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Abstract— Tracking methods attempt to follow the movement
of a target of interest while suppressing irrelevant clutter. A
particularly troublesome source of clutter is wakes that appear
behind the target. This problem arises in sonar tracking of human
divers, in the tracking of boats using surveillance radars, and
also in radar tracking of ballistic missiles. Previous research has
integrated a solution to this problem in the popular Probabilistic
Data Association filter (PDAF).

This paper proposes a new solution to this problem in the same
framework. While previous research has used an approach de-
scribed as probabilistic editing, the new solution solves the wake
problem in a Bayesian framework by means of marginalization.

Monte-Carlo simulations show that the new solution provides
significantly increased robustness as compared to both the stan-
dard PDAF and the probabilistic editing approach. As the new
solution has improved theoretical underpinnings, we hope that
it can be useful for further research on tracking in the presence
of wake clutter.

I. INTRODUCTION

In harbor surveillance, sensors such as radars and sonars are
used to detect and track various targets. Conventional tracking
methods work on point measurements extracted from the radar
or sonar images. The tracking method attempts to associate
these correctly to targets of interest and to clutter, which by
definition is not of interest.

Clutter is caused by several sources. There will always
be some background noise that is not filtered out by the
detection operation, as no detector can achieve unity detection
probability for a non-unity false alarm rate [1]. Acoustic
reverberation or radar backscatter from the sea surface may
cause more troublesome clutter, which often is characterized
by heavy-tailed amplitude distributions [2].

Almost all literature on target tracking has so far assumed
that the clutter is independent of the target. An important
counter-example to this assumption is targets with wakes. Such
targets can be scuba divers in sonar data, and ships or missiles
in radar data. The wake of a target can be a much more
powerful source of clutter than background noise or arbitrary
backscatter.

The background for our work on wake targets can be traced
back to [3], in which it was suggested to treat wake mea-
surements as clutter, thereby enabling the tracking algorithm
to filter out such measurements using probabilistic editing.
In [4] this approach was integrated into an operational data
association algorithm, namely the classical Probabilistic Data
Association filter (PDAF) [5]. Further extensions of this work
treated multiple targets [6] and multiple sensors [7].

The intuition behind any solution to the wake problem is
that measurements behind the predicted target position are
more likely to originate from the wake than measurements
in front of the predicted target position. Intuition also tells us
that the further behind a measurement is, the more likely it
is to be from the wake. In [3] and [4] this intuitive notion
was quantified by assigning wake measurements a spatial
probability density function (pdf) in the shape of a linear ramp.

An objection to that approach is that the intensity of the
wake cannot be expected to increase indefinitely as one moves
backwards from the target. Rather, physical considerations
leads to a decaying wake model, or possibly an approximately
flat wake model if the decay is slow. Another objection to the
approach of [3] and [4] is their usage of probabilistic editing.
The linear ramp does not have any further justification than
the ad-hoc reasoning in the previous paragraph, and one may
ask whether a more rigorous approach can be developed.

In this paper a different solution to the wake problem
is developed. This solution can be summarized by two key
ideas. First, the wake pdf is assumed flat. Second, the wake
is assumed to begin at the true but unknown target position,
and not at the target prediction as implicitly assumed in
[4]. A backwards increasing clutter pdf is then obtained by
marginalization over the predicted pdf of the target.

Tracking methods can be classified into parametric and
non-parametric tracking methods. Parametric tracking methods
assume knowledge about the clutter cardinality distribution or
point mass function (pmf). Non-parametric tracking methods
do not assume any knowledge about it, and assign the clutter
cardinality a non-informative or diffuse pmf. Using a flat
wake model allows us to specify the wake as a region with
a well-defined clutter intensity λw which is higher than the
surrounding clutter intensity λ0. The flat wake model can
therefore be integrated into parametric tracking methods. This
is important since most tracking methods are parametric. On
the other hand, it is also important to validate that the pro-
posed approach is useful for non-parametric tracking methods.
Therefore we develop the new solution to the wake problem in
the framework of the non-parametric PDAF, which also was
used in [4].

