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Abstract—Over the last decade, tremendous gains, leading to
near-capacity achieving performance, have been shown for a
variety of communication systems through the application of the
turbo principle, i.e., the exchange of extrinsic information between
constituent algorithms for tasks such as channel decoding, equal-
ization, and multiple-input–multiple-output (MIMO) detection. In
this paper, we study the practical application of such an iterative
detection and decoding (IDD) framework to underwater acoustic
communications. We explore complexity and performance trade-
offs of a variety of turbo equalization (TEQ)-based receiver
architectures. First, we elaborate on two popular but suboptimal
turbo equalization techniques: a channel-estimate-based min-
imum mean-square error TEQ (CE-based MMSE-TEQ) and a
direct-adaptive TEQ (DA-TEQ). We study the behavior of both
TEQ approaches in the presence of channel estimation errors
and adaptive filter adjustment errors. We confirm that after a
sufficient number of iterations, the performance gap between
these two TEQ algorithms becomes small. Next, we demonstrate
that an underwater receiver architecture built upon the least mean
squares (LMS) DA-TEQ technique can leverage and dramatically
improve the performance of the conventional implementation
based on the decision-feedback equalizer at a feasible complexity.
To maintain performance gains over time-varying channels, the
slow convergence speed of the LMS algorithm has been improved
via two methods: 1) repeating the weight update for the same
set of data with decreasing step size and 2) reducing the dimen-
sionality of the equalizer by capturing sparse channel structure.
This receiver architecture was used to process collected data from
the SPACE 08 experiment (Martha’s Vineyard, MA). Receiver
performance for different modulation orders, channel codes, and
hydrophone configurations is examined at a variety of distance,
up to 1 km from the transmitters. Experimental results show great
promise for this approach, as data rates in excess of 15 kb/s could
readily be achieved without error.

Index Terms—Adaptive equalizer, doubly selective channel, iter-
ative receiver, turbo equalization, underwater communication.
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I. INTRODUCTION

T O achieve reliable communication over wireless chan-
nels, intersymbol interference (ISI) caused by delay

spread of the channel should be mitigated by an equalization
technique. For decades, equalization techniques for a variety of
ISI channels have been established in the literature [1]. How-
ever, the performance of equalization methods is often limited
when the channel is rapidly time varying or poorly modeled.
An example of such a challenging channel is the underwater
acoustic channel. Fig. 1 shows a time-delay response of an
underwater channel for 1-km distance from the transmitter. It
is observed that at a symbol rate of 9.77 ksymbol/s, the channel
response spans around 70 symbols. When a hydrophone array
with multiple elements is deployed, the number of unknown
parameters for the equalization task can run into the thousands,
which demands tremendous complexity for equalization. In
addition, the increase in the number of unknown parameters
makes the tracking of fast channel variations difficult. One
approach to lower the equalization complexity is to use an
orthogonal frequency division multiplexing (OFDM) transmis-
sion, which transforms a tapped-delay-line channel response
to parallel scalar channel gains [2]. By performing separate
scalar equalization for each subcarrier, the complexity of the
receiver can be significantly reduced. Unfortunately, for rapidly
varying channels such as an underwater acoustic channel, these
approaches often suffer from an intercarrier interference (ICI),
which degrades the system performance [3].

To approach the performance of the joint equalization and
decoding, the turbo equalization (TEQ) technique motivated by
the turbo principle [4] was introduced. The TEQ technique ex-
ploits information obtained from a channel decoder to improve
equalization [5]–[11]. Exchange of soft information between
the equalizer and the channel decoder is carried out in an itera-
tive fashion until the performance ceases to improve. In [5], a
TEQ algorithm is derived by computing a posteriori log-like-
lihood ratio (LLR) of the data bits directly using received data
and a priori LLRs obtained from the channel decoder. Since
direct computation of a posteriori LLRs requires prohibitive
complexity, various low-complexity TEQ techniques have been
proposed. In [6], a linear adaptive TEQ is introduced, where
soft symbol estimates are fed back to the equalizer and the
equalizer coefficients are adjusted to minimize mean square
error (MSE) in an adaptive fashion. A linear minimum mean
square error (MMSE) TEQ was investigated in [7] and [8],
where a linear MMSE equalizer was derived given exact knowl-
edge of the channel. Without knowledge of the channel state,
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Fig. 1. The plot of channel estimates. A colormap is used to represent magni-
tude of channel gains over time-delay domain.

the channel could be estimated and the estimates incorporated
into the equalizer. Since channel estimation errors deteriorate
equalization performance, the covariance matrix of the channel
estimation errors can be accounted for in the derivation of
the linear MMSE equalizer to reduce the impact of channel
estimation errors as in [9]. In [10] and [11], a low-complexity
implementation of joint channel estimation and equalization
approaches are investigated. The application of similar iterative
detection schemes can be found in other digital communication
problems such as multiuser detection [12], multiple-input–mul-
tiple-output (MIMO) detection [13]–[15], and ICI cancellation
for OFDM system [3].

