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Abstract—This paper proposes a Bayesian set-based estimator
applied to the adaptive mapping of objects resting on the seabed,
through the design and the implementation of a Gaussian Mixture
- Probability Hypothesis Density (GM-PHD) filter. Starting from
the noisy measures provided by an Autonomous Underwater
Vehicle (AUV) equipped with side-scan sonar, the GM-PHD filter
produces an on-line estimation of the map of the explored area.
The mapping performance are demonstrated through simulations
providing the effectiveness of the filter in localizing and mapping
new findings and decreasing the spatial uncertainty of the position
of known objects.

Keywords—Multi-target tracking, point processes, random finite
sets, intensity function, AUV, side-scan sonar.

I. INTRODUCTION

Nowadays, Autonomous Underwater Vehicles (AUVs) are
able to navigate autonomously and perform a wide range of
tasks. Among them, AUVs provide the capability to survey
large areas of sea floor quickly while the mounted sonars pro-
duce high quality images which are able to detect most of the
objects on the seabed. As matter of fact, these vehicles are used
in the systematic search of objects resting on the seabed as well
as during mine counter measurements[1], pipeline inspection
[2] and marine archeology [3], [4]. In all these applications,
there is a need to accurately determine the objects locations
to build a map describing the environment. On this basis,
considering the rich historical heritage of North Tyrennian
Sea, starting 2011, till 2013, the Tuscany Region supported
the Thesaurus Project, which long term goal was to provide
marine archaeologists with technologies and methodologies
for systematic search of relicts down to depths of 300m [5].
Inspired by such framework, this paper proposes a method for
the adaptive mapping of a variable number of targets resting
on the seabed using side-scan sonar data, through the design
and the implementation of a Gaussian Mixture - Probability
Hypothesis Density (GM-PHD) filter [6]. This work focuses on
the feature-based approach to map, and therefore, represent in
a compact and convenient way the explored environment. The
estimation of the feature map thus requires the joint estimation
of the number and the location of the features that have been
covered by the sensor’s Field of View (FOV). One of the ways
to address this problem is by employing the Finite Set Statistics
(FISST) [7], modeling the features state as a Random Finite
Set (RFS). The recent Simultaneous Localization and Mapping
(SLAM) literature [8], [9], [10], [11], shows that using the

RFS theory, the mapping can be formulated as a Bayesian
filtering problem where the joint posterior distribution of the
feature map is propagated forward. In this paper, however,
instead of propagating the full multi-target posterior density, a
tractable first-order moment approximation is used, known as
Probability Hypothesis Density (PHD) filter. To implement the
PHD filter in an efficient and easy way, we use the Gaussian
Mixture - Probability Hypothesis Density (GM-PHD) filter. As
the paper will detail, the mapping algorithm is designed to
account for some prior knowledge about the surveyed area. It
will be shown that the algorithm is particularly robust with
respect to false detections.

This paper is structured as follows. Section II describes the
problem formulation and how the GM-PHD filter is casted in
the working scenario. Section III outlines the implementation
details, with Section IV presenting and discussing its perfor-
mances. Finally, Section V summarizes the work and draws
the main conclusions.

II. PROBLEM FORMULATION

The simulated scenario presents an Autonomous Underwa-
ter Vehicle (AUV) performing a systematic search of archae-
ological artifacts over a predefined Area Of Interest (AOI)
using the on-board side-scan sonar. The sensor is supposed
to be able to collect geo-referenced information about the
visible area below the vehicle. As shown in Fig. 1, first,
the data are collected and processed by a Feature Extraction
Algorithm searching for possible features in the sonar images.
Then, the Classification Algorithm selects object candidates
among the extracted measurements. Starting from these noisy
measurements an on-line estimation of the feature map of
the explored area is produced. The problem of mapping the
findings of archaeological interest over a predefined area
can be casted as a multi-target tracking scenario where the
historical artifacts are the targets and the noisy measurements
provided by the classification algorithm are the inputs.