The work presented here addresses some of the same
problems as the references [8 pp. 424-426] or [9], in which
a random set approach to extraneous target measurements
were developed. This leads to a more general and abstract
methodology of which wake clutter can be considered a special
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case. However, our aim is not to elaborate such a special
case, but rather to improve the treatment of wake clutter in
the conventional framework of the PDAF.

This paper investigates three versions of the PDAF: The
classical non-parametric PDAF, the modified PDAF of [4]
which here is termed WPDAF-1, and the tracker developed in
this paper, which we call WPDAF-2. The paper is organized
as follows: Section II presents background material, including
the PDAF tracking method and how it has been modified
in previous research on tracking of wake targets. In Section
III an alternative modification of the PDAF is developed. In
Section IV the tracking methods are tested on simulated data.
A brief conclusion is found in Section V. Details regarding
the derivations of the PDAF and the wake model are left for
the Appendix.

II. BACKGROUND

This section presents the conventional PDAF method and a
modified version of this method that was used to track wake
targets in [4].

A. Kinematics and measurement model

We assume that there is one and only one target in the
surveillance region, whose kinematic state is denoted by the
vector xk. The state contains position ρk and possibly other
variables such as velocity, acceleration, heading and so on, so
that xk = [ρTk , . . .]

T . For ease of presentation the kinematic
transition prior is assumed linear,

xk = Fxk−1 + vk, vk ∼ N (0,Q). (1)

Measurement vectors zk of the target are also related
linearly to the target state:

zk = Hxk +wk = ρk +wk, wk ∼ N (0,R). (2)

Notice that the matrix H is supposed to be constructed in such
a way that the measurement vector contains only the position
of the target corrupted by the measurement noise wk. We
believe that extensions of our work to measurements including
Doppler, amplitude and so on are quite straightforward, but
for simplicity such cases are not to be considered here. Also
notice that measurements in polar coordinates can easily be
converted to measurements obeying (2) as explained in [5 pp.
38-41].

For uncorrelated vk and wk the filtering problem posed by
(1) and (2) is optimally solved by the Kalman filter [10]. In re-
ality one does not have a single measurement at each time, but
a set of validated measurements Zk = {zk(1), . . . ,zk(mk)}
which may or may not include a true measurement from the
target. The rest of the measurements are considered “clutter”,
and data association is needed to discriminate against such
false measurements.

B. Probabilistic data association

The PDAF is one of today’s most popular tracking algo-
rithms due to its pragmatic compromise between efficiency and
robustness. It is a suboptimal algorithm which at each time step
collapses the target state posterior pdf into a single Gaussian
which then is propagated to the next time step. Thus the past
information about the target at time step k is summarized by

p(xk|Zk−1) ≈ N (xk ; x̂k|k−1,Pk|k−1), (3)

where Zk−1 = (Z1, . . . ,Z
k−1) is the collection of all

previous measurements. The lumping implied by (3) is done by
expressing the state estimate at time k as a weighted average
of the prediction x̂k|k−1 and state estimates conditioned on the
latest measurements zk(i). This leads to the following Kalman
filter-like equations for prediction and measurement update of
the state estimate x̂k|k and its associated covariance Pk|k:

x̂k|k−1 = F x̂k−1|k−1

Pk|k−1 = FPk−1|k−1F
T +Q

x̂k|k = x̂k|k−1 +Kk

mk∑
i=1

βk(i)νk(i)

Pk|k = Pk|k−1 − (1− βk(0))KkSkK
T
k + P̃k (4)

where

Kk = Pk|k−1H
TS−1k

Sk = HPk|k−1H
T +Rk

νk(i) = zk(i)−Hx̂k|k−1 = zk(i)− ẑk|k−1

P̃k = Kk

[
mk∑
i=1

βk(i)νk(i)νk(i)T − νkνTk

]
KT
k

νk =

mk∑
i=1

βk(i)νk(i). (5)

The index i ranges over all mk extracted and validated
measurements inside a validation gate G, defined by

G : (zk −Hx̂k|k−1)TΨ−1k (zk −Hx̂k|k−1) < 1 (6)

where Ψk = g2Sk and the scalar g is called the gate size.
The association probabilities βk(i) , P{θk(i)|Zk} in (4)

are the probabilities of the following mutually exclusive and
exhaustive events

θk(0) No measurement originates from the target
θk(1) Measurement 1 originates from the target

...
θk(mk) Measurement mk originates from the target.

