
Preliminary Feasibility Study of Cooperative Navigation of Underwater
Vehicles with Range and Range-Rate Observations

Zachary J. Harris and Louis L. Whitcomb

Abstract— This paper reports a preliminary feasibility study
of a method for combined underwater communication and
navigation of underwater vehicles (cooperative navigation) in
which synchronous-clock modems are employed to measure
both range and range rate on every acoustic data transmission.
Few previously reported studies have utilized acoustic range
rate in addition to acoustic range for the general navigation
of underwater vehicles. This paper reports an observation
model for range-rate measurements and preliminary anecdotal
simulation studies for cooperative navigation of one underwater
vehicle client with one surface vehicle server employing both
range and range-rate observations to estimate the vehicle states
with a delayed-state extended Kalman filter. In the simulation
studies presented, the underwater vehicle is equipped with
Doppler sonar navigation, attitude, and depth sensors, and the
surface vehicle is equipped with a GPS. The preliminary studies
suggest that the addition of range-rate measurements may not
significantly improve the filter’s estimate of the client’s state
over the case of range-only observations. The present study is
very preliminary, however, and directions for future study are
suggested.

I. INTRODUCTION

Navigation methods for underwater vehicles utilizing
velocity measurements (e.g., Doppler sonar navigation) or
acceleration measurements (e.g., inertial navigation) will ac-
cumulate errors due to sensor bias, sensor noise, and a variety
of other calibration issues, and thus require regular external
corrections. The corrections are independent observations of
absolute position or velocity from a separate sensor or system
that are used to correct the drift accumulated in the navigation
estimate [11].

For land and air vehicle navigation, the global positioning
system (GPS) provides an ideal independent source of position
corrections for acceleration and velocity-based navigation
systems [11], but GPS is unavailable to submerged underwater
vehicles. Bottom-lock Doppler sonar velocity measurements
are an excellent correction source for inertial navigation
velocity estimates. Pressure depth sensor measurements are
an excellent correction source for the Z dimension (only) of
Doppler sonar and inertial position estimates.

For underwater vehicles, few methods currently exist
for absolute position corrections for Doppler sonar and
inertial navigation systems. The most common XY-correction
methods for Doppler sonar and inertial underwater navigation
systems are time-of-flight acoustic navigation systems, such as
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long-baseline (LBL) and ultra-short baseline (USBL) acoustic
navigation [26], [30], [43].

Range-only one-way travel-time (OWTT) cooperative un-
derwater navigation uses ranges estimated from the acoustic
time-of-flight between subsea nodes, e.g., between two
vehicles or between a client vehicle and a server reference
beacon of known (fixed or moving) location. When all
vehicles and beacons (nodes) are equipped with precision
clocks, each node’s acoustic data transmission can be received
by multiple receiving nodes—enabling all nodes within
acoustic range to simultaneously (a) measure range to the
transmitting node from the measured time-of-flight and (b)
decode the data encoded in the acoustic data packet. This
method provides both bounded-error position estimates and
long range capabilities with reduced need for multiple costly
fixed beacons, as is the case with most LBL systems. OWTT
navigation also provides scalability by allowing all vehicles
within acoustic range to simultaneously use the same acoustic
data packet broadcast independent of the number of vehicles.

In this paper, we examine the feasibility of employing
cooperative navigation with underwater acoustic networks to
provide both position and velocity corrections for low-cost
underwater vehicles.

II. LITERATURE REVIEW

Numerous studies by the authors and others report the
development and extensive at-sea experimental evaluation of
OWTT systems (including hardware and software) for the
navigation of underwater vehicles using maximum-likelihood
estimation [15]–[17], the extended Kalman filter (EKF) [54]–
[56], and the extended Information filter (EIF) [57]–[59].