Recently, TEQ techniques have been applied to underwater
acoustic communications [16]–[22]. Iterative detection algo-
rithms were derived for multichannel equalization in [16] and
[17] and extensive experimental results for the turbo receiver
were presented in [18]. A low-complexity turbo equalizer was
presented for systems employing space-time codes in [19]
and a nonlinear TEQ technique followed by a prefiltering
(channel-shaping) filter was proposed in [20]. In [21], multicar-
rier transmission is considered to reduce the effective channel
length for low-complexity implementation of TEQ. In [22], a
Markov chain Monte Carlo (MCMC) turbo equalizer is also
developed to bridge the gap between the complex nonlinear
maximum a posteriori (MAP) equalizer and linear TEQ algo-
rithm.

In this paper, we study the practical application of linear
TEQ techniques to underwater acoustic communications.
We conduct comparative study on two well-known linear
turbo equalizers and present experimental results with field
data. First, we investigate two popular TEQ algorithms with
linear structure: 1) a channel-estimate-based MMSE TEQ
(CE-based MMSE-TEQ) technique and 2) a direct-adaptive
TEQ (DA-TEQ) technique. The CE-based MMSE-TEQ al-
gorithm exploits an explicit channel estimate to determine
the equalizer coefficients. In contrast, the DA-TEQ algorithm

directly estimates a symbol using well-known adaptive algo-
rithms [23]. Since both TEQ algorithms are suboptimal without
knowledge of the channel, it is of interest to take a close look
at their differences. Basically, two TEQ algorithms operate on
different criteria; while the CE-based MMSE-TEQ algorithm
minimizes the conditional MSE for given a priori information
on symbols and the estimated channel, DA-TEQ minimizes the
unconditional MSE due to the autonomous nature of adaptive
algorithms. As a result, the coefficients of the DA-TEQ do not
capture time-varying second-order symbol statistics, and hence
its optimal Wiener solution to which they approach is different
from that of the optimal MMSE-TEQ. We compare the behavior
of the CE-based MMSE-TEQ and DA-TEQ algorithms in the
presence of channel estimation errors and adjustment errors of
the least mean squares (LMS) adaptive algorithm used in the
implementation. In spite of the discrepancy of their respective
optimal forms, we show through extrinsic information transfer
(EXIT) chart analysis that the performance gap between the
DA-TEQ and CE-based MMSE-TEQ techniques is small after
convergence.

Next, we introduce an underwater acoustic communication
receiver architecture based on the DA-TEQ technique. An LMS
adaptive algorithm is used to maintain low equalization com-
plexity. To facilitate good tracking performance for the LMS
DA-TEQ algorithm, we improve the convergence speed of the
LMS algorithm by two methods: 1) repeating the weight up-
date over blocks of the same set of data (“data reuse LMS”
[24]) with decreasing step size (“gear shifting LMS” [25], [26])
and 2) reducing the number of active equalizer taps based on
the sparse structure of the underwater acoustic channel. With
the aid of these means, the LMS DA-TEQ technique can show
better decoding results than the original form of the LMS turbo
equalizer [6] in real underwater channels. The performance of
our receiver architecture was tested via the SPACE 08 experi-
ment conducted off the coast of Martha’s Vineyard, MA. We
show that a substantial performance gain can be achieved over
the conventional decision feedback equalizer widely adopted for
underwater acoustic communication modems [27].

It is worth mentioning that we have attempted a challenging
transmission setup, i.e., signal transmission beyond the Nyquist
signaling rate. To increase the data rate under a bandwidth con-
straint, we pushed the symbol rate beyond that which would
yield no ISI at the transmitter, that is, twice the transmission
bandwidth [28]. This generates artificial ISI, consequently
increasing the effective channel span at the receiver and de-
grading the receiver performance. We will show that the LMS
DA-TEQ technique maintains strong performance even in this
challenging environment, offering the best data rate among all
configurations considered.

The rest of this paper is organized as follows. In Section II, the
overall system is described. In Section III, TEQ techniques with
linear structure are briefly described, and in Section IV, the per-
formance of two practical linear TEQ algorithms are compared:
CE-based MMSE-TEQ technique and DA-TEQ technique. In
Section V, an underwater receiver architecture based on the
LMS DA-TEQ algorithm is introduced. In Section VI, the ex-
perimental results are discussed, and in Section VII, some con-
clusions are discussed.
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Fig. 2. Frame structure.

II. SYSTEM DESCRIPTION

A. Notation

The notation to be used in the rest of paper is summarized as
follows.

• Uppercase and lowercase letters written in boldface are
used for matrix and vector notation, respectively.

• is a complex Gaussian distribution with the
mean and the covariance matrix , and is a
real Gaussian distribution.

• is the matrix where entries are all one. is a
zero matrix defined similarly. Note that and represent
an square matrix. The subscript for these matrices can
be omitted without risk of confusion.

• is a diagonal matrix whose diagonals are
.

• .
and .

• denotes a trace operation.

B. Transmitter Description

The transmitter structure considered here is based on space-
time bit-interleaved coded modulation (ST-BICM) [29], which
allows us to perform coding over different temporal and spatial
dimensions. First, the information bits are encoded by a
rate channel encoder, producing the coded bit sequence .
The sequence is permuted using a random interleaver and

interleaved bits are mapped to -ary quadrature amplitude
modulation (QAM) symbols. The sequence of the QAM sym-
bols is divided into parallel streams using a serial-to-parallel
converter. These parallel data streams are transmitted through a
transmitter array with elements. In the following, we denote

as a symbol sent by the th array element at time . We
also denote the coded bits that are mapped to via QAM
as . For convenience, we assume that a coded bit

has value instead of a binary number.
Data transmission is carried out frame by frame. As shown

in Fig. 2, a frame consists of sets of the training symbols

followed by the data symbols. The preamble symbols are in-
serted in front of every multiple frame for data acquisition and
synchronization purposes. The training symbols are used to aid
tracking performance of the adaptive equalizer or channel es-
timator. The periods of training, data, and preamble sequences
are , and symbol times, respectively.

