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Abstract-This paper presents a LQR-based optimal design 

method for consensus of second order multi-agent systems with 
damping term in an undireceted communication topology. 
Concerning about the undirected connected topology, a 
Lyapunov based method is carried out to guarantee the 
asymptotical consensus of systems. Being different from previous 
researches, this paper takes the damping term into consideration 
and forms the velocity dynamics. Besides, it is derived that the 
consensus value is related with its parameter. In addition, 
simulations are carried out with simplified heading control 
systems of autonomous underwater vehicles (AUVs), which show 
the effectiveness of the proposed optimal design method. 
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I. INTRODUCTION 

Recently, cooperative control of multiple autonomous 
agents has drawn increasing attention of control society due to 
the wide application prospects of multi-agent systems. The 
agents may include unmanned air vehicles (UAVs), 
autonomous underwater vehicles (AUVs), spacecrafts and 
wire sensors [1-4]. And applications can cover a broad area 
from civil to military, such as cooperative searching of 
disaster area, intelligent transportation, surveillance of 
battlefield, formation control of unmanned autonomous 
vehicles and so on. Besides, comparing with single intelligent 
systems, multi-agent systems have advantages in robustness 
and efficiency. 

Among all the problems brought out by multi-agent 
systems, consensus or synchronization, which means all 
agents reach an agreement on certain states of interest, is 
studied widely and lots of meaningful results have been 
obtained with applications in the field of rendezvous, 
formation control and flocking. As a whole, extensive 
researches of consensus are developed with single-integrator 
dynamics. For example, Olfati-Saber and Murray [5] solved 
the average consensus problem of multi-agent system with a 
balanced digraph based on disagreement function. Moreau [6] 
handled the consensus problem according to a set-valued 
Lyapunov approach. More details can be found in Ren and 
Atkins [7]. In fact, single-integrator dynamics can only be 
regarded as an abstraction of vehicle dynamics. To be more 
practical, second order systems are studied in order to include 
a broader and more general class of vehicle dynamics [8]. 
Tanner and Jadbabaie [9] have investigated the stability 

properties of multi-vehicle systems with double integrator 
dynamics with fixed and dynamic topology. Cao and Ren [10] 
studied the coordination algorithm for second order multi-
agent systems under discrete time framework with sampled 
data.  

Even though double integrator dynamics can show 
essential characteristics of vehicle dynamics compared with 
the single integral ones, this structure implies that the 
acceleration of the vehicle can maintain a constant value as 
long as the input is fixed. This is obviously unreasonable in 
real-world applications. So unlike the previous mentioned 
articles, consensus for the second order system with damping 
term is considered in this paper. In this paper particularly, a 
simplified AUV heading control system, which is a typical 
second order system with damping term, is adopted to testify 
the proposed control protocol. One widely discussed structure 
for multi-agent systems is the hierarchy structure which means 
that one agent can only receive message from its superior and 
send information to its inferior. Therefore, the undirected 
connected topology is discussed in this paper. Similar to the 
Lyapunov method used in Ni and Cheng [11], asymptotical 
consensus of the system is validated for the second order 
multi-agent systems. 

The rest of this paper is organized as follows. In section 
II, the problem of consensus is formulated and optimal design 
method is introduced. In section III, consensus problem with 
connected topology is discussed and that with spanning tree is 
proved. Section IV contains simulation results with the AUV 
heading systems and a conclusion is given at last. 

II. SYSTEM MODEL 

Consider n  agents with second order dynamics: 
, , 1, ,= = + =� � "i i i i i i ix v v a v b u i n                         (1) 

where ∈ix R  and ∈iv R  are system states, iu is the control 
input needed to be designed and ,i ia b  are system parameters 
that satisfy 0, 0< >i ia b . Assume that the system have 
identical agents, then , ( 1, , )i ia a b b i n= = = " . 

In previous papers, the control protocols of multi-agent 
systems usually are adopted as following 

(( ) ( )),
∈

= − − + − >∑
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In this paper, the system dynamics is firstly reformed as 
below 

i i iz Az Bu= +                               (2) 

where, [ , ]= T
i i iz x v . 

Define 
0 1
0

A
a

⎡ ⎤= ⎢ ⎥
⎣ ⎦

 and 
0

B
b
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

. Notice that matrix A  

here denotes the system matrix, not the adjacency matrix and 
iz  has no relation with Gersgorin Circle Criterion. Then the 

local neighborhood error of agent i  can be described as 

( )
i

i i j
j N

z zζ
∈

= −∑ . So the control protocol for agent i  can be 

chosen as i iu Kζ= − , where, = TK B P  and P  satisfy the 

Riccati equation below. 