The PDAF comes in a parametric and in a non-parametric
version. The parametric version assumes that the number of
clutter measurements is Poisson distributed (c.f. Section III-
C). However, since it can be very difficult to estimate the
parameters of this Poisson process, a non-parametric version
is commonly used instead. The non-parametric PDAF treats
the clutter intensity as unknown by assigning it a flat pmf:

µ(0) = µ(1) = . . . = µ(m− 1) = µ(m) = µ(m+ 1) = . . . .



For the non-parametric PDAF, as derived under standard
assumptions (c.f. Appendix A), the association probabilities
can be written

βk(0) =
δ

δ +
∑mk

j=1 l(j)
(7)

βk(i) =
l(i)

δ +
∑mk

j=1 l(j)
(8)

where
δ = mk

1− PDPG

PDPG
. (9)

The constant PD is the probability of detection while PG is
the probability that a true detected measurement is inside the
gate. PD is a tuning parameter assumed known, while PG can
be calculated from g as explained in [5 p. 96]. The likelihood
ratio l(i) is defined as

l(i) =
p(zk(i)|zk(i) is from target)
p(zk(i)|zk(i) is from clutter)

. (10)

For the conventional PDAF we have

l(i) =
p1(i)

p0(i)
(11)

where

p1(i) =
1

PG
N (zk(i) ; ẑk|k−1,Sk) (12)

and
p0(i) =

1

V
=

1

πg2|Sk|1/2
(13)

when the dimension of zk(i) is 2. In Sections II-C and III-C
alternatives to the uniform clutter pdf of (13) are suggested.

C. Mitigation of a wake by means of probabilistic editing

In [4] it was noticed that the PDAF had trouble tracking
a human scuba diver due to a trailing “wake” of air bubbles.
The proposed solution was to replace the uniform clutter pdf
p0(i) = 1/Vk with a mixture

pm(i) , (1− PB)
1

Vk
+

PB

PGB
pb(zk(i)). (14)

It consists of the conventional flat clutter pdf and a linear
ramp pb(·) which increases backwards behind the predicted
target position. PB is a mixture constant related to the wake
intensity while PGB is a normalization constant. The ramp is
before normalization given by

pb(z) =

{
zỹ/(AB2) if 0 < zỹ < B and ‖zx̃‖ < A
0 otherwise

where the wake-oriented coordinates zx̃ and zỹ are yet to be
properly introduced in Section III-A. It is shown in [11] that
the normalization constant PGB can be written

PGB =

∫
G
pb(z)dz

=
2

3AB2
det(Λ)

∥∥∥Λ− 1
2MTR

(π
2

)
u
∥∥∥ (15)

where (Λ,M) is the diagonalization of Ψ as in (33). To
summarize, the tracking method of [4] results when the
likelihood ratio in (7) and (8) is chosen to be

l(i) =
p1(i)

pm(i)
. (16)

We refer to this tracking method as WPDAF-1.

III. MITIGATION OF A WAKE BY MEANS OF
MARGINALIZATION

The mixture (14) is a valid pdf, but it is not the spatial pdf of
clutter measurements under any reasonable model of the wake.
Previous papers on wake targets [3,6,4,7] have not made any
attempts at providing a probabilistic model for the wake. The
rationale behind this section is that a more robust tracking
method may be obtained if the ramp in (14) is replaced by a
pdf which actually models the wake.

A. Geometry of the wake model

As the simplest yet plausible model imaginable we suggest a
flat wake model. Wake measurements are uniformly distributed
in a rectangular region behind the target with width 2A and
length B. The notion of “behind” is given by the heading
unit vector uk, which points in the opposite direction of the
wake. We assume this vector known. This can to some degree
be justified by the fact that for a slowly manoeuvering target
several scans can be used to obtain a good estimate of this
vector. This was actually done in [4] as well. It is useful to
employ a wake oriented coordinate system (x̃, ỹ) with unit
vectors

ex̃k = R(π/2)uk , eỹk = −uk (17)

in addition to the fixed (x, y)-system. Here R (α) denotes a
two-dimensional rotation matrix corresponding to α radians.
When a point ρk is decomposed in the (x̃, ỹ)-system we will
denote its components by ρx̃k and ρỹk:

