resulting in a combined
two-component mixed pdf for the combination of fish echoes
and between-patch noise data as in this current analysis. How-
ever if, for example, there were many small fish per resolution
cell and a sparse distribution of large fish (fewer than one per
resolution cell) within a patch, then a two-component mixed pdf
would be required for the patch alone, resulting in a three-com-

ponent mixed pdf for the combination of fish patch and be-
tween-patch data. Examples are given in [1] of the statistics of
echo data associated with 1) mixed assemblage of sparsely dis-
tributed fish (fewer than one per sonar resolution cell), where
there are two distinctly different sizes of fish, and 2) a patch
involving a mixed assemblage of densely distributed small or-
ganisms (zooplankton) and sparsely distributed large fish within
the patch.

A. Resolved Fish

In [36], a simple expression was derived describing the echo
statistics from resolved identical scatterers randomly located in
the mainlobe of a directional sonar beam, where the scattering
amplitude of the scatterer is delta function distributed

(2)
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Fig. 6. Echo statistics (pdf) associated with patches of fish from Fig. 3.

where is a constant and is determined so that the integral of
over is unity is the

value of the highest sidelobe of the composite (two-way) direc-
tivity pattern of the sonar (where in the center of the main-
lobe), is the magnitude of the slope of the tail of the beampat-
tern pdf on a log–log plot (i.e., for ), and is the (con-
stant) scattering amplitude (i.e., before beampattern effects) of
a single scatterer. This approximate expression applies to a di-
rectional sonar in which the scatterer is randomly located in the
mainlobe at points in the beam higher than the highest sidelobe,
as indicated by the inequality. Because of this condition, the ex-
pression applies to the higher values of the echoes, that is, the
“tail” of the echo pdf. Since directionality was assumed in the
derivation, the equation does not apply to the simple case of an
omnidirectional beam where . Also, since is al-
ways positive, the slope of the pdf is always negative.

This equation is applied to the case under investigation in-
volving scattering at resonance of nearly same-sized fish which
results in the scattering being narrowly distributed. With this
narrow distribution of scattering amplitudes, the echo distribu-
tion, as measured through the sonar, is approximately equal to
the beampattern pdf. This is in contrast to more complex forms
of the equation when the scattering amplitudes were broadly dis-
tributed, as reviewed in [36]. Equation (2) is written in approxi-
mate form and shows the echo distribution to be approximately

a power law at the higher values of echo level (i.e., values of
echo level corresponding to the scatterer occurring solely in the
mainlobe of the beam and at positions in the beam where the
mainlobe value is higher than the highest sidelobe). Although
the expression was derived for the composite pattern associated
with a piston transceiver (conical beampattern), it also applies
to the data in this study where the composite pattern is approx-
imately conical, but dominated by the narrower receive beam-
pattern (the transmitter has a wide beampattern).

Application of (2), in combination with (1), to the resolved
echoes in Fig. 1 shows a superior fit to the data compared with
using a Rayleigh distribution or a -distribution (Fig. 4). A key
aspect to the data is the very high tail, due to beampattern ef-
fects, which is explicitly accounted for in (2). Here, the data
are presented two different ways: the fish echoes above
a threshold are given in Fig. 4(a), with (2) superimposed. Al-
though this was originally a very broadband signal resulting
in a frequency-dependent beamwidth, it was bandpass filtered.
An intermediate value of frequency corresponding to near the
peak of the spectrum was used in in (2), although at
these beamwidths, is nearly independent of frequency [36].
The scattering amplitude in (2) was removed from the calcu-
lations through normalization ( -axis). The background noise

not involving fish is given in Fig. 4(b) with the Rayleigh
pdf superimposed. The two sets of data are combined in Fig. 4(c)
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with the mixed pdf given in (1) superimposed. Here, and
the means of and in (1) were determined directly from
the data. was determined according to the threshold deter-
mined by the noise background as described above. Since the
echo amplitudes are normalized by their root mean square (rms)
value, the two-parameter -distribution reduces to a one-pa-
rameter distribution and the distribution was fit to the data by a
least squares approach by varying only one (shape) parameter.
In this case, the one-parameter Rayleigh distribution reduces to
a zero parameter distribution and the distribution is plotted di-
rectly with no fitting process.

