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ABSTRACT

Natural signals are often characterized by nonlinear time-
frequency structures and more especially in underwater con-
text. Underwater mammal vocalizations or dispersive phe-
nomena are just some examples of contexts where nonlinear
time-frequency structures of signal’s components exist. Their
analysis is of great importance for detection and classification
purposes but also for phenomenon characterization.

In this work, starting from the concept of warping-based
time-frequency analysis, we propose a new analysis method
that combines the properties of the waping transform with the
concept of compressive sensing. It provides a more accu-
rate characterization of nonlinear time-frequency structures in
terms of the estimation of their parameters. Results provided
for simulated data prove the interst of this new approach with
respect to the spectrogram-based method.

Index Terms— time-frequency analysis, warping trans-
form, compressive sensing, non-linear time-frequency struc-
tures

1. INTRODUCTION

Analysis of acoustic underwater signals is an important task
in many applications such as detection of underwater mam-
mals, classification, localization, etc. The problem of analy-
sis in passive context is a complex one while there is a large
diversity of signals types more or less affected by the prop-
agation constraints. In this paper, we consider the complex
case of natural signals composed by many nonlinear time-
frequency structures and that propagate in multi-path con-
figurations. At the receiver level, the analysis of such sig-
nals is very complicated as the nonlinear time-frequency com-
ponents can superpose in the time-frequency plan, creating
cross-terms that could be interpreted as new (but false!) time-
frequency components.

The algorithm proposed in this paper consists in devel-
oping a combined methodology of the warping operators,
that stationnarize any nonlinear frequency modulation (in our
works, we used mostly power class of linear modulations, but
the work can be generalized to any other modulation type),
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and the compressive sensing-based estimation of the spectral
lines that appear in the time-frequency domain after the warp-
ing operation. In Section 2, we present the general method
that first consists on a warping transform that turns the non-
linear component of interest into a pure sinusoid that is sparse
in the Fourier domain. This operation is then followed by a
cleaning of the spectrogram using the L-statistic approach
and a CS-based reconstruction algorithm that reconstructs the
sinusoid. An inverse warping is finally used to express the
signal in the original time domain. Afterwards, Section 3
proposes an illustration of the method with a numerical ex-
ample and finally, Section 4 provides some conclusions and
perspectives of work.

2. METHOD PRESENTATION

This article focuses on the recovery of signals having nonsta-
tionary time-frequency content defined as follows:

N N
s(t) =) _si(t)=)_ A" (1)
i=1 i=1

where N is the number of components, A; their amplitudes
and 1); (t) their instantaneous frequency laws that are nonlin-
ear and that can be modeled by logarithm phase signal such
as:

7/)1' (t) == 27Tf0it + ciln (t) ;T E [tOh to; + DZ] (2)

with fo; the central frequency of the modulation, ¢; the loga-
rithm modulation rate, ty; the time instant when the modula-
tion happens and D; its duration.

2.1. Warping transformation

2.1.1. General formulation of a warping transformation

Generally, a warping transformation enables to express a
given signal s (t) into another time domain (the warped do-
main) that simplifies the processing of the data.
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Let consider a signal s (¢) € £ (R) and W the warping
operator defined as follows:

W, wit)ec', w ({t)>0:st)—=Wst)} @3)

where C! corresponds to the class of derivable functions.
The modifications created on the studied signal are expressed
through this formulation:

1/2

PO (1)) @

dt

Ws (t) = ’

where w () is a smooth one-to-one function called the warp-

dw(t) 1/2
dt

velop of the warped signal that enables to conserve the en-
ergy of the original signal. It is also possible to define a non-
unitary version of the warping operator if we do not want to
deal with the envelop term. It is defined as follows:

W (t) = s (w (¢)) ©)

ing function. The first term ’ corresponds to the en-

In most cases, warping functions are chosen in order to
stationnarize the studied signals. Most popular warping op-
erators used in the literature are the functions w () = exp”
[1] and w(z) = |x|1/’c sgn (x) that have shown themselves
really usefull for respectively analyzing logarithm and mono-
mial phase signals. They turn the signals into stationary pure
sinusoids that are easier to analyze.