C. Receiver Description

Assuming perfect synchronization and symbol-spaced sam-
pling, the signal received at the hydrophone array with ele-
ments is expressed as

(1)

where and are time and delay indices, respectively. Note that
and are the received and noise vectors, respec-

tively, , and is the matrix
whose th element is the channel gain from the th trans-
mitter element to the th receiver element. The channel length is
assumed to be at most , where is the length of
the precursor and is that of the postcursor response. We also
assume that channel gains change in time . The signal vector

is normalized to have unit energy and assumed to be uncor-
related due to the interleaver, i.e., . Considering
an observation window containing received vec-
tors, i.e., , we can write

(2)

where

. . .
. . .
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Fig. 3. Block diagram of the receiver architecture. and denote interleaving and deinterleaving operations, respectively.

The vector contains all received vectors in the observation
window and the noise vector is assumed to be complex
Gaussian, i.e., . In the following, we will de-
note

and

so that the size of becomes . For convenience, we
also denote

and

In addition, we let for .
A block diagram of the TEQ system is shown in Fig. 3. The

equalizer produces extrinsic LLRs on the coded bits using the
received vector and the a priori LLRs on them [7], [8].
Specifically, the extrinsic LLR can be obtained from

where is the a priori LLR defined as

and is the a posteriori LLR defined as

Note that the observation can be any function of and the
a priori LLRs are obtained from the channel decoder. The
extrinsic LLRs produced in the equalizer are delivered to the
channel decoder through the deinterleaver. They are used as
a priori LLRs to produce the additional extrinsic LLRs in
the channel decoder. Finally, the extrinsic LLRs obtained by
the channel decoder are fed back to the equalizer after being
converted to the a priori LLRs by the interleaver. These steps
complete one cycle of turbo iteration and are repeated until a
suitably chosen convergence criterion is achieved.

III. REVIEW OF TURBO EQUALIZER WITH LINEAR STRUCTURE

In what follows, we briefly review three different linear TEQ
techniques: 1) MMSE-TEQ, 2) CE-based MMSE-TEQ, and 3)
DA-TEQ. The MMSE-TEQ technique minimizes an MSE cri-
terion under the condition that the channel state is perfectly
known. When the channel is not known, two alternative TEQ
techniques are available: the CE-based MMSE-TEQ and the
DA-TEQ. Though these two algorithms are suboptimal, they
are adopted for practical systems due to relatively low compu-
tational complexity.

A. MMSE Turbo Equalizer

With perfect knowledge of the channel matrix , a linear
MMSE estimate of the symbol for

is given by [7]

(3)

where

are a mean vector and covariance matrix of for given a priori
LLRs.

To prevent the decoder from using the information that it al-
ready knows, the linear MMSE estimate in (3) does not rely on
a priori knowledge of , i.e., and . We can
obtain and from a priori LLRs as [7]

(4)

(5)

where is the set of all constellation points for -ary QAM. A
simpler expression of and is available for a particular
signal mapper [8]. By treating the MMSE estimate as
an observation, we can compute the extrinsic LLR for as
follows. From (2) and (3), we can express as a sum of a
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signal part and a residual error part, i.e.,
, where

(6)

(7)

We can show [7]. If we
make the widely used assumption that is Gaussian, i.e.,

, the extrinsic LLR of is given by (8)
and (9), shown at the bottom of the page, where and
are the set of all constellation points such that is and

, respectively.

B. CE-Based MMSE-TEQ

When perfect channel knowledge is not available, the channel
response can be estimated and incorporated into the coefficients
of the MMSE-TEQ algorithm. Define the channel estimate
and the corresponding channel estimation error .
We assume that has zero mean and is uncorrelated with .
We assume that is also uncorrelated with . Then, we can
write (2) by . Given the channel
estimate , the linear MMSE estimate of is given by

(10)

Note that the term can be obtained from an analysis
of the channel estimator. Alternatively, we can estimate the sum

by

(11)

where is obtained from training data. Denoting

we can express

where . Hence, the extrinsic LLR
for is given by (12), shown at the bottom of the page.

C. Direct-Adaptive Turbo Equalizer (DA-TEQ)

We can estimate the symbol directly via an adaptive algo-
rithm. First, we restrict the estimate of to be a linear combi-
nation of observations and a priori symbol estimates, i.e., [6]

(13)

where for . The vectors and
represent the feedforward and feedback

coefficients, respectively. These coefficients are adjusted such
that the MSE is minimized. We can update
these coefficients via an LMS algorithm, i.e.,

(14)

(8)

(9)

(12)
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Fig. 4. Setup for performance analysis.

where is a step size. When is not available, a tentative
symbol estimate can be used in place of in (14),
where is the slicer operation that maps the input to the
nearest constellation point. Note that to obtain for all

the DA-TEQ updates feedforward and feedback filters sep-
arately.