B. Patches of Unresolved Fish—Three Geometries

Three geometries are studied: 1) sonar beam remains within a
patch, 2) sonar beam sweeps across the edge of one patch, and 3)
sonar beam sweeps across multiple patches (Figs. 5 and 6). For
all of these cases, in (1) is assumed to be a Rayleigh pdf
due to echoes from unresolved fish that arise from within each
patch and is a Rayleigh pdf due to noise measured outside
or between patches. The assumption that is a Rayleigh pdf is
based on the fact that the data were generally Rayleigh or close
to Rayleigh. This analysis was not restricted by that assumption
had there been few enough fish in a resolution cell for the echoes
to be non-Rayleigh. The least squares fit of the -distribution to
the data, as well as calculation of the Rayleigh distribution (no
fitting), were done the same way as described in Section III-A.

For the simple case of all echoes being within a single patch,
then only one component contributes to the variability
of the echo, resulting in a simple (not mixed) Rayleigh distri-
bution. Once the sonar beam passes across the edge of a single
patch or across multiple patches, the resultant distribution in-
cludes echoes from both within and outside the patch and is
strongly non-Rayleigh as described by the mixed Rayleigh pdf.
In all of the cases involving non-Rayleigh echoes, the largest
deviations from the Rayleigh distribution occurred in the tails
of the pdfs as illustrated in Figs. 5 and 6. The cumulative distri-
bution functions (cdfs) did not contain significant information
regarding the deviations (not shown).

The case of the sonar beam sweeping across a single-patch
edge is studied in detail in Fig. 5. In the top row, the echo sta-
tistics associated with all data, including the sonar being both
within and outside the patch, is illustrated. In the second and
third rows, data from the respective sections, within the patch
(second row) and outside the patch (third row), are analyzed.
Data of similar type (within patch only, outside patch only) are
shown to be approximately Rayleigh distributed, differing only
in the means. The mean of the pdf associated with being within
a patch is much greater than that associated with being outside
the patch. Once the data from the two data types are combined,
a mixed Rayleigh distribution best describes the data (top row).
Here, the two Rayleigh pdfs used to model the data are formed
according to the relative value of the means of the two separate
windows. The parameter was determined according to the
relative proportion of samples insonifying each window. A dis-
tinct feature of the data and theoretical mixed Rayleigh curve
is the inflection in the data/curve just past the mode (maximum
value of pdf) of the data/curve, as indicated by the arrow. The
predicted mixed pdf (dashed black line) coincides very well with

the data at and near the inflection and is hidden by the data in
this portion of the plot.

The case of the sonar beam sweeping across a single-patch
edge is further studied in the middle column of Fig. 6, where
the results are summarized for three different data windows (all
involving a single edge). In each case, a mixed Rayleigh pdf
best describes the data, with the parameters being determined di-
rectly from the data as in Fig. 5. The inflection in the data/curve,
as also observed in the case above for Fig. 5, is particularly pro-
nounced in the middle row of this middle column (panel asso-
ciated with box 5) and is indicated by an arrow. Here, the edge
of the patch is relatively sharp compared with the other edges
analyzed, causing the distinct inflection (which is nearly a dip).

Although the mixed Rayleigh pdf is shown to best describe
all single-edge data, the -distribution provides a reasonable
fit (via least squares method as in Fig. 4) for echo values higher
than the mode (Figs. 5 and 6). In these examples, the -distri-
bution does not predict the inflection, but rather passes through
intermediate values of the structure.

Once the sonar beam sweeps across multiple patches (and,
hence, multiple edges), the inflection in the data/curve beyond
the mode is still present although much less pronounced. In
this last case, the mixed Rayleigh pdf remains the best func-
tion to describe the data compared with the pure Rayleigh dis-
tribution and -distribution. However, the improvements of the
fits with data using the mixed Rayleigh over the -distribution
are smaller in the case of multiple patches versus the case of a
single-patch edge.

In this latter case involving multiple patches, the mean
backscattering strength varied from patch to patch. Because
of the variability, ideally there should be a different Rayleigh
pdf (that is, each one with a different mean) for each patch.
However, it was determined that use of a simple two-component
mixed Rayleigh pdf (one for the background noise and only
one to collectively describe all patches) could satisfactorily fit
these data, provided that the best fit criterion was used with the
two parameters ( and the mean value of scattering strength)
determined empirically.

C. Distances Between PDFs and Discrimination

An important element in analyzing statistical data is deter-
mining the best means by which the data can be discriminated.
Toward this goal, “distances” between the observed and the-
oretical pdfs were calculated through two different standard
methods and several combinations of data and theory (Fig. 7).
One method is based on the standard criterion (similar to
the conventional least squares) and the other is based on the
quantity proposed by Kullback and Leibler in [37], termed the
KL distance.