GM-PHD
Filter

Fig. 1: Main components of the processing chain of the data
collected in the simulated scenario.
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In contrast to the classical multi-target tracking applications
where the objective is to track a variable number of moving
targets passing through the FOV of a fixed sensor, in the
considered application the problem is transposed: the targets
to be mapped are stationary and the sensor is moving in the
AOI. Consequently, these objects can enter in or exit from the
instrument FOV as the vehicle is moving.

To describe the observed pattern of points where the number of
features is unknown and their identity is not important, we use
a general RFS model. Following a RFS approach allows the
problem of dynamically mapping multiple targets in presence
of clutter and uncertainty to be cast in a Bayesian filtering
problem. Let Xk, Zk be the RFSs representing the location
of the known/already observed objects and the measurements
received at the time k respectively, i.e.

Xk ={xk,1, xk,2, . . . xk,M(k)} ∈ F(X ) (1)
Zk ={zk,1, zk,2, . . . zk,N(k)} ∈ F(Z) (2)

where F(X ) and F(Z) are the respective collections of all
finite subsets of the target state X and of the measurement
space Z . Due to the limitations of the sensor involved in the
considered scenario, the AUV is able to see only a sub-sector
of the entire AOI. Therefore, during the exploration task the
static targets will enter into and leave the FOV. To model this
behavior, the RFS Xk can be written as:

Xk = FoVk(Xk) ∪ FoVk(Xk) (3)

where FoVk(Xk) and FoVk(Xk) represent the tracked fea-
tures inside and outside the FOV of the on-board side-scan
sonar at time k respectively. We remark that the FOV depends
explicitly from the time instant k as the visible area changes
together with the vehicle position.
Starting from Xk−1 at time k− 1, each xk−1 ∈ FoVk(Xk−1)
may die or continue to exist at time k. Moreover, since the
targets considered in this application are static, each xk−1 ∈
FoVk(Xk−1) continues to exist at time k. Consequently, given
the multi-target state Xk−1 at time k−1, the multi-target state
Xk at time k is the union of the surviving targets in the FOV of
the side-scan sonar Sk|k−1(FoVk(Xk−1)), the targets outside
the FOV and the spontaneous births:

Xk =

 ⋃
ζ∈FoVk(Xk−1)

Sk|k−1(ζ)

 ∪ FoVk(Xk−1) ∪ Γk (4)

where Γk is the RFS of the spontaneous births at time k used
to model the new findings during the exploration. Similarly,
the measurements at time k, Zk are modeled by the RFS

Zk = Kk ∪

 ⋃
ζ∈FoVk(Xk)

Θ(ζ)

 (5)

where Θ(FoVk(Xk)) is the RFS of the measurements from
the visible targets in Xk, and Kk is a RFS used for the clutter
measurements.
Let pk(·|Z1:k−1) denote the multi-target posterior density,
fk|k−1(Xk|Xk−1) the multi-target transition density and
gk(Zk|Xk) the multi-target likelihood function, then the opti-
mal Bayesian recursion for the multi-target model is given by

[6]

pk|k−1(Xk|Z1:k−1)

=

∫
fk|k−1(Xk|X)pk−1(X|Z1:k−1)dX (6)

pk(Xk|Z1:k) =
gk(Zk|Xk)pk|k−1(Xk|Z1:k−1)∫
gk(Zk|X)pk|k−1(Xk|Z1:k−1)dX

(7)

The recursion Eqs. (6) and (7) involves multiple integrals
making the implementation intractable for a variable number of
targets. To reduce the computational complexity of propagating
the multi-target posterior density, we propagate a first-order
statistical moment of the posterior multi-target state through
the implementation of the PHD filter [7]. For a RFS X on X ,
the first-order statistical moment is a non-negative function
v(x), known as the intensity function [7], which integral over
a region S gives the expected number of elements, Ñ , of the
RFS X in the region S.

Ñ =

∫
S

v(x)dx (8)

To realize the PHD filter the following assumptions are intro-
duced [6]:

• Each target evolves and generates observation inde-
pendently.

• Clutter is Poisson and independent of target-originated
measurements.

• The predicted multi-target RFS is Poisson.

To present the PHD recursion, we introduce the followings:

γk(·) = intensity of the birth Γk at time k.
pS,k(xk−1) = probability that a target xk−1 survives

at time k.
pD,k(xk−1) = probability of detection given a state

xk−1.
κk(·) = intensity of the clutter Kk.

