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I. ABSTRACT

The need for robust teleoperated robotic arms is increas-
ing with respect to particular dangerous maritime missions.
These missions might include deactivation of underwater
mines, underwater salvage, or pipeline repair. In the past,
robotic arms with low degrees of freedom were not always
feasible for such operations, as the lack of free motion
prevented their uses in locations with small space for maneu-
verability. With higher degrees of freedom, the arms are able
to maneuver in tighter spaces and avoid obstacles as well.
The increase in the number of degrees of freedom incurs
an increase in the computational complexity for determin-
ing arm poses. With respect to the 7 degrees of freedom
(DOF) Schunk arm, we make observations that allow for
the derivation of systems of equations to solve the inverse
kinematics problem. Furthermore, we show how to solve the
systems such that closed form solutions can be obtained. This
approach allows us to give and prove a characterization of
the number of solutions with respect to certain conditions.
As a surrogate test platform for maritime missions, we have
developed a simulation that uses the Robot Operating System
(ROS) and ROS visualization (rviz) to simulate the moving
of the arm.

II. INTRODUCTION

Maritime missions such as deactivation of underwater
mines, underwater salvage, or pipeline repair present their
own unique challenges that can represent considerable dan-
ger for the human participants. As humans spend more time
in hazardous environments, especially when explosives are
involved, the likelihood of a catastrophic event increases.
To avoid this, we resort to robotic intermediaries which are
more expendable than human life and perhaps more suited
for very challenging environments. One such intermediary,
which is the robotic arm, could be teleoperated in harsh,
hostile, maritime environments. To support teleoperation of
the robotic arms, the desired goals of the human, namely
the position and orientation of the end effector must be
mathematically translated into meaningful goals for the arm.
Thus, for a given position and orientation of the end effector,
we would like to know the value of the joint angles of
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the arm that place the end effector to achieve the correct
position and orientation values. In general, this is the typical
inverse kinematic problem that is to be solved for robotic
manipulators.

In this paper, we consider a 7 DOF Schunk arm and derive
an inverse kinematic solution which is motivated by simple
geometric observations. The Schunk 7DOF arm contains
7 revolute joints whose joints are oriented such that the
axis of rotation of each joint is orthogonal to the previous
joint. Given a desired position 7" and orientation D’, it is
necessary to know how the arm can be positioned so that
the end-effector points to 7 with the correct orientation D’.
Ignoring joint limits and collision detection/avoidance, we
have developed a method to provide closed-form solutions
for the problem as stated. The seventh joint is radially
symmetric and as no other joint is affected by its motion,
this joint is fixed to be some arbitrary value. Identification of
sections with rotationally invariant lengths yield vectors that
must be positioned so that the end-effector can be matched
to the proper position and orientation. This analysis yields
four distinct vectors, with the middle two being capable of
spherical motion. Furthermore, the middle two sections give
rise to a free parameter that allows the elbow or fourth
joint to be positioned arbitrarily with respect to the end-
effector. We show that once these vectors are aligned, we
can determine all solutions by recursively solving a system
of equations generated by the rotations of the joints.

Our work is most similar to the works of [1], [2]. Ko-
rein, perhaps the earliest to study the inverse kinematics
of anthropomorphic arms [1], provides a geometric analysis
for solutions with joint limits based upon the observation
that the elbow can move through a planar circle while
the wrist joint is fixed. In [1], the more general kinematic
solutions are numerical due to the complexity of the arm.
However, for simpler arms, Korein uses the elbow joint and
its possible positions to develop an algorithm to determine
the joint angles of the arm. We make a similar observation
and treat the position of the elbow joint as a free parameter
as found in [3]. By identification of sections with rotationally
invariant lengths, we derive a set of three spherical equations
that can be solved recursively to obtain values for the first
six joint angles. Furthermore, through the application of an
appropriate transformation, we reduce the left hand side of
each equation to the same form that allows for the solutions
of each pair of successive joint angles to also be written in the
same closed-form. Lee and Ziegler also perform a geometric
analysis of a 6R PUMA arm in which the first three joints
are computed and used to solve for the remaining three joints

This is a DRAFT. As such it may not be cited in other works.

The citable Proceedings of the Conference will be published in

IEEE Xplore shortly after the conclusion of the conference.



[2].

Other approaches to this problem exist as well. Closed-
loop inverse kinematics have been used in [4] and later in
[5] to help guide the motion of a platoon of autonomous
vehicles. A gradient-based optimization approach to the
inverse kinematics problem was developed in [6]. Wang and
Verriest provided a geometric inverse kinematic solution that
uses results from minimization of the norm of joint angular
velocities [7]. In [8], an iterative inverse kinematics solver
was developed that allows for additional arbitrary constraints,
and provides a way to resolve conflicting constraints. Ge-
netic algorithms have been developed and used to provide
solutions to the inverse kinematics problem as well [9],
[10]. In [11], a machine-learning algorithm using relevant
training data was implemented to find a solution. While all
of these approaches have merit, our approach to the Schunk
7DOF arm provides a closed-form solution that is intuitively
clear. As such, we do not require iterative techniques that
perform SVD calculations, Jacobian approximations or root
estimation of high degree polynomials, which are usually
required by many approaches and their associated nonlinear
solvers.

