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Abstract- When monitoring spatial phenomena, we are not just
interested in measurements at sensed locations but also at loca-
tions where no sensors were placed. To estimate the scalar field
where no sensors are deployed, we need to interpolate the data.
We are interested in how the best sampling design is to be found
and best used to draw conclusions about the field as whole. First
of all, a performance metric is defined to quantify how well the
sampling network collecting data in a given region. Secondly,
near-optimal collecting data strategy proposed minimizes the
integral of the Kriging variance over the area of interest. Thirdly,
several approaches proposed make the optimization more com-
putationally efficient. Finally, the proposed methods are verified
respectively by simulation.

I.  INTRODUCTION

In marine environments, accurately measuring quantities
such as temperature, salinity, chlorophyll, and concentration
of various nutrients is useful to scientists understanding of
marine ecosystems. Generally speaking, these quantities of
interest are scalar fields and each of them is characterized by a
single scalar quantity which varies spatiotemporally. Accor-
dingly, understanding the physical oceanography and how it
couples with the biological dynamics is necessary for tackling
a number of important open problems.

Mobile sensor networks composed of underwater gliders
provide new tools for observing and monitoring the environ-
ment [1]. When monitoring spatial ocean process, we are not
just interested in observations at sensed locations but also at
locations where no sensors were placed. To estimate the scalar
field where no sensors are deployed, we need to interpolate the
data. Intuitively, the more the measurements near the location
estimated is desired, the less the reconstructed errors. In other
words, the spatial distribution of the observations affects the
estimation error. If the budget for the survey is not limited,
then the optimal sampling strategy is the one that just achieves
the desired precision. However, the budget is always limited,
therefore, how to place the sensors or deploy the mobile sen-
sor networks to collect the data that best reveals the ocean
processes of the interest given available resources is a key
question.

Fiorelli et al. focused on sampling at smaller spatial scales
and addressed the problems of gradient climbing and front
tracking in [2]. Leonard et al. designed near-optimal sampling

path using objective analysis as performance metric in [1].
Zhang and Sukhatme proposed an adaptive sampling algo-
rithm for estimating a scale field using a robotic boat and a
sensor network in [3]. All of them assumed that the communi-
cation between the networks is frequent. However, this condi-
tion isn’t always satisfied under large scales ocean sampling.
Krause et al. proposed a near-optimal algorithm to solve a
problem similar et al. to ours in [4]. They assumed that the
spatial process is Gaussian. However, it is not always univer-
sal.

Both the theoretical analysis and the empirical study show
that the Kriging technique outperforms other commonly used
techniques, which account for spatial correlation are more
efficient than those that do not. One of factors affecting Krig-
ing estimation and the associated accuracy is statistical infe-
rence model. All kind of methods were tried to refine statistic-
al model such as covariance function or variogram, for exam-
ple, in [5], [6], and [7]. In this paper we don’t discuss about
how to calculate covariance function or variogram. Another
factor is the spatial configuration of the available observations.
Therefore, the Kriging variance can be used to construct an
objective function for designing optimal spatial sampling
strategies and that problem has attracted the interest of a num-
ber of authors.

Van Groenigen discussed the influence of variogram para-
meters on optimal sampling schemes for mapping by Kriging
in [8]. McBratney et al. used variogram form previous data to
calculate optimal sampling density, given certain accuracy in
[9]. Van Groenigen el al. proposed a spatial simulated anneal-
ing method to optimize spatial sampling schemes for obtaining
the minimal Kriging variance in [10]. On the one hand, all of
approaches above are lacking for taking Kriging computing
time into account. Obviously, acquiring every Kriging estima-
tion and variance need to calculate a large linear system and
an inverse matrix. Therefore, selecting the optimal sampling
locations from a set of candidate locations maybe result in
excessive computation time. On the other, none of the ap-
proaches above guarantees a constant-factor approximation of
the best set of sensor locations in polynomial time.

In this paper, we improve the searching algorithm in two
ways, which one is to reduce computation time using Kriging
variance updated equation [11], the other is to use heuristic
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algorithm. For the latter, we give a proof which guarantees a
constant-factor approximation of the best set of observation
locations in polynomial time.

The paper is organized as follows. In section 2, ordinary
Kriging technique is represented. In section 3, the sampling
performance metric used to design the near-optimal collecting
data strategy is defined and we would prove the solution by
the near-optimal heuristic algorithm to have a guaranteed min-
imum performance level of 1—1/e when compared to the op-
timal solution. Several approaches make the optimization
more computationally efficient in section 4. The proposed
methods are verified respectively by simulation in section 5.
Concluding remarks are in section 6.