Under the assumptions introduced, the posterior intensity
vk(x) can be propagated in time through the PHD recursion
which can be written as

vk|k−1(x) =

∫
pS,k(ζ)fk|k−1(x|ζ)vk−1(ζ)dζ + γk(x) (9)

vk(x) =[1− pD,k(x)]vk|k−1(x)

+
∑
z∈Zk

pD,k(x)gk(z|x)vk|k−1(x)

κk(z) +
∫
pD,k(ξ)gk(z|ξ)vk|k−1(ξ)dξ

(10)

As shown in Eqs. (9) and (10), the PHD filter recursion is com-
putationally cheaper of propagating the full posterior (Eqs. (6)
and (7)). However, without further modeling assumptions the
computation of the integrals do not present a closed form
expression. A straightforward simplification of the foregoing
recursion model is introduced by considering each individual
target and the measurements as a linear Gaussian model, i.e.

fk|k−1(x|ζ) = N (x;Fk−1ζ;Qk−1) (11)
gk(z|x) = N (x;Hkζ;Rk) (12)

where Fk−1 is the state transition matrix, Qk−1 is the process
noise covariance, Hk is the observation matrix and Rk is the



observation noise covariance. The intensity of the birth RFS
is a Gaussian mixture of the form

γk(x) =

Jγ,k∑
i=1

w
(i)
γ,kN (x;m

(i)
γ,k;P

(i)
γ,k) (13)

where Jγ,k,m
(i)
γ,k, P

(i)
γ,k are model parameters. In contrast to

the classical formulation [6], in this application the survival
and detection probabilities are state dependent as defined in
Eqs. (14) and (15).

pS,k(xk) =

{
pS if the target xk ∈ FoVk(Xk)

1 otherwise
(14)

pD,k(xk) =

{
pD if the target xk ∈ FoVk(Xk)

0 otherwise
(15)

Starting from the above assumption, the PHD propagation
presents a closed form expression specified by a Gaussian mix-
ture, known as GM-PHD. Recalling the Eq. (4), the predicted
intensity and is given by

vk|k−1(x) = vS,k|k−1(x) + vFoVk,k|k−1(x) + γk(x) (16)

where vS,k|k−1(x) is the intensity contribution of the surviving
targets inside the FOV.

vS,k|k−1(x) = pS,k

JFoVk∑
j=1

w
(j)
k−1N (x;m

(j)
S,k|k−1;P

(j)
S,k|k−1)

(17)

m
(j)
S,k|k−1 = Fk−1m

(j)
k−1 (18)

P
(j)
S,k|k−1 = Qk−1 + Fk−1P

(j)
k−1F

T
k−1 (19)

vFoVk,k|k−1(x) represents predicted mixture components of
the known targets outside the FOV. In order to build an on-line
map of the entire AOI during an exploration task and not losing
information about the not visible features, the components
xk−1 ∈ FoVk(Xk−1)) are propagated unchanged, i.e.

vFoVk,k|k−1(x) =

JFoVk∑
j=1

w
(j)
k−1N (x;m

(j)
k|k−1;P

(j)
k|k−1) (20)

m
(j)
k|k−1 = m

(j)
k−1 (21)

P
(j)
k|k−1 = P

(j)
k−1 (22)

Then, the posterior intensity at time k is also a Gaussian
mixture given by

vk(x) = (1− pD,k(x))vk|k−1(x) +
∑
z∈Zk

vD,k(x; z) (23)

where the first term takes into account the miss detections of
the targets in the FOV of the side-scan sonar, and the second
one the contributions coming from the measurements z. For
completeness the details of the update step [6] are reported

below.

vD,k(x; z) =

Jk|k−1∑
j=1

w
(j)
k (z)N (x;m

(j)
k|k(z), P

(j)
k|k) (24)

w
(j)
k =

pD,k(z)w
(j)
k|k−1q

(j)
k (z)

κk(ζ) +
Jk|k−1∑
l=1

w
(l)
k|k−1q

(l)
k (z)