+ − + =T TA P PA PBB P Q 0  

With this definition of feedback gain K  for agent i , it 
can be found that this protocol can minimize the performance 
index expressed as Eq. (3) and yield the local optimal results. 

0

1
2

T T
i i i i iJ x Qx u u dt

∞

= +∫                           (3) 

Another advantage of optimal design method is that the 
choice of feedback gain only depends on the choice of matrix 
Q  and decoupled from the graph structure. In section III, it is 
proved that based on this control protocol, asymptotical 
consensus of multi-agent systems with system dynamics 
depicted as Eq. (2) could be reached. 

III OPTIMAL DESIGN OF CONSENSUS FOR MULTI-AGENT 
SYSTEMS 

In this section, the problem of asymptotical consensus 
shown as Eq. (2) is settled with certain requirements of Q  is 
satisfied, where the topology is an undirected connected 
graph. First, a definition for system consensus is given. 

Definition 1. Consensus of the system is regarded as 
achieved when the following equation is satisfied 

lim ( ) ( ) 0i jt
z t z t

→∞
− =

 
 ( , 1,i j n= " ) 

for arbitrary initial values of (0), 1,iz i n= " . 
Define the states error between two distinct agents i  and j  

as ij i jz zζ = − . So the consensus can be achieved if 

lim ( ) 0ijt
tζ

→∞
=  ( , 1,i j n= " ), and the system error variable 

can be defined as 2 1
11 12 1

TT T T n
n Rζ ζ ζ ×⎡ ⎤Δ = ∈⎣ ⎦" . Then 

Lemma 1 is proposed. 
Lemma 1. If the system error variable satisfies that 

lim ( ) 0
→∞

Δ =
t

t , then the consensus of system is reached.  

Proof. According to the definition of ( )Δ t , lim ( ) 0
→∞

Δ =
t

t  

means 1lim ( ) 0jt
tζ

→∞
=

 
 ( , 1,i j n= " ). Since ζ = −ij i jz z , it 

can be acquired that 1 1ij j iζ ζ ζ= − . So if lim ( ) 0
→∞

Δ =
t

t  is 

satisfied, it can be concluded that 
lim ( ) 0, , 1,ijt

t i j nζ
→∞

= = " . ,  

Therefore, based on Lemma 1, the analysis of system 
consensus is equivalent to the convergence of ( )Δ t . Next, the 
error system dynamics is presented. By differentiating 1iζ , Eq. 
(4) is obtained. 

1 1 1 1 1 1 1
1 1

1 1 1 1 1
1 1

( )
n n
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ζ ζ ζ ζ
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∑ ∑
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� � �
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So the error system dynamics can be depicted as followed. 
( ) ( ) ( )
( )

Δ = ⊗ Δ − ⊗ Δ − ⊗ Δ
= ⊗ − ⊗ − ⊗ Δ

�
n nG

n nG

I A L BK A BK
I A L BK A BK

  (5) 

where, nGA  is defined as below. It is obvious that 
( ) 1nGrank A = . 
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Lemma 2. For a connected graph, the matrix 
T T

nG nGM L L A A= + + +  is invertible.  
Proof. According to [12], strictly diagonally dominant 

matrix is nonsingular and invertible. Therefore, the strictly 
diagonally dominant property of M  needs to be proved.  
Denote the thi  row of matrix M  as iM . Similarly, iL  and 

nGiA  represent the thi  row of matrix L , nGA respectively.  

For the first row of M , with 1 1
TL L=  and 

1
1( )T n

nGA R ×= ∈0 , it can be found that 

[ ]
[ ]

1 1 1 12 1

1 1 12 1

2 2 2
( ) 0

T
n

T
nG nG n

L L d a a
A A a a

⎧ + = − −⎪
⎨ + =⎪⎩

"
"

                 (6) 

Then 1 1 1 1 1( )T T
nG nGM L L A A= + + +  can be expressed as 

follows 

[ ]1 1 12 12 nM d a a= − −"                         (7) 
Being a strictly diagonally dominant matrix, it requires that 

1, ,ii ij
j i

m m for i n
≠

> =∑ … . According to the definition of 

1,

n

i ij
j j i

d a
= ≠

= ∑ , it can be easily concluded that 1M  satisfies this 

condition. 
For the jth  row of M , with 1nGj nGA A=  and 

12 2 2T
j j j j jnL L a d a⎡ ⎤+ = − −⎣ ⎦" " , the value of T

nGjA  



 

 

depends on the connection between agent 1  and agent j , 

which is , the value of 1 ja . 