If the warping function is analytical and bijective, then
the warped signal can be unwarped in order to express the
signal in its original basis. However, they are most of the time
not inversive as signals often met in real world applications
are usually nonstationary and have time-frequency contents
that cannot be described by analytical functions. Jarrot et al.
[2] proposed a technique that extends the class of warping
operators to discrete-time sequences and respects invertibility
conditions.

2.1.2. Discrete formulation

The proposed concept starts from the straighforward defini-
tion for the sampled discrete-time warping operator:

(Ws [n]) [m]

= Sy [m] 6
= s (wa (+25) (W =1)7) ©
where wgy (u) is the normalized function of w (¢) defined by:

wq 1 [0,1] = [0,1] € C*
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The main difficulty is now to estimate the missing val-

ues of the signal by using the general class of interpola-

tors. The first step is to express the signal into a linear

shift-invariant space Vy [3] defined by the kemel ¢ with
Vo = Span({¢ (t — kT) , k € Z}) [4], as follows:

s(t)=> cn]é(t —nT) ®)

n

We restrict ourselves to the case of exact interpolation
where s (nT') = s[n]. Then, signal s (¢) can be expressed

as:
N-1

s(t) =Y s(n) gine (t —nT) )
n=0

where the kernel ¢, is:

Gint (t) =Y _p[k] ¢ (t — kT) (10)

k

Exact interpolation is possible if and only if the following
condition is met for all signal:

Dint (nT)z{ (1) Zj Z;g (11)

Note that any interpolation kernel can be used. Jarrot et al.
[2] has found that the cardinal B-spline is the optimal choice.
Therefore, the warped discrete sequence is defined as:

N-1

sw[m] = s[n] it (wa (m) — nT) (12)

n=0

More details on the algorithm is provided in [2]. This
shows that any discrete time warping operator could be im-
plemented thanks to a finite set of values of the warping func-
tion. This extends time axis transformations to non analytical
warping functions which means that any kind of signals can
be stationnarized by a sinusoid.

Let consider an arbitrary instantaneous frequency law
¢ (t) and a finite set of values {¢ (tx)},_, . The dis-
crete warping function wy () that stationnarizes the signal is
defined such as:

¥ (wa(te)) = wa((tr))
T t;k:k,....,L (3)

To solve this equation, the signal is divided into L seg-
ments in which a local estimation of the warping function is
computed iteratively. Thus, the segmentation ensures v (t)
monotony on each interval. Each interval [Ij, I;11] is cen-

tered around t;, and we note wy = w (tx). The algorithm
(0)

starts by initializing w,,’ such as:
1
w = 5 (T + Ii1) (14)

Then, at each iteration p, the local solution is calculated as
follows:

_ _ Ty — 1
w,(cp) = w](Cp b — sgn (1/) (w,(cp 1)> - tk:) k—;;-i-l . (15)



where sgn is the sign function. The process stops when the
differential value between two successive iterations becomes
insignificant:
w,(cp—‘_l) — w,(cp) <e (16)
This process enables the stationnarization of any kind of
instantaneous frequency laws even when non analytical.

2.2. Warping-based compressive sensing algorithm

Let consider the case of a composite discrete signal s (n)
composed of a desired component s4 (n) that should be ex-
tracted and an undesired part s,,4 (n) that should be removed:

(17)

The desired signal corresponds here to a sinusoid. The
other part can be composed of other coherent signals, as well
as nonstationary or more complex signals. The goal is there-
fore to extract the sinusoid that can be well hidden into s (n)
and also more powerless than the undesired part.