The remainder of the paper is organized as follows.
Section III gives details describing our approach. Section IV
gives an example in which a simulation of the Schunk 7DOF
arm is used to demonstrate the validity of our solution. We
conclude with a summary given in Section V.

III. APPROACH

We begin by describing the mathematical framework capa-
ble of describing all possible poses of the arm. We denote the
ith joint of the arm as _#;, where 1 <7 < 7. For each joint,
we denote the corresponding frame of reference, .%;, which
consists of a set of three orthonormal vectors and origin.
Associated with each frame of reference is a transformation
given by

T1(01)[v] = R.(61) - v+ bo (1)
T5(62)[v] = Rao(m/2)R=(02) - v + by 2)
T5(03)[v] = Ro(—7/2)R.(03) - v + b2 3)
Ty(04)[v] = Re(m/2)R2(04) - v + b3 “4)
T5(05)[v] = Ry(—7/2)R.(05) v+ bs ®)
T5(06)[v] = Ra(m/2)R=(06) - v + bs (6)
T7(67)[v] = Ro(—7/2)R.(07) - v + bg (7

where R, and R, are rotation matrices about the z—axis
and z—axis, respectively, and b; is the relative origin of the
i—th frame with respect to the previous frame. See Figure
(1a). These transformations will transform vectors from .%;
to #;_,. For each _Z;, observe that angle measure of rotation
is given by 6;. For the remainder of the discussion, we will
denote vectors that are relative to the global % with the use
of the prime symbol, denoted as '.

Definition 3.1: Let L; be a vector that represents a section
of the arm whose length is invariant with respect to any
rotation of any joint.

e
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(a) Frames. (b) Invariant Links.

Fig. 1: Schunk 7DOF arm.




With Definition (3.1), we can write

Ly =by, (3)
Ly = by + b3, 9
Lg = by + b5, (10)
Ly = bg + b7. (1D

Figure (1b) shows the invariant sections identified and we can
make some helpful observations. Any possible positioning
of the arm will necessarily contain all four links connected
in some configuration. If we know all of the link vectors
L}, L5, L5 and LY, then we can easily work backwards to
determine ¢; for each joint _#; required to attain such a
configuration. Given that by remains constant and actions of
F1 do not affect by, we see that L; will also remain constant,
allowing for

L = L. (12)
Given that we want the end-effector to achieve a particular
orientation and position, L/ is also determined and is written
as

D/

Ly =bg .
! D]

(13)
In fact, Figure (2) shows that if we know where L/ and
LY intersect, then all vectors, L}, L}, L, and L}, are de-
termined. As L5, and L% are capable of spherical motion,
the intersection of L) and L% occurs along a circle. The
location along the circle is a free parameter and shares the

same position as the elbow of the arm, which is located at
joint _#4. We define the vectors X', R/, and P’ as

Ly=X+FR,
P =Ly + L,

14)
(15)
where R’ has the shortest length from P’ to the intersection

of L}, and L}, and X' points to the location along P’ from
which R’ emanates. Simple calculations show
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X' = (16)

2(1P|

Furthermore, R’ must be orthogonal to P’. Therefore, we
are free to choose R such that
(R', Py =0, (18)
and with this choice, all links are determined.
We now determine how to rotate the arm from its home
position to the desired position given by the configuration

of the links. This a matter of simply knowing how to rotate
the joints in such a way that the following equations are

Fig. 2: Given a target 7’ and orientation vector that coincides
with L), we can construct several poses that solve this
problem. The blue circle with radius vector R’ denotes all
potential intersections of L} and L and indicates potential
new configurations and solutions.

satisfied:
by = [|ba]| 2” (19)
by = [|ba]| ﬁz“ (20)
by = [|bs]| éz” @21
by = [|b4]| ZZH (22)
b5 = [|bs]| jz:zll (23)
b = Ilbo %” (24)
b= lorl o 25)

Examination of the arm reveals that the pair of joints

(71, #2) are equivalent to joint pairs (_#3, _74) and
(75, Y¢) with respect to the types of achievable motion.