II. SCALE FIELD ESTIMATION

This section reviews the geostatistical Kriging procedure for
the estimation of spatial processes, see e.g. [12]. It is assumed
that the covariance function has calculated from previous data.
The scalar field (e.g., temperature, salinity) observed at each
point X is viewed as a random variable z(x) . According to the
difference of the mean function z(x) , Kriging can be classified
simple Kriging (SK), ordinary Kriging (OK) and universal
Kriging (UK). We only discuss OK here.

Suppose the random function z(x) satisfy with second or-
then the

c[z(x,),z(x,)] only depends on difference x, —x, .

der stationary, and covariance function
Kriging
procedure is concerned with the estimation of z(x), an un-
known value at known locations x . Now dataz(x,) i=1,---n
are observed at known locations. For simplicity, we assume
that the observation error is zero. The OK estimation and va-
riance at locations X are represented by Zz[x|z(X)] and
z(X) indicates the set of
x]

z[x]z(X)] is best linear unbiased estimation, which is com-

o’[2]| X], respectively, where
available sampling values at known locations X =[x,

bination of z(X) , can be written as:
Ex| 2(0)]= 2 Az(x,) (1)
o’[2(x | z(X)] = Min

>4 =1
i=1

Using method of Lagrange multiplier, equation (2) can be
transformed into:

Weights A satisfies with: )

Z’:ﬂ»,-c(x[,xj)—lu =c(x,x,), j=l-n

: G)
Z)bi =1
i=1

Where, 4 is a Lagrange multiplier, c(x,,x,) is the covariance
between observation points x, and X, c(x,x)) is the cova-

riance between location X to be predicted and the observation

point X ;. Substituting (3) into (2), we can derive the Kriging

variance:
o’[2(x]| X)] = c(x, x)—iﬂ[c(x, xX)+u O]

Equation (4) can be written in matrix form as:

o’[2(x| X)]=c(x,x)-V, H,V, %)
Where, 7, =[c(x,x,),c(x,x,),--c(x,x,),1]"
c(x,,x) c(x,x,) 1
"letn) e 1
1 1 0

III. OPTIMIZING SAMPLING

We are interested in how the best sampling design is to be
found and best used to draw conclusions about the field as
whole. However, the budget is always limited, therefore, how
to select the best locations out of the whole sampling space to
collect the data is a key issue.

A.  Sampling Performance Metric

In this section we define a performance metric to quantify
how well the sampling network collecting data in a given re-
gion. Recall that an objective is to estimate an unknown value
at known locations according to the measurements at known
locations. Therefore, the metric should reflect how a particular
collected data set reduces the estimation error.

Kriging variance can be used as a quantitative measure of
the impact of the sequence of measurements on the error in the
sampling scheme. Form (3) and (4), it shows that the Kriging
variance depends only on the distances between x and
the 7 measurement locations x, , the geometry of the 7 mea-

surements and the covariance function (variogram). The val-
ues of the sample observations have no influence. In other
words, if the covariance function is known, the Kriging va-
riance can be predicted for any proposed sampling strategy
prior to the actual survey. Kriging is, therefore, an ideal tool
for designing optimal spatial sampling strategies. Therefore,
the integrated Kriging variance (IKV) is used as the perfor-
mance metric:

g)= [ o[Ax|X)dx (©)

xed,Xcd

Where, d is the continuous sampling space.

In most studies, the Kriging predictions are calculated on a
grid where one value represents character of the whole. IKV
can be calculated at the grid in discrete formula:

g(X)= iaz[é(x, |X)l xeD,XcD (7)

Where, x, denotes the i discrete grid,  is the total number
of grids, D is discrete sampling space.



B.  Searching Algorithm
Let X° =[x/,--,x!]" be previous locations in which the da-

ta have collected. Let x, =[x,,---,x,]" be adding optimal loca-
tions need to measure. Given the previous measurements, our
goal of adding new measurements is to minimize the integral
of the Kriging variance over the sampling space. Therefore,
the objective function is defined by:

obj(X,) = Arg min[g(X,,,)] ®)

X,cD

Here, X,,, =[X"; X, ]
The sampling problem is formulated as selecting 7 loca-
tions out of total number of ¢ candidate locations, which satis-

+n

fies with (8). There are approximate C;' different ways to se-

lect n locations form ¢ locations. When using exhaustive
searching algorithm, the computing time is unacceptable to a
large scales ocean sampling. For example, if a region with size
100x100km is consisted of each grid with size 1x1km, the
computing time of finding 100 best grids in the region is
€normous.