Therefore, to extract the component of interest, it is nec-
essary to explore the time-frequency content of the signal. We
perform a short time Fourier transform (STFT) of s (n) using
a rectangular window of width M. At instant n, we have:

5 (n) = s4.(n) + $na (n)

M-1
STFT (n, k) = Z s (n + p) e 72mkp/M
p=0

(18)

Because the desired and undesired frequency component
can overlap in time and frequency, it is then necessary to sep-
arate them. To do so, one possibility is to use the L-statistics
approach [5, 6] to select time-frequency regions of interest.

Indeed the desired signal is sparse in the Fourier domain,
so along a given frequency line, it is possible to have only un-
desired components or a mix of desired and undesired com-
ponents. In both cases, the highest values of the spectrogram
would correspond to interference contributions or unwanted
components. Another scenario can be considered when the
amplitude of the two parts’s spectrum are of the same order
of amplitude, it is known that opposite phases produce low
values at the intersection points. All these informations lead
to the assessment that we need to remove those values from
consideration. To do so, data samples are first sorted out for
each frequency. Then, the highest and the smallest values are
discarded (i.e. replaced by a zero value). The procedure is
described below.

The L-statistics is applied to ST FT (n, k). For each fre-
quency k, the samples are sorted out:

Li (p) = sort {STFT (p,k), p=0,1,...M —1} (19)
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such that |L; (0)] < |Lg(1)] < ... < |Lg (M —1)|. The
removal operation is then done by discarding (Q highest val-
ues and P smallest values of each L. The remaining STFT

values consequently belong to the desired signal and a com-
pressive sensing (CS) reconstruction algorithm can be used to
reconstruct the sinusoid of interest.

At instant n, the STFT of signal s (n) can also be ex-
pressed as follows:

STFT,; (n) = Dyss (n) (20)

where STFT ), (n) and s (n) are vectors in the form:

STFTy; (n) = [STFT (n,0),...,STFT (n, M —1)]"
21

sn)=[s(n),s(n+1),...s(n+M)]" (2

while D, is the MxM DFT matrix with coefficients:
Dy (m7 k) _ 6—j27rmk:/M

As the case of nonoverlapping windows is considered, the
complete formulation yields to:

STFT = Ds (23)
such that vector STFT is composed of vectors: STFT, (0),
STFTy; (M), ..., STFT; (N — M). The matrix D is ob-
tained as a Kronecker product:

D =l ® Dy

where Iy /5y is the (IV/M)x(N/M) identity matrix. The vec-
tor s can then be expressed as the inverse Fourier transform
of the DFT vector S:

s=D'S (24)
By combining (23) and (24), a general expression can be ob-

tained:
STFT = ApyLS

with Apyrr = DD]_Vl.

To summarize, matrix A gy 7, maps the integrality of the
TF representation. By using the L-statitics method [5], we
create a CS mask Acg that will remove the TF values that
do not belong to the desired signal from the spectrogram.
We then dispose of a spectrogram STFT¢g that has been
cleansed of all undesired signals frequency components. The
next step is to reconstruct the desired signal by minimizing
the following problem:

(25)

N—1
min || X ||, = min Z | X (k)| subject to
k=0

(26)

STFTecs = AcsX

The reconstructed DFT X is used to obtain s (n) which corre-
sponds to s4 (n) due to the elimination of all the non desired
components.



To conclude, the compressive sensing part and the L-
statistics approach manage to separate the sinusoid of interest
from s(n). Then to reconstruct the nonlinear modulation
phase signals, it is necessary to perform an unwarping opera-
tion.

The Warping Based Compressive Sensing algorithm
(WBCS) is the result of two contributions: the warping de-
scribed in the previous section and a compressive sensing
method introduced by Stankovic et al. [5]. It permits the
extraction of nonlinear modulation phase signals even when
they overlap in time and frequency, and also when parts of
them are missing. First, the warping operation enables to
express the desired signal into a pure sinusoid that is sparse
in the Fourier domain, then, the CS algorithm combined with
the L-statistics approach removes all the undesired compo-
nents. Even if this approach seems similar to the combination
of warping operators with band-pass filterings, it is bit a
different as we will see in the next section. Warping opera-
tors defined by Jarrot et al. enable to estimate a well-suited
warping function from a set of IFL coordinates and the com-
pressive sensing permits to reconstruct a sinusoid even if parts
of the signal are missing. This is this point that provides the
main contribution of this work and enables to obtain better
results compared to a more classical method.