The range-only OWTT navigation and communication
system has been experimentally evaluated at sea on several
different AUVs worldwide: on the SeaBed AUV in shallow
water deployments in the Atlantic Ocean [15] and in the
Mediterranean Sea [16], [17]; on the Jaguar and Puma
AUVs in a deep water (∼5, 000 m) deployment at 4◦S on the
Southern Mid-Atlantic Ridge [54]–[59]; and on the Nereus
AUV [10], [14] to 10, 903 m depth in the Mariana Trench [47]
and to 5, 000 m depths in the Cayman Rise in the Caribbean
[23].

Several other groups worldwide also reported results in
range-only OWTT navigation. Several authors have reported
least-squares methods for single-beacon range-only navigation
[25], [33], [42], [46]. Range-only target tracking has been
addressed using EKFs and maximum-likelihood estimators
(MLE) [1], [44], [48]. The use of EKFs for homing and single-
beacon navigation is reported in [2], [3], [34], [35], [37], [52].

 
 
978-0-933957-43-5 ©2015 MTS

This is a DRAFT. As such it may not be cited in other works. 
The citable Proceedings of the Conference will be published in 

IEEE Xplore shortly after the conclusion of the conference.



Several different studies addressed the observability of single-
beacon range-only navigation with linear EKF estimation
methods [19]–[22], [40] and with nonlinear methods [27], [45].
Several authors have addressed OWTT navigation of surface
and underwater vehicles in a simultaneous localization and
mapping (SLAM) framework using distributed estimators [4]–
[7], [18]. Multi-beacon, range-only navigation for terrestrial
vehicles in a SLAM framework is addressed in [12], [13],
[28], [29], [31], [32] using radio-frequency beacons for range
measurement, in [41] using audible sound, and in [39], [50]
using wireless sensor networks.

To the best of our knowledge, the earliest reported
comprehensive study of underwater-vehicle navigation using
acoustic ranging was reported by Spindell et al. in which
they reported full-scale experimental evaluation of an acoustic
approach to underwater-vehicle navigation in which a single
underwater vehicle could detect range from a set of fixed
acoustic navigation transponders whose location was known
a priori—a method that has since been widely practiced and
is now commonly known as long-baseline (LBL) acoustic
navigation [26].

To the best of our knowledge, the earliest study of
underwater-vehicle navigation employing acoustic detection
of both range and range-rate was the 1978 study by Spindell
et al., [49], which extends the approach reported in [26] by
reporting the full-scale experimental evaluation of an approach
to underwater-vehicle navigation in which a single underwater
vehicle could detect both range and range rate from a set of
fixed navigation transponders whose location was known a
priori.

In [36], [38], the author, apparently unaware of [26], [49],
reported the notion of employing acoustic range rate in
addition to acoustic range for LBL navigation but did not
report specific navigation algorithms for employing range-
rate measurements nor any experimental evaluation. In [24],
the author reported the notion of an underwater acoustic
modem estimating and compensating for the Doppler shift
of a received acoustic data packet transmission but did not
address how a Doppler estimate might be used for navigation.

In [9], the author reported the experimental evaluation of
algorithms for acoustically determining the relative position
of two marine vehicles by employing measurement of acoustic
range and acoustic range rate with specific focus on estimating
relative positioning conditions, such as the closest-point-of-
approach (CPA) of two vessels for the purpose of collision-
avoidance.

III. EXTENDED KALMAN FILTER

This section briefly describes the extended Kalman filter
and associated process model and observation models used.

A. EKF Formulation and Implementation

The extended Kalman filter is a non-optimal extension of
the Kalman filter to nonlinear plants and observations by
linearizing about the time-varying estimated state. For a full
derivation and formulation of the EKF, see [8], [51].

A discrete-time EKF was implemented using a discrete
process model to fuse depth, gyrocompass, and Doppler
velocity log (DVL) measurements from the vehicle, GPS
measurements from the ship, and OWTT and range-rate
measurements between the vehicle and the ship.