(25)

q
(j)
k (z) = N (z;Hkm

(j)
k|k−1;Rk +HkP

(j)
k|k−1H

T
k ) (26)

m
(j)
k|k = m

(j)
k|k−1 +K

(j)
k (z −Hkm

(j)
k|k−1) (27)

P
(j)
k|k = [I −K(j)

k Hk]P
(j)
k|k−1 (28)

K
(j)
k = P

(j)
k|k−1H

T
k (HkP

(j)
k|k−1H

T
k +Rk)−1 (29)

In the end, to limit the number of components of the Gaussian
mixture generated after each recursion, we have applied a prun-
ing step to discard the components characterized by a weight
under a predefined threshold. Then, a merging procedure based
on the Mahalanobis distance [12].

III. IMPLEMENTATION

The GM-PHD formulation presented in Section II enables
the representation of the explored AOI through a Gaussian
mixture. Furthermore, the mapping algorithm is designed to
account for some prior knowledge about the surveyed area.
The availability of information like the expected geographical
position of objects, together with qualitative information about
the reliability of the indication itself and the accuracy of the
referred position, let the construction of an a priori intensity
map over the search area, which is then iteratively updated
using the side-scan sonar measurements during the exploration
task. In this work, we start from a historical dataset, from
the archive of the National Authority describing the historical
heritage of the North Tyrrhenian Sea [5]. Each entry has
associated three attributes: the geographical position xi of the
entry representing the specific position on the map where the
finding was discovered; the reliability w

(i)
0 of the indication

and the uncertainty σ2,(i)
0 . The dataset X = {Xi} of N0 points

where each entry is a triple of attributes encoding the spatial
and qualitative information.

Xi(xi;w
(i)
0 ;σ

2,(i)
0 ) i = 1, . . . , N0 (30)

In this application, the dataset X is recast to fit the Gaussian
mixture to obtain an a priori description of the environment.
The reliability is recast into the weight of the mixture compo-
nents. The value of this attribute was rescaled into the range
[0, 1] to represent the peak of the Gaussian. The remaining
parameters xi and σ

2,(i)
0 naturally adapt to the mean and

variance of each component. Fig. 2 shows the locations xi
of the findings on a map of the North Tyrrhenian Sea. Fig. 3
illustrates the intensity map computed as a Gaussian mixture
from the dataset X. The hot colors indicate high concentration
of findings on the seabed while cold colors indicate low
concentration. In the simulated scenario, an AUV explores the
AOI following a lawnmower trajectory to produce an intensity
map of the area explored. The AUV is modeled as a kinematic
point, able to perfectly follow the planned trajectory at a fixed
speed of 2 m/s and with a fixed distance from the sea-bottom
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Fig. 2: Plot of the historical dataset from the National Author-
ity of the North Tyrrhenian Sea.

Fig. 3: Intensity map of the North Tyrrhenian Sea. Hot colors
indicate regions characterized by high density of objects on
the seabed, while cold colors represent low density.

of 100 m. The side-scan sonar considered in the simulations is
modeled on the basis of the Tritech R© SeaKing characteristics
[13], which is able to scan an area of ≈ 600 m2 at each time
step. The blind zone on the nadir caused by the geometry of
the emitted beams develops below the vehicle and it extends
for 114 m, as shown in Fig. 4. Each time the AUV passes over
in the object on the seabed, and the object enters in the FOV,
the simulated system may generate a feature report and then a
classification report, containing the measured location of the
feature. The likelihood of a feature report and the likelihood
of a correct classification are dependent on various parameters
(e.g. sensor settings, relative angle, properties of the object).

3m

116m

3m

116m

114m

Fig. 4: Area covered by the Tritech R© SeaKing side-scan sonar
at each time step (image not in scale for reading purpose).
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Fig. 5: Simulated Feature Extraction Algorithm Receiver Op-
erating Characteristic

Each time an object enters into the FOV, the system makes a
feature determination based on:

• If the object is a real target (relict) the Feature Extrac-
tion Algorithm will report a detection with probability
PF .