An often used heuristic searching algorithm is to start from

an empty set of locations X, =, and greedily add locations
one at a time until X, =[x, ,---,x,]". Usually, the greedy rule

makes g(X,,,) decrease the most at iteration. Therefore, the

+i

greedy rule is defined as:

Obj(x,*) = Arg max[g(X,,) - g(X,,)]. i1 ©

Greedy searching algorithm does not guarantee an optimal
solution which is only near-optimal. Compared to other
searching algorithms, however, greedy algorithm only spends
n-t steps searching for the near-optimal solution. In section
below, we will analysis the performance level of the solution
by greedy algorithm in theory.

C.  The Approximation Bound

For the near-optimal solution by the greedy algorithm, we
will use submodularity to have a guaranteed minimum per-
formance level when compared to the optimal solution.
Definition 1 [13] Given a finite set D, a real-valued func-

tion f on the set of subsets of D is called submodular if
f(D+f(B)2 f(AUB)+ f(ANB), V4,Bc D

Equivalently, a proposition deduced by Nemhauser[13] shows
that a set function is submodular if for all AcBc D ,

xe D=B, f(Auix})—f(4)2 f(BUix})-f(B).

However, the function g(.X') does not satisfy with the sub-
modularity. We construct a function f(X,):

f(X,)=g(X")-g(X,.,) (10)

One can infer:

Obj(x;) = Argmax[ f(X,,)— f(X,,.)]
= Argmax[g(X,,, ) - g(X;,)]

Proposition 1 The set function f(X,) is monotonic submo-

(11)

dular.

Proof. Set X, c X, cD,xe D—X, ,. Assuming that the

reduced value of adding element x to the set X, isJ,(X,,,,),
which is called marginal benefit

5)6 (Xk+n1) = f(Xk+n1 o {x}) - f(Xk+n1)
= g(Xk+n1) _g(Xk+n1 o {X})
Form ref. [14], we can obtain two equations below:

O L2x| X )= [2(x | X, DI+ A 0 [2(x,, [ X)) (13)

it | Ko

(12)

A A, +4 A

i1X, — X, X, X,

i=1-n (14)

Where, 4, and /1; denotes the weight assigned to the data

when predicting z(x) and z(x,,,) by the data measured at

locations X, respectively.

7

5)( (X o) — 6)( (X)) =8(X ) —g(X,,,, Vix))
—[g(X;12) —8( Xy, WAXD]

Substituting (13), (14) into (15), one can get following result:
!

é‘x (Xk+nl ) - 5)( (Xk+)12 ) = 0-2 [2(x | Xk+nl )]z ﬂi\Zkal U{x}

i=

t
2rz 2
O LB X1 A, e
i=1

i=

(15)

13
2ra 2 2
2o [2(x] ka)lZ[/%xm.u{x} = Aot ]
i=1

>0
(16)
Lemma 1[13] Let / be a monotone sbumodular set function
over a finite set D with f(2)=0. Let X be set of the first
n elements chosen by greedy algorithm and OP = ])\(/[ai)c f(X,),
then
n—1,,

f(X5)2 (1—7) OP

According (11), it clearly finds that the near-optimal solution

by lemma 1 is equivalent to the solution derived form greed
rule (9). Therefore, the value of near-optimal solution by gree-

dy algorithm is at least 1—[(n—1)/n]" times the optimal value.
This bound can be achieved for each »n and has a limiting
value of (e—1)/e.

IV. ACCELERATING THE SEARCHING ALGORITHM

Although greed algorithm could greatly reduce the number
of searching steps, the computing time is very large because
choosing every near-optimal location need to calculate ¢ in-



verse matrixes and large linear systems and search for all the
candidate locations in the sampling space at iteration. We im-
prove the computational efficiency in two ways which one
changes the style of the calculating Kriging variance, another
change the process of the searching for the near-optimal loca-
tions. Both ways can be combined for even more efficient
computation.