Computation of the extrinsic LLR from the output of the
DA-TEQ is not straightforward since the channel response, and
equivalently and in (9) are not known. An approxi-
mate soft demapping algorithm for obtaining the extrinsic LLR
in the DA-TEQ was proposed in [6]. In Section V, we will
present a different soft demapping algorithm for our receiver
architecture.

IV. COMPARISON OF CE-BASED MMSE-TEQ
VERSUS LMS DA-TEQ

In this section, we compare the performance of the CE-based
MMSE-TEQ and the LMS DA-TEQ techniques. To simplify
the analysis, we assume a locally time-invariant channel, i.e.,

for . Following the methodology used in [30], we
model the a priori LLR as a conditional Gaussian variable, i.e.,

for and

for . Hence, the distribution of the a priori LLR is
characterized by the single parameter . In the analysis that
follows, a priori LLR is seen as a random signal that is corre-
lated with . Since and are functions of the a priori
LLR [see (4) and (5)], they are also random signals charac-
terized by . We will consider in the analysis that a priori
LLRs provide side information on denoted as . As the
parameter increases, this side information becomes more re-
liable. Denoting , we have and

due to the orthogonality principle. In
addition, with , we have

The framework under which the analysis is performed is de-
picted in Fig. 4.

A. MSE Analysis

First, we look at the performance of the CE-based
MMSE-TEQ technique. Given the side information and
the channel estimate , the CE-based MMSE-TEQ algorithm
minimizes the conditional MSE, i.e.,

(15)

We assume that the channel estimation error is a
random matrix uncorrelated with . To obtain an average
MSE, (15) should be averaged over and , i.e.,

(16)

Consider a standard LMS channel estimator with a step size
estimating channel taps. The covariance matrix
of the channel estimation error is given by

(see Appendix I). Assuming that is complex Gaussian,
we can obtain (16) by generating random samples of and
performing Monte Carlo averaging.

Next, we take a look at the performance of the LMS DA-TEQ
algorithm. Contrary to the CE-based MMSE-TEQ algorithm,
the LMS DA-TEQ algorithm minimizes the unconditional
MSE, i.e., via the LMS algorithm. At
first, we look at the Wiener solution to which the coefficients
of the LMS DA-TEQ converge in mean square sense. Let the
converged feedback and feedforward coefficients be and

, respectively. Using the orthogonality principle between
and , we have

(17)

In a similar manner, using that and are
uncorrelated, we get

(18)

From (13), (17), and (18), we can show that the output of LMS
DA-TEQ converges to

(19)

We can compare this Wiener solution with the optimal MMSE
solution in (3). Clearly, the optimal MMSE-TEQ and DA-TEQ



CHOI et al.: ADAPTIVE LINEAR TURBO EQUALIZATION OVER DOUBLY SELECTIVE CHANNELS 479

share the same structure; the soft feedback estimates are sub-
tracted from the observation, i.e., and then inter-
ference suppressing filter (or ) is applied. However, the
coefficients and have different values. While of the
CE-based MMSE-TEQ depends on an instantaneous estimate of
covariance matrix, of the LMS DA-TEQ depends on
an (ensemble) covariance matrix of the signal . The reason
for this discrepancy is that two TEQ algorithms rely on dif-
ferent criteria: conditional versus unconditional MSE. As a re-
sult, the DA-TEQ algorithm does not fully exploit time-varying
(second-order) statistics of the symbols obtained from the
channel decoder. Note that two filter coefficients and
turn out to be equal only when or . Now, we
derive the MSE of the LMS DA-TEQ algorithm. In general, the
steady-state MSE of an adaptive equalizer can be separated into
a minimum MSE determined by the optimal Wiener solu-
tion and an excess MSE due to misadjustment of filter
adaptation [23]. Accordingly, the MSE for the LMS DA-TEQ
technique is given by

(20)

where

(21)
and

(22)

where is a step size of the LMS DA-TEQ technique. Deriva-
tion of (22) is presented in Appendix II. We can also compare
the MSEs achieved by the DA-TEQ and MMSE-TEQ, that is,
(16) versus (20). Even in the absence of channel estimation error
and adaptation error, i.e., and , the
MSE expressions look different.

In Fig. 6, we investigate how the MSEs in (16) and (20) be-
have in terms of . We consider the single-input–single-output
setup, i.e., and QPSK modulation. We also con-
sider a time-invariant channel response shown in Fig. 5. The
signal-to-noise ratio (SNR) is set to 0 dB. We assume that the
step sizes of the LMS channel estimator and the LMS DA-TEQ
algorithm are set to equally. In Fig. 6(a), the plots of
MSE versus are provided for the step size .
Note that the MSE gap between two TEQ algorithms decreases
when the a priori LLRs delivered from the channel decoder be-
come stronger, i.e., . Hence, we expect that the perfor-
mance gap between two TEQs would diminish after a sufficient
number of iterations. Fig. 6(b) and (c) shows the plot of MSE
for and , respectively.
Due to larger step size, the channel estimation errors and excess
MSE of the DA-TEQ algorithm increase. In this case, the perfor-
mance gap between two TEQ algorithms increases. This implies
that the DA-TEQ algorithm is more sensitive to the LMS adap-
tation errors than the CE-based MMSE-TEQ. Nevertheless, for
the moderate range of step size 0.0002–0.001, the MSE gap be-
tween two equalizers decreases as increases.