ρx̃k =(z −Hx̂k|k−1)TR (π/2)uk

ρỹk =− (z −Hx̂k|k−1)Tuk. (18)

The entire wake region is denoted W , and it splits the
validation gate into a back region C and a front region D,

C = G ∩W, D = G \ C, (19)

where “\” is the set difference operator. Notice that since W
depends on the state xk, the regions C and D depend on xk
as well. The regions do of course also depend on x̂k|k−1, but
this dependency poses less of a challenge since x̂k|k−1 is given
and not random when conditioned on Zk−1. See Figure 1 for
an illustration of the geometry.
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Fig. 1. Illustration of the validation gate G and the regions W , C and D.
Notice that W , C and D depend on the position of the true state ρk , which
is unknown. We can decompose the point ρk (as well as any measurement
zk) in fixed coordinates (ρxk , ρ

y
k) or in wake-oriented coordinates (ρx̃k , ρ

ỹ
k).

B. Pre-validated measurements

At time k the tracker is fed a set Z̃k = Z̃1
k ∪ Z̃0

k ∪
Z̃wk of measurements from the respective sources of target,
background and wake. The tildes indicate that these sets have
not yet been subject to validation. In contrast to what was
done in Section II, this section takes a parametric viewpoint
and assigns informative pmf’s to the number of measurements
from these sets. In other words, the measurement sets are
characterized by their cardinality distributions as well as their
distributions of individual member points. The cardinalities are
distributed according to

P{card(Z̃1
k) = τ} =Bernoulli(τ ; PD)

P{card(Z̃0
k) = ϕ} =Poisson(ϕ ; Ṽ λ0)

P{card(Z̃wk ) = ψ} =Poisson(ψ ; 2ABλw) (20)

where

Bernoulli(τ ; PD) ,

 1− PD if τ = 0
PD if τ = 1
0 otherwise

Poisson(m ; λ) ,
e−λλm

m!
. (21)

The parameters λ0 and λw are the intensities of background
and wake, respectively. By Ṽ we denote the area of the
entire surveillance region. The spatial pdf’s of individual

measurements are

p(zk|zk ∈ Z̃1
k ,xk) =N (zk ; Hxk,R) (22)

p(zk|zk ∈ Z̃0
k ,xk) =1/Ṽ (23)

p(zk|zk ∈ Z̃wk ,xk) =

{
1/(2AB) if z ∈ W
0 otherwise (24)

where z ∈ W if and only if
∥∥zx̃∥∥ < A and 0 < zỹ < B.

C. Post-validated measurements

As mentioned in Section II-B a validation gate is used
to prevent the tracking method from wasting resources on
measurements very far away from the prediction ẑk|k−1. This
means that the actual set Zk = Z1

k ∪ Z0
k ∪ Zwk encountered

by the tracking method is a certain subset of the full set Z̃k
from Section III-B. The validated measurement sets are given
by

Z1
k = Z̃1

k ∩ G, Z0
k = Z̃0

k ∩ G, Zwk = Z̃wk ∩ C. (25)

The first two of these sets have obvious cardinality pmf’s

P{card(Z1
k) = τ |Zk−1} =Bernoulli(τ ; PDPG) (26)

P{card(Z0
k) = ϕ |Zk−1} =Poisson(ϕ ; 2Vkλ0). (27)

The statistics of the validated wake measurement set Zwk are
less trivial. Difficulties are caused by the fact that the region C
is random, since it depends on the state xk. The cardinality of
Zwk is no longer Poisson distributed due to the marginalization
over xk. Still, a Poisson distribution with parameter λwVk/2
may serve as an approximation:

P{card(Zwk ) = ψ|Zk−1} ≈ Poisson(ψ ; λwVk/2). (28)

Since the sum of two Poisson random variables also is Poisson
[12 p. 216], the cardinality of general clutter measurements is
approximately

P{card(Zwk ∪Z0
k) = n|Zk−1}

≈ Poisson(n ; λwVk/2 + λ0Vk). (29)

The spatial pdf’s of a single target or background measurement
when conditioned on previous data are

p(zk|zk ∈ Z1
k ,Z

k−1) =
1

PG
N (zk ; ẑk|k−1,Sk) = p1(i)

p(zk|zk ∈ Z0
k ,Z

k−1) =1/Vk = p0(i).