Case 1: If 1 1ja = , then 1( )T n
nG jA R ×= ∈1 . 

Define 1 12 1 2 1j j jn n
n j

d a a aδ
≠

= + + − − + +∑ , 0δ >  

means that jj jk
k j

m m
≠

>∑  is satisfied. In fact, Eq. (8) can be 

obtained using the form of δ . 

1 1

1 1

1 1

2 1 2 1

2 1 ( 2 1 )

2 2 1 1 0

j j jn n
n j

j j jn n
n j

j jn j n
n j n j

d a a a

d a a a

d a a a

δ
≠

≠

≠ ≠

= + + − − −

≥ + + − − +

= − + + + + >

∑

∑

∑ ∑

          (8) 

Case 2: If 1 0ja = , then 1( )T n
nG jA R ×= ∈0 . 

 With 12 2j jn n
n j

d a aδ
≠

= − − +∑ , Eq. (9) can be derived as 

below 

1

1 1

2 2

2 ( 2 ) 0

j jn n
n j

j jn n n
n j n j

d a a

d a a a

δ
≠

≠ ≠

= − −

≥ − − = >

∑

∑ ∑
                      (9) 

Eq. (9) is derived for at least one agent i  should satisfy 

1 1ia = , which means that the graph is connected. 
As a consequence, it can be concluded that each row of 

matrix M  satisfies ii ij
j i

m m
≠

>∑  ( 1, ,i n= … ) and M  is 

strictly diagonally dominant. Lemma 2 is proved. ,  
Subsequently, theorem 1 of this paper is presented. 
Theorem 1. For multi-agent systems, which is consisted of 

second order dynamics described as Eq. (2)., assuming 
communication topology is connected with the feedback gain 

TK B P= and P  as the solution of Riccati equation, then with 
the control algorithm i iu K= − ζ , the consensus of systems is 
guaranteed if the diagonal element of positive definite matrix 
Q  in Riccati equation satisfies the following condition 

(1 )( 2)max(0, )bq
b

μ
μ

− +>                         (10) 

where, q  is the diagonal element of matrix 
q 0

Q
0 q
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

, and 

μ  is the smallest eigenvalue of matrix M  which is invertible 
and symmetric ( 0μ > ). 

Proof. Choose a Lyapunov function as  
( ) ( )T

nV I PΔ = Δ ⊗ Δ  

Combing with Eq. (5), the time derivative of Lyapunov 
candidate is calculated as follows 

( ) ( ) ( )

( ) ( )

( )( )

T T
n n

T T
n nG n

T
n n nG

V I P I P

I A L BK A BK I P

I P I A L BK A BK

Δ = Δ ⊗ Δ + Δ ⊗ Δ

= Δ ⊗ − ⊗ − ⊗ ⊗ Δ

+ Δ ⊗ ⊗ − ⊗ − ⊗ Δ

� � �

 

(11) 

For the Kronecker production has the properties as  
( )( ) ( ) ( )A B C D AC BD⊗ ⊗ = ⊗ , ( )T T TA B A B⊗ = ⊗  

Hence, with proper derivation, Eq. (11) can be rewritten as 
below 

( ) ( ( ) ( )

( ) )

( ( ) )

T T T T
n

T T
nG nG

T T T
n

V I A P PA L L PBB P

A A PBB P

I A P PA M PBB P

Δ = Δ ⊗ + − + ⊗

− + ⊗ Δ

= Δ ⊗ + − ⊗ Δ

�

 

 (12) 

According to Lemma 2 and Gersgorin Circle Criterion, M  
is invertible and symmetric, and 1 2, nμ μ μ"  are the positive 
eigenvalues of matrix. Set μ  as the smallest eigenvalue of 
matrix M , only the negative definiteness of matrix 

T TA P PA PBB Pμ+ −  needs to be proved to verify that 

( ) 0 0V forΔ < Δ ≠�  
Before further discussion about the negative definiteness of 

the matrix, the Riccati equation for the second order system 
and the feedback gain K  should be studied. Recall the Riccati 
equation 

T TA P PA PBB P Q 0+ − + =                       (13) 
Then based on Eq. (13), the following equation can be 

obtained 
( ) ( )T T T T TAB PB B P AB B QB B PBB PB 0+ + − =         (14) 

Notice that for a second order system, K  can be defined as 

1 2 1 2[ ], , 0K k k k k= > . Considering that 
0 1
0

A
a

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

 and 

0
B

b
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

,  and with no loss of generality, 1k  can be set as 

1 1k =  as long as Eq. (15) can be solved. 
2 2 2

2 2b k 2abk 2b b q 0− − − =                       (15) 

Therefore, the solution of 2k  is 
2

2 2

2 0a ak q
b b b

= + + + > . 