Fig. 5. Magnitude of the channel response obtained from a ten thousandth
snapshot of underwater channels in Fig. 1.

B. EXIT Chart Analysis

The iterative behavior of TEQ algorithms can be well illus-
trated by an EXIT chart [7], [30]. In the EXIT chart, mutual in-
formation (MI) transfer curves of an equalizer and a channel de-
coder are drawn in the same axis to show the exchange of the MI
between them. Note that the output MI is drawn in
terms of the input MI for the equalizer while the output
MI is drawn in terms of the output MI for
the channel decoder.

In Fig. 7(a) and (b), the EXIT charts of two equalizers are
provided along with that of the (133, 171) recursive systematic
convolutional (RSC) code. We use the same setup as for the
MSE analysis except that the step sizes of the LMS channel
estimator and the LMS DA-TEQ are set to .
As for the DA-TEQ technique, the steady-state coefficients are
expressed as and ,
where and are Wiener solutions and and
are the perturbation due to misadjustment errors. Assuming that
the perturbation is jointly Gaussian, the coefficients of the LMS
DA-TEQ are generated from the distribution

(23)

See Appendix I for the derivation of (23). For each value of
input MI, the output MI for each equalizer is obtained via a his-
togram-based numerical method [7]. Comparing the trajectories
between the equalizer curve and the decoder curve in Fig. 7,
we observe that the MI transfer curves of both TEQ techniques
approach similar output MI values as the input MI approaches
one (see the points A and B in the charts). As long as SNR is
high enough to create a tunnel between the equalizer curve and
decoder curve, the actual performance achieved by both TEQs
would not be much different after a sufficient number of itera-
tions. On the other hand, the LMS DA-TEQ algorithm requires
more iterations for convergence and a higher SNR to achieve
convergence beyond the waterfall region, i.e., it has a higher
SNR threshold.

V. UNDERWATER ACOUSTIC COMMUNICATION RECEIVER

BASED ON LMS DA-TEQ TECHNIQUE

In this section, we introduce a receiver architecture built
upon the LMS DA-TEQ technique. The block diagrams of
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Fig. 6. Average MSEs of the MMSE-TEQ and the LMS DA-TEQ (a) for the
step size � � � � ������, (b) � � � � ������, and (c) � � � � �����.
The SNR is set to 0 dB.

the underwater receiver for the single-input–mul-
tiple-output (SIMO) and the MIMO systems are

Fig. 7. Exit chart graphs of the MMSE-TEQ and the LMS DA-TEQ for (a)
SNR � �0.25 dB and (b) SNR � �0.4 dB.

depicted in Fig. 8(a) and (b), respectively. The received data at
each hydrophone array element are processed by the synchro-
nization block. The symbol timing, the start of the processing
frame, and the channel length are estimated by thresholding
the magnitude of correlation between the received samples
and preamble data. The threshold is determined based on the
relative magnitude of correlations measured in the silent period
and preamble period. To align the data frame of all channels,
we obtain a rough estimate of channel support by thresholding
the magnitude of correlation. Once each data stream is aligned,
phase distortion due to Doppler effect is compensated [27] and
the LMS DA-TEQ algorithm is applied. Using the symbol es-
timates obtained by the LMS DA-TEQ, the extrinsic LLRs are
obtained by the soft-input–soft-output demapper block. When
there are multiple transmitter array elements, i.e., , the
multiple streams of the extrinsic LLRs are multiplexed into a
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single stream via the parallel-to-serial converter. The remaining
steps were explained in Section II-C.

A. Tracking Performance Enhancement

Generally, the LMS adaptive equalizer suffers from slow con-
vergence. In shallow water, channel dynamics tend to change
rapidly in local scale so that the statistic of channel gains is
highly nonstationary [31]. Consequently, the LMS algorithm
often fails to converge to steady state within the period over
which the channel is stationary and hence the equalization per-
formance is degraded. The slow convergence of the LMS algo-
rithm is improved by employing the following methods.

First, we partition the whole frame into multiple sub-blocks
over each of which the channel is assumed to be stationary. For
each sub-block, we repeat the weight update of the (normalized)
LMS algorithm until the filter weights converge to a steady state.
At each repetition (called “pass”), the step size is decreased
by the factor of . For each pass, the equalizer coefficients
are initialized by the last update in the previous pass. Denoting

as the size of the sub-block and as a total number of rep-
etitions per sub-block, the repeated weight update algorithm is
summarized as follows.

for ,

Set .

for

for

Let .

For all , compute

end

Set . For all , set , and
.

end

end

becomes the length of the whole frame
and is the initial step size. For better tracking performance,
we employ an -normalized LMS algorithm [32]. A training
symbol is used in place of in the training mode, and a tenta-
tive symbol estimate in the detection mode. Note
that the size of sub-block should be chosen carefully such that
the channel is stationary within the sub-block and sufficient data
statistics are captured to find a useful solution via the adaptive
algorithm.