-norm

(3)

KL distance

(4)

https://www.researchgate.net/publication/224839945_On_Information_and_Sufficiency?el=1_x_8&enrichId=rgreq-18300c61a1663dabb62b079bd933ec4e-XXX&enrichSource=Y292ZXJQYWdlOzIyNDEyNzk1NztBUzoyNzYxMjA3NTQ5Nzg4MTlAMTQ0Mjg0MzcyNjUxNA==


160 IEEE JOURNAL OF OCEANIC ENGINEERING, VOL. 35, NO. 2, APRIL 2010

Fig. 7. Distances between various theoretical pdfs and data from Fig. 6, as calculated through two methods: KL-distance and � -norm distance. The line in each
plot has a slope � � to delineate differences between use of the different theoretical pdfs. The numbers correspond to the data associated with each box in Fig. 3
(and modeled in Fig. 6).

where is the distance for each method, and and
are pdfs of the data and model, respectively. The -norm fo-
cuses on the overall mismatch between the data and the the-
oretical models with even weights, while the KL distance, in
addition to the overall mismatch, emphasizes the mismatch be-
tween the tails of the pdfs because it involves logarithms. The
KL distance can be related to the Boltzmann entropy and has
also been called the KL discrepancy, divergence, information,
and number [38]. By setting appropriate thresholds to distin-
guish between Rayleigh and non-Rayleigh distributions, we can
construct simple fish echo discriminators.

The distances plotted in Fig. 7 are calculated for each of
the nine data windows illustrated in Fig. 3 and used in di-
rect comparisons with theoretical models in Fig. 6. The left
panels involve the KL distance and the right panels involve
the -norm. All vertical axes involve distances calculated
relative to the -distribution. The horizontal axes of the top
and bottom panels involve the Rayleigh and mixed Rayleigh
pdfs, respectively. In each panel, a line with a slope of unity
is drawn to help delineate distances that are different when
calculated for the different types of pdfs.

In all cases, the data from within a patch (windows 1–3 in
Fig. 3) fall on the “slope 1” line. This is because those data
are Rayleigh distributed, and the limiting cases of the -distri-
bution involving the equivalent of an infinite number of scat-

terers and the mixed Rayleigh distribution (setting )
becoming a pure Rayleigh distribution best fit the data. In the
other windows (windows 4–9 in Fig. 3), the distances generally
deviate from the “slope 1” line and, in some cases, signifi-
cantly. Here, “significantly” relates to the fact that the distances
are much greater than the window-to-window variability mea-
sured in the Rayleigh windows (1–3). In the upper two panels,
the distances calculated in those six windows are smaller for the

-distribution than for the Rayleigh distribution indicating that
the -distribution is the better fit of the two. In the lower two
panels, the distances calculated from windows 4–6 (single-patch
edge) are smaller for the mixed Rayleigh than for the -distri-
bution, indicating that the mixed Rayleigh is the better fit of the
two for that particular scattering geometry. Once the sonar beam
spans multiple patches (windows 7–9), the distances in the lower
two panels are close to the “slope 1” line, indicating that both
the -distribution and mixed Rayleigh pdf are nearly equally
good at describing the non-Rayleigh behavior of the data in this
geometry.

Finally, the range of KL distances tends to be much larger
than the range of -norm distances (on a relative scale) in
the upper two panels. This difference indicates that the KL dis-
tance can discriminate between the non-Rayleigh data and the
Rayleigh pdf much better than the -norm. This discriminating
property of the KL distance is because the significant differ-
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ences between the Rayleigh and non-Rayleigh data principally
occurred in the tails and the KL distances involve a logarithm,
which emphasizes the tail over the -norm whose distances are
on a linear scale.

IV. SUMMARY AND CONCLUSION

The statistics of fish echoes in a short-range, direct-path scat-
tering geometry have been studied in an ocean experiment over
a range of scattering geometries involving resolved fish, unre-
solved fish in patches, and the sonar beam sweeping across patch
edges. New insight in the problem has been developed with the
acoustic frequencies involving the resonance frequency of the
fish and with the partitioning of echoes relative to the boundaries
of patches of fish. With the fish scattering as monopoles at these
frequencies (principally 2–4 kHz) and having a narrow size dis-
tribution, effects of the beampattern on the echo fluctuations
have been isolated for the first time. Furthermore, through parti-
tioning the echo data, effects on the echo statistics of sweeping
across a patch edge and across multiple patches could be quanti-
fied and compared with data arising solely from within a patch.