3. NUMERICAL EXAMPLE

3.1. Presentation of the example

Let consider a signal s (n) defined for n € {1,2,...,N},
composed of two nonlinear modulation phase signals s1 (n)
and sg (n) that model mammals vocalizations:

s(s) = s1(n) +s2(n) 27)

with:
s1(n) = 9 53 (795In(n/N+1)+32n/N) (28)
s9(n) = 1.5¢4(1050in(n/N+1)+100.8n/N) (29)

We simulate an echo of those signals (for the reflection with
the sea’s surface) by performing a convolution between s (n)
and the following transfer function & (n) defined such as:

h(n) =6 (n1) + 0.76 (ng) (30)

with § the dirac funtion, n; = 10 and no = 400 the time
instants when the direct path and the echo are respectively
received by the microphone. The signal of observation x (n)
is as follows:

z(n)=s(n)xh(n)+b(n) 31

where * stands for the convolution product and b (n) for a
white gaussian noise.
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Fig. 1. Spectrogram of the numerical example obtained for a
SNR equal to 7.95 dB.

In this paper, the signal-to-noise ratio (SNR) is defined as
follows:

N 2
SNR.p = 101og10w (32)
Zn:l Snd (n)

with spq (n) refering to unwanted signals such as the noise
b(n) and sq the components of interest (direct path and
echos).

Figure 1 presents the spectrogram of the studied signal us-
ing a 128 samples length Hamming window and 127 samples
of overlapping. As we can see one component and an echo
are so close in the TF plane that some artefacts are created and
prevent tracking algorithms from providing a good estimation
of the nonlinear modulations. In this example, we propose to
extract s1 (n) and sy (n) by using a warping approach.

3.2. Method

To begin with, we propose to work on a portion of z (n) that
only contains the two modulations of interest and the artefacts
created by the echos. To extract the first component, we first
estimate a set of its [FL’s coordinates. This is performed by
an algorithm of tracking phase developed by [7] which man-
ages to track the time-frequency component based on their
local continuity. To do so, the signal is divided into intervals
in which an estimation of the local-best matched IFLs is per-
formed. In this example, the algorithm provides a set of 32
coordinates for the IFL which is enough to estimate a warp-
ing function that stationnarizes the component.

Figure 2(a) shows the results of the tracking algorithm and
the set of IFL coordinates estimated (b) used to calculate the
associated warping function (c). After the warping operation,
the signal’s most powerfull component is expressed as a pure
sinusoid mixed with perturbations in the warped domain. We
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Fig. 2. (a) Spectrogram of the signal and result of the tracking
method for the estimation of the IFL coordinates of the most
powerfull signal (b). The associated warping function that
stationnarizes the corresponding component is then estimated
in (c).
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Fig. 3. (a) Spectrogram of the warped signal. (b) Spectrogram
of the filtered warped signal: the most powerfull component
has been removed. (c) Spectrogram of the filtered signal in

the original time domain.

notice here that even if the IFL traking is subject to error, it
enables to stationarize the component of interest.

The next step is then to use a band-pass filter to extract
the component that has been stationnarized, perform an in-
verse time-axis transformation to express the selected com-
ponent in the original time domain as 53 (n) and finally cal-
culate its IFL. The band-pass filter is a 300-th order filter that
has a bandpass of 299 centered around the central frequency
given by the maximal peak of frequency of the warped sig-
nal’s spectrum. Figure 3(a) shows the spectrogram of the
warped signal where the most powerful component is repre-
sented by a sinusoid.