Next, we exploit the sparse structure of the underwater
channel to reduce the number of active equalizer coefficients.
By reducing the number of unknown parameters that should be

Fig. 8. Structure of underwater receiver based on the LMS DA-TEQ for (a)
� � � SIMO and (b) � � � MIMO systems.

tracked by the equalizer, convergence speed of the equalizer can
be enhanced. We extend the sparse equalization technique de-
veloped for the conventional DFE in [33] to the LMS DA-TEQ
algorithm. Specifically, we first employ an LMS channel esti-
mator to obtain a rough estimate of channels during the training
period and order the channel taps in terms of the average power.
We select the strongest taps, where is chosen such that the
difference between the original MSE and the MSE obtained
after active channel tap selection is less than percent of the
original MSE for some . After the sparse channel structure is
identified, a portion of the support of the feedforward and feed-
back taps are switched off depending on the sparse structure
found. The sparse structure directly indicates which elements
of the feedback weight vector should be eliminated. More
specifically, the feedback taps not contributing to the output
due to zero channel gains are deactivated. On the contrary, the
feedforward equalizer taps should be switched off at the cost
of performance loss since all transmitted symbols contribute
to each received sample through convolution. We preserve the
matched filter property of the equalizer so that the feedforward
coefficients corresponding to zero channel taps reflected on
are turned off.

B. Soft-Input–Soft-Output Demapper

The LMS DA-TEQ technique cannot directly compute
and in (9) due to the absence of the channel estimate. The
soft-input–soft-output demapper estimates and and
produces the extrinsic LLRs using them. From (2) and (13), the
output of the LMS DA-TEQ algorithm is expressed as

(24)

(25)
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where

(26)
Note that the first and second terms in (25) are signal and
residual noise components of the equalizer output, respectively.
As long as the channel state remains constant and the coeffi-
cients and are in steady state, these terms are assumed
to be stationary. If we view the expression (25) as
with and , then we can
estimate and by time averaging

(27)

(28)

where and are the estimates of and
for the th subblock and recall that is the slicer op-

eration. These estimates are derived from (25) assuming that
for sufficiently high SNR. Note that these

estimates are computed only for the coded symbols, not for the
training symbols. Similar approach for estimating and
for feedforward TEQ was proposed in [21]. Since our LMS
DA-TEQ exploits the soft feedback from the decoder, it uses
only the coded symbols to obtain and
while the approach in [21] can exploit the training data. Now we
compute the extrinsic LLR for as (29), shown at the bottom
of the page.

VI. EXPERIMENTAL RESULTS

In this section, we evaluate the performance of the LMS
DA-TEQ-based receiver in real underwater environments. The
SPACE 08 experiment was conducted off the coast of Martha’s
Vineyard, MA, during October 14–November 2, 2008. We
compare the performance of the LMS DA-TEQ with that of
the conventional LMS-DFE for a variety of configurations. In

addition, the performance of the CE-based MMSE-TEQ is also
included for several setups.1

A. Experiment Description

Over the whole experiment, we employ a rate
(131, 171) RSC code and a random interleaver of the size of
19 200–38 400 bits for data generation. Four transducers spaced
by 50 cm are used for signal transmission and each of them has
a frequency bandwidth of 9 kHz . The trans-
ducers and hydrophone array are all located on fixed tripods and
hence there is little movement of the transmitter and the receiver.
The carrier frequency is set to 13 kHz. The sampling rate of the
transducer is 39.0625 ksamples/s and anti-aliasing filters with
a cutoff frequency of about 18 kHz are used. Four 1-min data
files are transmitted every 2 h and data transmissions are car-
ried out 149 times during 14 days. For convenience, each trans-
mission is indexed with “epoch 1–149.”2 Each of four data files
contains six “chunks” wherein each chunk corresponds to 8-s
samples of the received data (associated with each configura-
tion). The transmitted data are received by several hydrophone
arrays which are located at the range of 60, 200, and 1000 m.
Once data transmission is finished every 2 h, ambient noise is
recorded separately.

B. Parameter Setup

A square-root raised cosine filter with a rolloff factor
is used both in the transmitter and the receiver. A frame consists
of six sets of training symbols and data symbols. Turbo iteration
is carried out on a frame-by-frame basis. The length of training
period is and the length of data period is .
The length of preamble period is . The preamble
data are inserted at the start of each chunk. The data rate of the
system can be obtained as

OVF
(30)

where OVF is the oversampling factor that represents the
number of samples per symbol, i.e., sampling rate
OVF symbol rate.3 The system bandwidth is given by

1We measured the performance of MMSE-TEQ only for the selected test
cases since it took too long to process all data.

2In the SPACE 08 experiment, each epoch is distinguished by (Julian) date
and time (in GMT) of the start of transmission. For example, the first epoch data
corresponds to the data transmitted on the date 288 and the time 00:00. For the
sake of brevity, we use the epoch index from 1 to 149 in the rest of the paper.

3For data transmission over a frequency band of ����� � Hz, we define the
bandwidth of the system as � Hz.

(29)
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Fig. 9. Magnitude of channel impulse responses over time-delay domain for
the distance of (a) 60 m, (b) 200 m, and (c) 1000 m.

2 OVF kHz. Hence, the over-Nyquist
setup corresponds to the case where the symbol rate is larger

than twice the positive bandwidth, i.e., OVF 9 Hz,
equivalently for OVF . The size of a sub-block is set to

(symbol periods) and a total number of repetitions
for the weight update is set to . The initial step size is
set to and it is decreased by in every
pass. The value of for sparse equalization is set to 20%.
We choose the equalizer length such that and

, where are a maximum channel
length. A noise power is estimated during the silent period.
In SPACE 08, we observe that the phase compensation block
does not help improving the performance of the equalizer. This
would be why the receiver and the transmitter did not move so
that gross Doppler effect did not exist. Hence, we turned off
the phase compensation block while processing the field data
obtained during SPACE 08.