Since 0, 0a b< > , 

2
2 2a ak q q

b b b b
< + + + = +                      (16) 

The negative definiteness of matrix T TA P PA PBB Pμ+ −  

requires that  
2

2
1 (1 )

2
q kμ−> +                             (17) 

To satisfy this requirement, q  can be chosen as 

21 2(1 )
2

q q
b

μ−> + +                           (18) 

In addition, Eq. (19) is derived as follows 



 

 

1 4(2 2 )
2

q q
b

μ−> + +                            (19) 

With proper transformation, Eq. (19) can be rewritten as the 
condition which is equal to q  in Theorem 1. And it can be 

concluded that if 
(1 )( 2)max(0, )bq

b
μ
μ

− +>  is satisfied, the 

convergence of error system dynamics is guaranteed. That is, 
lim ( ) 0
t

t
→∞

Δ = . According to Lemma 1 and Definition 1, the 

consensus of the multi-agent systems is reached. Theorem 1 is 
proved. ,  

In the proof of Theorem 1, it is worth to be noticed that the 
symmetry of Laplacian matrix L  is significant for keeping the 
eigenvalues of TL L+  nonnegative. 

IV SIMULATIONS 

In this section, simulations are carried out to testify the 
proposed theorem in section III. A second order system is 
adopted according to a simplified AUV heading control 
system as Eq. (20). The velocity of AUV is set as 2.0 m/s. And 
the states are heading angle and angular rate of the AUV.  

0 1 0
0 0.6558 0.2165

z z u⎡ ⎤ ⎡ ⎤
= +⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦
�                       (20) 

Five identical agents are selected, and the communication 
topology in this example is described as Figure 1. Adjacency 
gains are set as 1ija = . Hence the Laplacian matrix L  and the 

corresponding left eigenvector 1
Tw  for 1 0λ =  can be decided. 

According to Theorem 1, choose 10q = .  
Simulation results are shown in Figure 2 and Figure 3 for 

heading and angular rate values respectively. The initial values 
of heading are randomly selected between 0°-50°, angular 
rates are selected between 0-10 °/s. In this case, the initial 
values of heading are 3.7 26.5 46.7 28.4 0.6⎡ ⎤⎣ ⎦

D D D D D , 

angular rate are [ ]0.54 7.79 1.30 4.69 3.37 /sD , and 

the consensus is 26.6 0 / s⎡ ⎤⎣ ⎦
D D .  

where, 
2 1 1 0 0
1 3 0 1 1
1 0 1 0 0

0 1 0 1 0
0 1 0 0 1

L

− −⎡ ⎤
⎢ ⎥− − −⎢ ⎥
⎢ ⎥= −
⎢ ⎥−⎢ ⎥
⎢ ⎥−⎣ ⎦

, 1
1 1 1 1 1
5 5 5 5 5

Tw ⎡ ⎤= ⎢ ⎥⎣ ⎦
 

 

FIGURE 1: The undirected connected graph 
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FIGURE 2: Heading angles of multi-AUV systems  
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  FIGURE 3: Angular rates of multi-AUV systems 

The example above has concerned the consensus of heading 
control problem for multi-AUV with randomly selected initial 
values. The results have demonstrated the effectiveness of the 
algorithms yielded by Theorem 1.  

V CONCLUSIONS 

This paper studied the asymptotical consensus problem of 
multi-agent systems with second order dynamics. Different 
from previous researches about second order system, a 
damping term was added to the velocity dynamics. A 
commonly discussed communication topology was concerned, 
where sufficient conditions for optimal design of control 
protocols were derived. It was concluded that asymptotical 
consensus can be reached as long as the choice of matrix Q  in 
Riccati equation was appropriate and the consensus value was 
calculated with related damping parameter. Simulations were 
carried out with AUV heading control systems which could be 
viewed as a typical second order system with damping term. 
Results had demonstrated the validity of the proposed 
theorems. However, one shortage of this paper is that only 
sufficient conditions for Q  are derived, and necessary 
conditions will be studied in future work. 
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