• If the object is a false alarm the Feature Extraction
Algorithm will report a false detection with probability
PFA

Fig. 5 shows the Receiver Operating Characteristic (ROC) of
the simulated Feature Extraction Algorithm and an example
of the selected thresholds (PF = 0.9 and PFA = 0.28).
Once a detection has been made for an object, the object
is processed by the simulated Classification Algorithm. The
simulator makes a classification determination based on the
value of PC .

• If the object is a relict, the Classification Algorithm
will report it as relict with probability PC .

• If the object is a false alarm, the Classification Algo-
rithm will discard the extracted feature with probabil-
ity PC .

IV. SIMULATION RESULTS

The simulation scenario is represented by a region of
80 km×160 km width where the targets from the dataset X
are located. Despite the practical issues that a survey in
such a wide area would imply (e.g. mission duration, power
consumption), the simulations were performed considering the



whole area in order to exploit the full historical dataset. Each
target follows the linear Gaussian dynamics, Eq. (11), with

Fk = I2 Qk = σ2
pI2 (31)

where I2 denotes a 2× 2 identity matrix, with σp = 0.001 the
standard deviation of the process noise. The σp is characterized
by a low value because of the static nature of the targets
involved in the simulated scenario. The measurement follows
the observation model Eq. (12), with

Hk = I2 Rk = σ2
ε I2 (32)

where σε = 1.5 is the standard deviation of the measurement
noise. At every simulation run, a partial knowledge of the AOI
is provided as a random subset of 20 entries of X to build the a
priori intensity map. Fig. 7a shows an example of the a priori
intensity map. The a priori map is characterized by high spatial
uncertainty making the map unusable in practical searching
applications. As matter of fact, the uncertainty ranges between
5 km to 10 km. The real targets are immersed in a set of
false alarms equally distributed along the AOI. Fig. 6 shows
positions of the real targets, from the historical database, and
the set of 250 false alarms randomly generated.

42.2351◦N

42.6037◦N

42.9722◦N

43.3408◦N

43.7093◦N

9.62275◦E 9.89191◦E 10.1611◦E 10.4302◦E 10.6994◦E

False alarms
Relicts

Fig. 6: Plot of the targets to be tracked (red circles) from the
dataset X and the set of false alarms (blue circle) randomly
generated.

During the exploration task, the AUV follows a lawnmower
trajectory to scan the entire AOI; at each scan, the GM-
PHD filter uses the field measurements to update the state
of known targets or to track new discovered ones. Figs. 7b
and 7c present the resulting posterior intensity map and the
extracted target positions, respectively. Comparing Figs. 7a
and 7b, the filter is able to localize and map new findings and
decrease the spatial uncertainty of known targets. Furthermore,
comparing Fig. 3 representing the a priori full knowledge of
the entire AOI with Fig. 7b we can notice that through the
use of the GM-PHD during an exploration task, the spatial
uncertainty can be radically reduced. Fig. 7c shows that the
proposed approach is able not only to detect and track the

new discovered relicts, but also to filter the false alarms.

V. CONCLUSIONS AND FUTURE WORK

This work presented a Bayesian set-based estimator applied
to the adaptive mapping of objects resting on the seabed though
the use of field measures from a side-scan sonar during an
exploration task. Simulations demonstrated the GM-PHD filter
is able to localize and track new findings and consequently
generate on-line map update. Furthermore, the filter is designed
to account for some prior knowledge about the surveyed
area. Future works will be focused on the application of the
proposed approach to cooperative exploration algorithms of
team of AUVs, in order to adapt the cooperative mission based
on new findings.
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(a) A priori intensity map.

42.2351◦N

42.6037◦N

42.9722◦N

43.3408◦N

43.7093◦N

9.62275◦E 9.89191◦E 10.1611◦E 10.4302◦E 10.6994◦E

(b) Posterior intensity map.
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Fig. 7: Results of the exploration task: Fig. 7a represents the a priori intensity map generated from 20 entries of the dataset X;
the map is characterized by high spatial uncertainty. Fig. 7b shows the posterior intensity map generated at end of the exploration
task; the spatial uncertainty is radically reduced and new targets are detected and tracked. Fig. 7c represents the positions of the
real targets and the extracted ones; the filter is able to detect and track new targets and discard correctly the false alarms.
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