C. Experimental Results

1) Underwater Channel Responses Versus Distance: In
Fig. 9, underwater channel responses are shown for several dis-
tances. A recursive least square (RLS) channel estimator with
a forgetting factor of 0.999 is employed. The symbol period
is 102.4 s. We observe that the main arrival paths appear at
around 2-ms delay. The channel gains for the secondary arrivals
fluctuate more rapidly. In addition, for longer distance, the time
variation of the gains gets more significant. On the other hand,
for the 60-m channel, the channel gains appear relatively calm
and the response looks more sparse. For most cases, the actual
channel span was around 6–7 ms corresponding to 60–70
channel taps for 9.77-ksymbols/s transmission.

2) Iterative Behavior of TEQ Receiver: First, we observe
performance of the TEQ algorithms with iteration in real un-
derwater channels. To evaluate the performance over different
SNR levels, the separately recorded ambient noise was added
to the received data. The symbol rate ( 1/symbol period) is
9.77 ksymbols/s. Only 1000-m data for the epoch 24 are used
for performance evaluation. Fig. 10(a)–(c) shows the plots
of BER versus SNR for the 10 1 SIMO QPSK, the 10 1
SIMO 16-QAM, and the 10 2 MIMO QPSK transmissions,
respectively. The data rates achieved by these systems are
3.66 kb/s for the 10 1 QPSK transmission and 7.32 kb/s for
both 10 1 16-QAM and 10 2 QPSK transmissions. For
comparison, the performance of the conventional LMS-DFE
combined with Viterbi FEC decoder [33] is included.4 The
performance of the LMS DA-TEQ dramatically improves with
iterations so that significant performance gain is achieved
over the conventional LMS-DFE after the six iterations. The
LMS DA-TEQ outperforms the LMS-DFE even before the
first iteration due to the LMS-DFE suffering from severe error
propagation in the decision-feedback process especially for
long channel responses. Comparing the 10 1 16-QAM and
10 2 QPSK setups achieving the same data rate ( 7.32 kb/s),
the performance of the LMS DA-TEQ algorithm is better for
the 10 2 QPSK case. This suggests that increasing spatial
dimension offers better error performance than increasing

4In this LMS-DFE algorithm, we did not limit the number of symbols that are
fed back to the equalizer. Instead, the actual symbols to be fed back are chosen
depending on a sparse structure of underwater channels. In fact, all postcursor
symbols are considered as a candidate for feedback.
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Fig. 10. Performance of LMS-DFE and LMS DA-TEQ for (a) 10� 1 SIMO
QPSK, (b) 10� 1 SIMO 16-QAM, and (c) 10� 2 MIMO QPSK transmissions.

modulation order. However, the performance for the 10 2
MIMO setup converges at the slowest speed among three cases.

3) Long-Term Experimental Results: Next, we present more
extensive results measured for longer time durations (the epochs
from 9 to 31). The symbol rate is fixed to 9.77 ksymbols/s,
i.e., OVF . Tables I–III present the BER performance for
every four epochs of three equalizers: 1) LMS-DFE, 2) LMS
DA-TEQ, and 3) CE-based MMSE-TEQ.5 The environment
logs including wave height and wind speed are also provided
in Table IV. Different sizes of hydrophone arrays are used for
each distance data, i.e., and for 60, 200, and
1000 m, respectively. As for the LMS DA-TEQ and CE-based
MMSE-TEQ, the performance is measured after the sixth
iteration. Due to the tremendous amount of simulation time in
the CE-based MMSE-TEQ algorithm, we could not provide
the results for all setups. In all cases considered, the LMS
DA-TEQ algorithm outperforms the conventional LMS-DFE
by more than an order of magnitude. In many epochs, the
LMS DA-TEQ could decode the data without errors while the
LMS-DFE could not. In particular, the performance gain is
remarkable for the MIMO setup where the problem
size is twice that in the other SIMO setups. In most cases, the
performance of the LMS DA-TEQ algorithm is comparable to
that of the CE-based MMSE-TEQ algorithm. For some setups,
the CE-based MMSE-TEQ algorithm is even worse than the
LMS DA-TEQ, which is a counterintuitive from our analysis
in Section IV. This appears to be due to inaccurate estimation
of the covariance matrix of the noise plus residual signal in the
CE-based MMSE-TEQ, which was not accounted for in the
analysis. The CE-based MMSE-TEQ estimates
using (11) and this was performed only in the training period
to keep the covariance matrix estimation errors and the data
detection errors from causing error propagations. Due to the
insufficient training symbols and inability to track the changes
of the covariance matrix, accurate estimate of covariance
matrix could not be obtained. We observed that the CE-based
MMSE-TEQ is, in particular, sensitive to various mismatches
in terms of channel length estimation, frame alignment, and
covariance matrix estimation compared to the LMS DA-TEQ.