Clearly, pairs (71, %2), (s, 74), and (75, Fs) must

be rotated to satisfy

2
Ty Toby = U, (26)
k=0
4
Ty TyTsTabs =y b}, (27)
k=0
6
T\ Ty Ts Ty TsTebs = Y b, (28)

k=0



Fig. 3: With links L}, L}, L}, and L specified as in Figure
(2), we can determine the angles needed to rotate the joints
to achieve such a configuration.

where we have momentarily dropped the dependence upon
0, for ease of exposition. Rewriting these equations, we have

2
TyTyby = b, (29)
k=0
4
T3Tybs =Ty Ty > b, (30)
k=0
6
T5Tsbe =Ty T3 ' Ty T > by (31)
k=0
Let S; and S be as

S1(0)[v] = T1(0)[v] (32)
S3(0)[v] = T3(0)[v] (33)
S5(0)[v] = T5(0)[v] (34)
(35)

then we can apply these transformations as follows
ST Toby =dy, (36)
Sy ' TsTyby =dy, 37)
S 5 Tebe =ds. (38)

where

2
dy =571 b, (39)
k=0
4
dy = S5 ' T Ty b (40)
k=0
6
dg = S5 ' T, T T3 Ty b (41)

k=0

Observe that the left hand side of Equations (36) - (38)
have exactly the same form. We now give a condition
characterizing the existence of solutions.

Proposition 3.1: For the Schunk 7DOF arm, let L; be as
defined by Definition (3.1) and shown in Figure (3), and
consider the transformations 7; as given by (1) - (7). For
X', R', and P’ as given by (14) - (15), if

2 2
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2(|P|
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there are no solutions. If

2 2 2
0 < 1P+ I Loll” — |1 L]
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< L2l

there are 8 solutions.

Proof: For the first part of this proof, suppose that
|X']| > 2] Since [ L4]> = X' + R/, we have
IL4] = |X]* + [|R|* < |[X7]|, which implies || R|* < 0
and no solutions are possible.

If | X' < ||L%||, then links L}, L5, L5, and L} are
connected, which implies that the right hand side of all
equations in Equations (36) - (38) exist. Since, S; Y Toby =
dy, we have

—cos(61) sin(fs)
—sin(6y) sin(62) | [|b2f| + b1 = di, 42)
cos ()
which yields the following solution
d
0, = tan™! ( 1’y> 43)
dl,x
di,—||b
92 — —COS_l < 1, || 1”) . (44)
b2

An application of forward solving shows that 11 T5be = b))+
b} + bly. However, the only other solution for this case is to
rotate _¢1 by 6; +7 and _#> by —0,, giving the remaining
solution. With the two solutions from (36), we can proceed to
solve (37) in the same manner. Of course, for each solution
of (36), we get two solutions for (37). Continuing to (38),
we see that we will have a total of 8 solutions. As _#7 has
only one degree of freedom, it only has one solution and
does not increase the number of solutions. [ ]
Proposition (3.1) contains the algorithm for determining the
solutions for the arm. Simply stated, solve (36) to get values
for A, and 65. With these solutions, recursively proceed by



TABLE I: All of the solutions for a fixed elbow joint that
place the end-effector at the correct position and orientation.

(AT S [ /s ] Ja | /s s |

01 02 03 04 05 [

[ 02 03 04 —05 O +

01 02 —03 | O4+7 | 05 [

[ 02 —03 | O4+7 | —05 | 6+
—601 | O2+7 | 63 04 05 [
—601 | O2+7 | 63 04 —05 | 06+
—01 | Oo+7 | =03 | Qs+ 05 [
—01 | 0o+ | =03 | O4+7 | =05 | O+

solving the next system, until we are done. The solutions for
the angles are given as

0 — tan~! (;lzy) , 45)
(o — |lbsl]
= =2 220 4
04 cos < ol , (46)
05 = tan~! (Z‘””y) , (47)
3,z
— d z ||b ||
1 3 5
- 28z — 1050 4
o = —cos < ol (48)

Table (I) shows all of the solutions. The next section pro-
vides an example using this technique to help validate our
approach.

1V. EXAMPLE

Our algorithm is implemented in C++ and uses ROS and
RVIZ to move and display the arm. For this example, we
position the base of the robot at (300,0,0) and want the
hand to be placed at (900, 0, 908), assuming an orientation of
(.864405, 0,.502796). The orientation was chosen so that the
hand would either point upwards or downwards, depending
upon the desired position and the origin of .%#;. We select
67 = 0 and Figures (4) - (9) show the results.

Note that of the eight solutions for each pose, the solution
that was closer to the home position with respect to the
Euclidean distance was chosen. Figures (4) and (5) show the
arm initially transitioning from the home position. Figures
(6) - (9) show that the arm is in the correct position and
orientation, but with different orientations of the elbow joint.

Fig. 4: Home position.

Fig. 5: Transitioning step.

Fig. 6: Elbow pointing up.

Fig. 7: Elbow pointing right.

Fig. 8: Elbow pointing down

Fig. 9: Elbow pointing right.

V. SUMMARY

We have constructed an approach for positioning the
Schunk 7DOF arm into the correct position and orientation.



Furthermore, this approach uses a free parameter that allows
for the positioning of the elbow located at the fourth joint.
We have also provided a sufficient condition for classifying
the number of solutions, based upon the desired position
and orientation of the end-effector. This condition serves to
perform a priori checks to determine if the desired position
and orientation is attainable. A future area of investigation
involves general path planning, and specifically, the proper
choice of the elbow joint when considering additional con-
straints such as obstacle avoidance.
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