This paper utilizes the centralized extended Kalman filter
(CEKF), which assumes real-time access to vehicle and ship
sensor data simultaneously. As such, it is suitable for post-
processing simulated and experimental data. Recent results
have shown that this approach can be extended exactly to a
decentralized extended information filter (DEIF) form [57].

B. State Description

As is typical for the CEKF cooperative navigation algo-
rithm [53]–[56], we define the state vector, x, as the composite
of the current vehicle state, current ship state, and delayed
ship states. Delayed states are required for causal processing
because the range measurement occurs between the ship
at time-of-launch (TOL) and the vehicle at time-of-arrival
(TOA).

x =
[
xT
v xT

s xT
v−1 xT

s−1 . . . xT
v−n xT

s−n
]T

(1)
where the current ship state is a 6-degree-of-freedom (DOF)
vector containing the XY-position and heading and respective
velocities

xs =
[
x y ψ ẋ ẏ ψ̇

]T
, (2)

and the current vehicle state is a 12-DOF vector containing
the local-level pose and body-frame velocities

xv =
[
sT ϕT vT ωT

]T
(3)
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where s is the local-level position, ϕ is the local-level attitude,
v is the body-frame linear velocity, and ω is the body-frame
angular velocity.

C. Process Model

We assume a kinematic, nonlinear process model for both
the vehicle and the ship, identical to the one reported in [55].

ẋv =


0 0 R(ϕ) 0
0 0 0 J(ϕ)
0 0 0 0
0 0 0 0

xv +


0 0
0 0
I 0
0 I

wv (5)

ẋs =

[
0 I
0 0

]
xs +

[
0
I

]
ws (6)

where R(ϕ) is the transformation between inertial and
body-frame linear velocities, J(ϕ) is the transformation
between inertial and body-frame angular velocities, and
wv ∼ N (0,Qv) and ws ∼ N (0,Qs) are zero-mean
Gaussian process noise terms. The process model for the
vehicle and ship is linearized and discretized using standard



methods [8]. The reader is referred to [55] for a full
description and derivation, including the linearized discrete-
time process model and the subtleties of the modified process
prediction, which occurs at the top of the second when the
state augmentation is performed in concert with the process-
prediction step.

D. Observation Models

The range and range-rate observation models are nonlinear
functions of the vehicle state at TOA and the ship state at
TOL. Observation models of the additional sensors, including
the DVL, GPS, depth sensor, and gyrocompass, are detailed
in [53].

a) Range Observation Model: As reported in [53], [55],
the OWTT range observation model can be written in matrix
notation as

zrng =
(
xTMTMx

) 1
2 + vrng (7)

where vrng ∼ N (0,Rrng) and
M =

[
Jv 0 . . . 0 Js 0 . . . 0

]
, with Jv and Js

defined such that

Jv xv =

 x
y
z

 and Js xs =

 xs
ys
0

 .
The measurement covariance, Rrng, represents the noise

of the range measurement. The Jacobian of the range
measurement with respect to the full state, x, is

Hk =
∂ zrng(x)

∂ x

∣∣∣∣
x=µk|k−1

=
(
µT

k|k−1M
TMµk|k−1

)− 1
2

µT
k|k−1M

TM (8)

b) Range-Rate Observation Model: The range-rate
observation model is the time derivative of (7). Formally,

zrr =żrng

=
(
xTMTMx

)− 1
2 xTMTM ẋ+ vrr (9)

where vrr ∼ N (0,Rrr) represents the noise covariance of
the range-rate measurement. The Jacobian of the range-rate
measurement with respect to the full state is

Hk =
∂ zrr(x)

∂ x
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x=µk|k−1
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(
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2(
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TMµT
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)
+(

µT
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2 (
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)T
(10)

where µk|k−1 is the estimated mean of the world-frame
position and µ̇k|k−1 is the estimated mean of the world-frame
velocity.