A.  Updated Kriging Variance Algorithm (UKVA)

Suppose that the iteration has been executed i (i >1) steps,
the goal of the (i +1)" iteration is to find xi* 41 based on greedy
rule (9). In order to find x;l,
t—i (¢t>i)steps and every step searching requires recalculat-

greedy algorithm need to search

ing the inverse matrix /1, , . For IKV minimization, where we
consider calculating the inverse matrix alone, the complexity
of this operation is O(n’) , which consumes much computation

time.
According to (5), applying updated Kriging variance equa-
tion proposed by Barnes [11], one can get following formula:

o[Z(x| X, )= 0" [2(x| X )=, =7,) /D 7

Where, r_, =c(x

> i+l i+1?

x) is the covariance between the new lo-
cation of observation andx ;7= A,H,'V, is the covariance be-
tween the estimation error associated with Z(x|.X,) and x ;
D =c(x,

i+1?

X,,)—AH'A is covariance between the errors
associated 2(x | X)) ; and A, =[c(x,,,,x,), - c(x,,,,x,),1] .

Substituting (17) into (9), one can obtain the formula below:

Obj(x,,,*) = Argmax{>_ (.., —#,,)* / D} (18)

i=1
At starting of iteration, calculating inverse matrix H, only
once instead of #—i different inverse matrices H,,, could

find x,, based on (18). In other word, applying UKVA could

i+l

reduce by ¢t —i—1 calculating inverse matrix 4 ,,

at each itera-
tion. Therefore, computation time can be reduced greatly
while the results form two different methods are fully equiva-

lent.

B. Accelerating Searching Algorithm Using Voronoi Partition
(ASAVP)

Whether it is for the objective function (9) or (18), evalua-
tion criteria are consistent, that is, the adding observations
could reduce the Kriging variance the most. In other words,
the goal is to find sensor placement with least uncertainty after
observations. For the large sampling space, the consuming
time of choosing the near-optimal sampling locations is unac-
ceptable even using UKVA.

The property of the submodularity, for all AcBcD,
xe D=B, f(AUix})—f(4)= f(BU{x})— f(B) , implies that
adding a new sampling x when we only have a small set of
sampling 4 gives us more advantage than adding to a larger
set of sampling B . Using this characteristic, we can improve
speed of the greedy searching algorithm by choosing the op-

timal sampling locations in local sampling space instead of the
whole sampling space.

The question, however, is how to find such regions. We
propose a method of Voronoi partition to obtain the local
sampling space in which the optimal sampling lies. The Voro-
noi partion V(X)=[v,,---,v,] of Q generated by the point

X =[x,,---x,] is defined by:

v () ={xe Qf [x—x [<x—x, [, V=i (19

Where, let sampling space Q be a convex polygon. Each
v,(x) is called Voronoi cell. Using previous sampling points

plus near-optimal locations obtained by greedy searching algo-
rithm generate Voronoi diagram which is used to partition the
sampling space. According to (19), one can infer that there is
only one observation in each Voronoi cell. According to sub-
modularity, adding a new sampling into a larger Voronoi cell
gives us more advantage than adding a new sampling into a
smaller one. Therefore, the optimal sampling location must lie
in the largest Voronoi cell. Choosing the optimal sampling
locations in the largest Voronoi cell instead of the whole sam-
pling space can save a great deal of computing time. The
searching algorithm is detailed in table I .

Applying the ASAVP, assume that there are m previous ob-
servations and n new adding sampling points needed to be

find out of ¢ candidates, the i iteration only requires approx-
imate t/(m+1i) steps searching. It clearly finds that the

searching speed of average one of the near-optimal observa-
tions gets faster and faster with the number of sampling in-
creasing because the local searching space becomes smaller
and smaller.

V. SIMULATION RESULTS AND DISSCUSSION

We performed simulations with the following parameters:
sampling space size 100x100km, grid size 2%2km, 10 existing
observations at locations (10.3,20.6), (20.2,80.3), (40.5,30.2),
(40.7,90.5), (10.4,50.6), (70.3,90.5), (60.7,60.4), (80.7,40.2),
(95.6,10.5), (95.3,90.6).We used the covariance function de-
rived during the AOSN 2003 experiment in [1]:

c(x,,x,)=¢, exp(—a’2 / doz) (20)

TABLE |
ACCELERATING SEARCHING ALGOTITHM

Name: accelerating searching algorithm
Input: 1. searching space Q (convex polygon)

2. the set of earlier measurements S, S ¢ Q

3. the number of the new adding measurements, #
Output: the near-optimal set of measurements, X
X=0
2:fori=1ton

{

: use X U S generating Voronoi diagram in the whole sampling space Q
: calculate all Voronoi cells’ area

: using greedy algorithm, searching for x, * in the largest Voronoi cell

AN W AW

X eXux*

}




Where, d =| x, —x, | is Euclidean distance, d, =25 km is spa-
tial decorrelation scale of temperature during Monterey Bay
during AOSN 2003. Scaling factor ¢, has no effect on the

sampling scheme and letc, =2 . All the simulations are im-

plemented on a personal computer with hardware: Intel CPU
3.2GHz and 1GB ram and software: Matlab 2008a on Micro-
soft Windows XP Professional.