Two-component mixed pdfs were used to describe all data.
1) In the case of resolved fish, the mix involved the sum of
the beampattern pdf and the Rayleigh pdf from noise between
fish echoes. Since the (resonant) fish echo pdf (not including
the beampattern pdf) was approximately a delta function pdf,
this analysis was the first direct (i.e., without compounding ef-
fects) experimental confirmation of the use of the beampattern
pdf to predict sonar echo pdfs. 2) In the case of sweeping across
patches (single-patch edge and multiple patches), the mix in-
volved the sum of two Rayleigh pdfs: one from the fish patch(es)
and one from the noise between the patches. Since all fish were
observed, through use of nets and resonance frequency analysis,
to be the same size and species, only a two-component mixed
pdf was required in each of the cases (resolved and unresolved),
which simplified the analysis and allowed for much control over
the parameters of the predictions of the pdfs. The modeling ele-
ments of this analysis can be applied, in principle, to more com-
plex assemblages such as involving multiple size classes of fish,
which may result in a mixed pdf with more than two compo-
nents.

The mixed pdfs best described the data in both 1) and 2) above
because of the fact that parameters of the pdf were based on
the physics of the scattering and sonar parameters. However, it
was also determined that the -distribution was a reasonable
fit to the data involving patches even though the connections to
the physical parameters are not as explicit and are much more
limited, and, as the complexity of the data window increased
from the sonar beam sweeping across a single-patch edge to
sweeping across multiple patches, the quality of fits to the data
of the mixed Rayleigh and the -distribution became essen-
tially the same. Thus, this study demonstrated that, although the

-distribution was not the optimum distribution, it is a reason-
able distribution to use as an alternative, especially if the patch
structure is unknown and the (physics-based) mixed pdf cannot
be constructed directly from the data.

In addition to characterizing the statistics, they were also dis-
criminated through two different approaches that were loga-
rithm based and linear based. The non-Rayleigh data were best

discriminated from Rayleigh pdfs through use of calculations
that emphasized the tail of the distributions (KL), which is loga-
rithm based, since the non-Rayleigh nature of the data appeared
principally in the tail.

Challenges in the analysis involved the following: 1) defini-
tion of a patch which was somewhat subjective in nature, espe-
cially since the fish-echo-to-background-noise ratio was finite
and the “edges” of the patches were sometimes fragmented; and
2) choosing sampling windows that were large enough to allow
enough statistical samples but not so large as to violate station-
arity in a patchy environment. Given the variable nature of fish
distributions, as documented in the citations in this paper and as
observed in this study, both of these challenges should generally
be expected in analyzing any data involving fish.

Although these data involved one species of one size sam-
pled in one location during a short period of time, the analysis
was conducted in a controlled manner so that the results could
apply to other fish in other locations and times. Specifically, the
control in the analysis involved identifying patches that were
relatively distinct (as opposed to diffuse layers with poorly de-
fined boundaries). The fish inside the patches were unresolved,
resulting in Rayleigh or Rayleigh-like echoes. Between patches,
there were either no fish or few enough fish so as not to alter the
outcome. The resolved fish had distinct strong echoes. Whether
the fish were resolved depended upon the particular resolution
of this sonar at these ranges relative to the density of the fish.
In order for these results to be applied to other fish at other lo-
cations and times, similar generic conditions must be followed
concerning resolution of sonar relative to density of fish, as well
as distinct nature of patches (reasonably well-defined edges).
Confirmation of the beampattern effects in this study for this
particular sonar gives confidence in the equations and that they
can be applied to sonars with different beamwidths.

Finally, this study was specific to direct path sonars. The re-
sults are directly applicable to any short-range sonar, including
those used to study fish. As reviewed in [1], statistics of resolved
echoes can be used to estimate numerical density of fish and
classify fish according to differences in gross anatomical fea-
tures such as length. The transition between non-Rayleigh sta-
tistics and Rayleigh statistics as the density of fish relative to
sonar resolution increases can be used to directly estimate nu-
merical density at that transition region [1], [12].

Although echo statistics associated with long-range sonars is
out of the scope of this study as it involves the effects of the
ocean waveguide on the acoustic signal, in principle, the results
can be extrapolated to that ocean waveguide application. For ex-
ample, in [20], the effects in the statistics of echoes were studied
as the echoes experienced multiple paths within the ocean wave-
guide. Parameters of the statistics ( -distribution) were shown
to change with increasing number of paths in the echo as the
distribution “whitened.”
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