Another interesting point observed in these results is that the
performance of the equalizers for the 200-m distance is often
better than that for the 60-m distance. This observation can be
explained by the shape of the channel responses shown in Fig. 9.
Though the channel for the 60-m distance looks relatively calm,
longer channel delay spread is generated and the magnitude of
the secondary arrivals is larger. This makes the 60-m channel
more challenging. For 1000-m distance, the LMS DA-TEQ per-
forms well for most of cases. However, the performance is not
good during epochs 17–20, where the wave height and wind
speed are highest among all epochs (see Table IV). It is shown
again that the performance of the LMS DA-TEQ for the
QPSK case is better that for the 16-QAM case. (Both
setups support the same data rate.) On the other hand, the per-
formance of the conventional LMS-DFE is not satisfactory for
either setup.

4) Performance Versus Symbol Rate: We look at how the
throughput and performance of the LMS DA-TEQ vary in terms
of different symbol rates and modulation orders. The BER av-

5The BER in the tables is averaged over set of four epochs.
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TABLE I
EXPERIMENTAL RESULTS FOR 60-m DISTANCE �� � ��

TABLE II
EXPERIMENTAL RESULTS FOR 200-m DISTANCE �� � ��

eraged over a long period (epochs 109–114) is provided exclu-
sively for the LMS DA-TEQ in Table V. Only the 10 1 SIMO
case and 1000-m distance are considered. As shown in the table,
after five iterations, the LMS DA-TEQ can retrieve the data
without errors for all BPSK and QPSK cases. This implies that

our system can achieve 14.65 kb/s rate (corresponding to the
case of QPSK, 19.53 ksymbols/s) with low error probability.
On the other hand, for the 16-QAM case, we could achieve
perfect data recovery for 6.51-ksymbols/s case and 0.01 BER
for 9.77-ksymbols/s case. However, for higher symbol rate, the
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TABLE III
EXPERIMENTAL RESULTS FOR 1000-m DISTANCE �� � ���

TABLE IV
EXPERIMENT ENVIRONMENTS AND CONDITIONS

TABLE V
PERFORMANCE OF THE LMS DA-TEQ FOR DIFFERENT SYMBOL RATES AND MODULATIONS (1000 m)

data decoding was not successful. It is of particular interest to
compare two cases: the QPSK, 19.53-ksymbols/s case and the
16-QAM, 9.77 ksymbols/s, where the highest data throughput
(14.65 kb/s) is achieved among all setups. Note that the QPSK,
19.53-ksymbols/s case corresponds to the over-Nyquist setup,
where the symbol rate is larger than the system bandwidth 9
kHz (we mark these setups using “*” in the table). We observe
that the over-Nyquist transmission yielded better decoding per-
formance than that with the increased modulation order and the
LMS DA-TEQ could maintain good decoding performance even
for over-Nyquist setups.

VII. CONCLUSION

In this paper, we have investigated linear turbo equalizers for
underwater acoustic communications. Specifically, we studied
a low-complexity TEQ technique to the single-carrier equaliza-
tion of underwater channels. The two linear TEQ techniques,
CE-based MMSE-TEQ and LMS DA-TEQ, were considered.
Clearly, the complexity of the LMS DA-TEQ is much lower than
the CE-based MMSE-TEQ. We showed that both TEQ tech-
niques would show comparable performance as the number of
iterations increases. Inspired by the small performance gap of
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both TEQs after a sufficient number of iterations, we built an
underwater receiver architecture based on the LMS DA-TEQ
technique. According to the actual in-water experiments con-
ducted off the coast of Massachusetts, the LMS DA-TEQ tech-
nique could achieve the data throughput of 15 kb/s with low
probability of error. In addition, the performance of the LMS
DA-TEQ is an order of magnitude better than that of the con-
ventional LMS decision feedback equalizer [27] for a variety
of configurations such as different times, distances, and symbol
rates.

APPENDIX I
DERIVATION OF (23)

We derive a covariance matrix of the perturbation noise in
LMS filter coefficients following the convergence analysis in
[23]. Let filter coefficients, input signal, and desired signal of
an LMS adaptive filter be , and , respectively. The
LMS update rule is given by

(31)

A Wiener solution of this adaptive filter is given by
. Denoting an error signal as

, we can show that

[23]. Hence, becomes a perturbation vector due to
misadjustment errors of the adaptive filter. If we subtract
from both sides of (31), then the LMS weight update rule is
written

(32)

(33)

(34)

Using the direct-averaging method [23], we can approximate the
solution of the difference equation in (34) as that of the equation

(35)

Denoting and from (35), we have

(36)

Since in steady state, (36) becomes

(37)

When the input signal is white, i.e., is
obtained as

(38)

(39)

where (39) follows from the assumption that the step size is
small. Due to the assumption on the white input, this result can
be used for the analysis of the adaptive channel estimator in
Section IV-A.

On the other hand, for a correlated input, if we plug
into the left-hand side of (37), then it becomes

for
small , which equals to the right-hand side. Hence, the solu-
tion (39) approximately holds for the correlated input as well.
Hence, we can also use this result for the analysis of the LMS
DA-TEQ in Section IV-B.

APPENDIX II
DERIVATION OF (22)

We derive the excess MSE of the LMS DA-TEQ using the
results in [32, Sec. 6.5.6]. For sufficiently small

(40)

Since we have (41), shown at the bottom of the page, we have

(42)

(41)
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