Afterwards, we perform a notch filter (with the same pa-
rameters used for the band-pass filter) to remove the first com-
ponent from the warped signal (Figure 3(b)). The filtered sig-
nal is then expressed in the original time domain with an in-
verse time-axis transformation: we obtain the original signal
reduced with the first component (Figure 3(c)). This step is

(b)
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Fig. 4. (a) Spetrogram of the filtered signal and result of the
tracking method for the estimation of the IFL coordinates of
the second component (b). The associated warping function
that stationnarizes the corresponding component is then esti-
mated in (c).

necessary to estimate the second component as it becomes
the most powerfull component and therefore can be trackable
with the tracking algorithm. We then estimate a set of the
second component IFL’s coordinates in order to estimate a
warping function that stationnarizes it and perform the asso-
ciated warping operation (Figure 4). We then estimate a set
of the second component IFL’s coordinates in order to esti-
mate a warping function that stationnarizes it and perform the
associated warping operation (Figure 4). The second compo-
nent is turned into a single sinusoid with missing values in the
time-frequency plane (Figure 5).

The natural approach is then to perform a second band-
pass filtering to extract the second component, followed by
an inverse time-axis transformation. This is usually where
the method becomes limited. Due to the missing values of the
second component, the algorithm fails to extract properly the
signal of interest $3 (n). This is shown in Figure 7 where we
can see that the estimated IFL of 53 (n) is not perfect.

We then propose to observe the results obtained with the
WBCS algorithm starting from the linearization of the sec-
ond component. The STFT of the warped signal is then per-
formed using a 32 samples rectangular window with no over-
lapping (Figure 6(a)). For each frequency, the STFT values
are sorted out (Figure 6(b)) and according to the L-statistics
process, 50% of the largest values are removed along with 8%
of the smallest values. The CS spectrogram values that re-
main after the L-statistics removal are shown in Figure 6(c).
A reconstruction algorithm is then applied to the CS STFT
which permits to reconstruct the sinusoid of interest. Subse-
quently, an inverse time-axis transformation is performed to
recontruct the nonlinear modulation phase signal $3 (n) in the
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Fig. 7. IFL estimates of s1 (n) and s3 (n) calculated from the
original signals, and the extracted signals obtained with the
warping and WBCS algorithms.

original time domain.

Figure 7 shows the IFL of 53 (n) obtained with the WBCS
algorithm. As we can see, the result is better than the one
obtained with the traditionnal band-pass filtering and enables
to reconstruct the signal of interest even if a part is missing.

3.3. Results presentation

As we can see, results highly depend on the IFL estimation
that enables to linearize the nonlinear component and they
can be affected by the noise level. This is why, for a given
level of noise that vary around 7dB, we propose to run this
experiment N, = 300 times and calculate the associated
mean square error (MSE) to verify that the WBCS method
provides a better accuracy than the combination of warping
operators and band-pass filterings. The MSE is calculated as
follows:

N
1 -
MSE = ; (yr — 71)° (33)

where gy, stands for the known IFL and g, for its estimate.
Results show that for only 3 cases both methods fail to
provide a good estimation of the second IFL. The mean val-
ues of the MSE are respectively of 29.55 Hz and 24.09 Hz for
the first method and the WBSC algorithm. In both cases, the
accuracy of the result depends on the IFL estimation made for
the warping process. The advantage comes from the possibil-
ity to reconstruct signals when parts of the signal are missing.

4. CONCLUSIONS AND PERSPECTIVES

This article proposed a new approach for nonlinear frequency
extraction that enables to overcome the limitation when parts



of the signals are missing. It takes advantages of a warping
transformation that turns the desired signal into a sinusoid and
the L-statistics that permits to select time-frequency regions
of interest. Then, a CS reconstruction algorithm is used to
regenerate the signal in the warped domain. Finally, a second
time axis transformation is performed to express the recon-
structed warped signal in the original time domain.
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