IV. SIMULATION RESULTS

In this preliminary feasibility study, we utilized a simulation
to investigate the effect of the range-rate observation on the
performance of the CEKF cooperative navigation algorithm
described in Section III. A full analysis of the effect the
range-rate observation by varying the ship and vehicle
trajectories and measurement covariances is beyond the scope
of this paper; thus, anecdotal results are reported herein. We
computed a true simulated vehicle path and simulated data
for each of the navigation sensors by generating simulated
measurements with the measurement-noise characteristics
outlined in Table I. In the simulation presented here, the
vehicle conducts a simulated survey mission of ten 1 km
track lines spaced 100 m apart at a velocity of 2 knots and
a depth of 3 m. The ship circles continuously on a 300 m
radius at a velocity of 1.5 knots broadcasting acoustic packets
every minute. The speed of sound was assumed constant at
1500 m/s throughout the simulation.

TABLE I
VEHICLE STATE MEASUREMENT SOURCES, RESOLUTIONS, AND

ACCURACIES

Measurement
State Source Update Rate Std Dev

XY Trans modem 60 s 1m (range)
0.1m/s (range rate)

Z Trans Paroscientific 7 Hz 6 cm
Heading OCTANS 3 Hz 0.10◦

Pitch, Roll OCTANS 3 Hz 0.05◦

Trans 300 kHz 5 Hz 0.01 m/s
Velocity RDI DVL
Ang Vel OCTANS 3 Hz 0.4-0.6◦/s

Figure 1 shows the true and estimated two-dimensional
vehicle position with the filter’s covariance plotted at 60
s intervals. The arrows point from the vehicle to the ship
along acoustic path with the length scaled by the angle from
vertical.

Figure 2 shows histograms of the error in the X- and Y-
directions. These histograms indicate the noise statistics may
not be uni-modal in X-direction and may not be zero-mean
in the Y-direction. However, the variability of the simulation
noise in disparate realizations prevents us from drawing broad
conclusions based on these results alone.

Figure 3 shows the XY error magnitude, i.e., the magnitude
of the difference between the EKF-estimated and true XY
position, for both range-only and combined range and range-
rate observations. It should be noted that all other simulated
measurements were held constant during this comparison; the
only change was the addition of range-rate observations.

For the kinematic process model described in Section III-
C and the observation models described in Section III-D,
the addition of range-rate observations does not appear to
offer a significant improvement in CEKF performance on
this simulated survey mission when utilizing a high-accuracy
velocity and acceleration navigation sensors and reasonable
range and range-rate noise statistics. However, we note that



(a) Range-only observation model. (b) Range and range-rate observation model.

Fig. 1. Vehicle XY Position

(a) Range-only observation model. (b) Range and range-rate observation model.

Fig. 2. Error Histogram in the X- and Y-directions

Fig. 3. XY Error magnitude versus mission time

these anecdotal results are preliminary, and more studies are
needed before any broad conclusions can be made.

We also briefly investigated in simulation the performance
of this cooperative navigation approach for the case in which
the underwater vehicle is not equipped with a Doppler
sonar but observed instability of the resulting CEKF. We
conjecture that improvements in the process model may be
required to obtain stable performance in the absence of DVL
measurements.

V. CONCLUSION

This paper reports preliminary anecdotal simulation studies
for cooperative navigation of one underwater vehicle client
(equipped with Doppler sonar navigation, attitude, and depth
sensors) with one surface vehicle server (equipped with GPS),
employing both range and range-rate observations to estimate
the vehicle states with a delayed-state extended Kalman filter.
This preliminary study suggests that the addition of range-rate
measurements may not significantly improve the performance



of the CEKF cooperative navigation algorithm over the case of
range-only observations. The present study is very preliminary,
however. In future studies, we intend to evaluate a broader
variety of simulated missions, both shallow-water and deep-
water, and to more precisely experimentally characterize
actual range and range-rate covariances with our acoustic
modem systems for various modem configurations, and to
investigate the effect of different process models on system
performance with differing vehicle sensor configurations.
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