A.  Comparing the Results between the Improved and Conventional
Algorithm

1) The Results between UKVA and Basic Kriging: As can
be seen from Fig.1, the distribution of variance computed by
basic Kriging and UKVA, respectively, is exactly the same
based on 10 existing observations. However, the computing
time is very different, which is detailed in section B.

100

y(km)
y(km)

50
x(km)

100

0
0 50
x(km)

100 0

Fig.1 The distribution of the variance; left: variance computed by basic Krig-
ing; right: variance computed by UKVA

2) The Results of ASAVP and Basic Algorithm: Fig.2 shows
that the sampling point searched by ASAVP at iteration lies in
the Voronoi cell whose area is the largest. It obviously finds
that the new sampling points searched by ASAVP are nearly
consistent with the sampling point searched by basic algorithm
in the whole sampling space except for at 4” iteration. The
boundary of the largest Voronoi cell traversing the grid in
which the near-optimal sampling point lie results in the incon-
sistency between sampling point searched by ASAVP and
basic algorithm. Two ways is advised to avoid such case. The
one is to reduce the grid size; the other is to increase a step
searching if the optimal sampling point is on boundary of the
Voronoi cell. Fig.3 shows the distribution of the variance in
the whole sampling space computed based on the optimal
sampling points plus 10 earlier observations.

B.  Comparing the Computing time

We divide the optimizing process into two phases: compu-
ting Kriging variance and searching for the optimal sampling
location. In the first phase, we compute the Kriging variance
using UKV A and basic algorithm respectively. And we search

for the optimal sampling location by ASAVP and basic
searching algorithm separately in the second phase. The com-
puting time using different methods searching for one and five
new adding sampling points is showed in table II. When us-
ing the classical method (Basic + Basic), it obviously find that
the total computing time is proportional to number of sam-
pling points. When using improved method (UKVA +
ASAVP), however, average computing time of searching for
one sampling point decreases as the number of sampling
points increasing. The more sampling points are added, the
searching space is smaller, and therefore, the searching speed
of average one of the optimal observations is faster and faster.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, it is has been shown how sampling schemes
can be optimized by minimizing the integrated Kriging va-
riance. The main contribution of this paper lies in two aspects.
One is that we use submodularity to get an approximately
bound of near-optimal solution by greedy algorithm. On the
other, we propose two approaches to reduce the computation
time of searching for the near-optimal sampling location based
on known covariance (variogram). The main advantage of
improved algorithms is that the searching speed of average
one of the near-optimal sampling gets faster and faster with
the number of sampling increasing. Therefore, this algorithm
is very suitable for a large scales ocean sampling.

While the greedy searching algorithm certainly does not
guarantee an optimal solution, but it dose provide a good first
guess for other algorithm, such as sequential exchange algo-
rithm, which is our next work. In addition, how to deploy mo-
bile sensor platforms, such as underwater glider, following the
optimal path connected the best sampling locations searched
by our proposed algorithm to measure the ocean character is
our next future work.

TABLE II
COMPARING THE COMPUTING TIME
Consuming time (second)

Type of methods 1 sampling point 5 sampling points
Basic + Basic 148.9688 746.9625
UKVA + Basic 66.7344 334.8653
Basic + ASAVP 25.8906 98.5469
UKVA + ASAVP 13.8125 41.4219

100 100 100 100 100
80 80 80 80 80
60 60 60 60 60
40 40 40 40 40
20 20 20 20 20
% 50 w00 %o 50 00 % 50 w00 o 50 100 % 50 100

Fig.2 The process of searching for 5 near-optimal sampling locations; X and @ indicate the existing observation locations and the near-optimal sampling loca-

tions in previous stage respectively; <> and + indicate near-optimal sampling location at I ™ iteration by ASAVP and basic algorithm respectively.



Fig.3 The distribution of the variance in the whole sampling space at iteration
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