Our solution to the wake problem is based on the spatial
pdf of validated wake measurements. Since these are to be
considered clutter, we focus on the spatial pdf of validated
clutter measurements zk ∈ Zwk ∪ Z0

k . In Appendix B it is
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Fig. 2. Comparison of WPDAF-1, WPDAF-2, exact solution and standard
PDAF. These curves show the association probability β(1) as a function of
ỹ for a scenario where mk = 2, zx̃(1) = 3, zx̃(2) = 0, zỹ(2) = 5,
Pk|k−1 = I , R = I , g = 6 and PB = λw/λ0 = 0.9.

shown that this pdf can be approximated as

pw(i) =p(zk(i) | zk(i) ∈ Zwk ∪Z0
k ,Z

k−1)

≈ 1√
π3|Ψk|

[
λ0

(
2π

2λ0 + λw
+

32
√
πλ2wα

2σ2
k

π2(2λ0 + λw)3

)
+ncdf(zỹk(i) ; 0, σ2

k)

(
2
√
πλw

2λ0 + λw
+

32
√
πλ3wα

2σ2
k

π2(2λ0 + λw)3

)
+ exp

(
−z

ỹ
k(i)2

2σ2
k

)(
4
√

2λ2wασk
π(2λ0 + λw)2

+
16
√

2λ3wα
2σkz

ỹ
k(i)

π2(2λ0 + λw)3

)]
(30)

where

σ2
k = uT

kHPk|k−1H
Tuk (31)

and the scalar αk is found as

αk =
‖det(Bk)‖
‖Bk · [1, 0]T‖ (32)

where Bk is given by an eigenvalue-decomposition

MkΛkM
T
k = Ψk and Bk = Λ

− 1
2

k MT
k . (33)

By ncdf(·) we denote the cumulative Gaussian distribution:

ncdf(z ; 0, σ2) =
1

2

(
1 + erf

(
z

σ
√

2

))
. (34)

Notice that (30) only depends on λ0 and λw through the ratio
λ0/λw. It can therefore be used in a non-parametric context
as long as one has some idea what this ratio should be.
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Fig. 3. Comparison of WPDAF-1, WPDAF-2 and exact solution. These
curves show how much the association probability of a single measurement
is increased or decreased for the WPDAF’s relative to the conventional PDAF.
The parameters are the same as in Figure 2.

D. WPDAF-2

The tracking method termed WPDAF-2 is obtained when we
replace the mixture (14) with the pdf approximated in (30) of
Section III-C:

l(i) =
p1(i)

pw(i)
. (35)

E. Comparison with exact approach

WPDAF-2 does not provide the exact association proba-
bilities that would result from rigorous Bayesian calculations
(cf. Appendix A). The usage of single-measurement like-
lihood ratios as in (7) and (8) requires the measurements
zk(1), . . . ,z(mk) to be independent when conditioned on
the previous measurements Zk−1. The measurements are
in general only independent when conditioned on the state
xk, and the exact Bayesian solution can therefore only be
evaluated numerically by marginalizing the joint density of
the entire measurement set Zk over the predicted density
p(xk|Zk−1).

In Figures 2 and 3 the association probabilities of the
PDAF, WPDAF-1 and WPDAF-2 as well as the exact approach
are illustrated for a scenario with two measurements in the
validation gate. It can be seen that WPDAF-1 is in danger
of increasing the association probability for measurements
that are even significantly behind the prediction. WPDAF-
2 does on the other hand exhibit a similar behavior as the
exact approach in vicinity of the prediction. Also notice that
the ratio between β(i) and β(i)|PDAF does not necessarily
decrease monotonously as a function of zỹ(i) for the exact
approach. We believe this to be due to the coupling between
the measurements in the exact approach.

IV. TEST DESIGN AND SIMULATION RESULTS

In this section the trackers known as conventional PDAF,
WPDAF-1 and WPDAF-2 (c.f. Sections II-B, II-C and III-D)



are tested and compared using Monte-Carlo simulations.
Artificial data can never provide us with the same challenges

as real sonar or radar data. However, performance measures
such as the occurrence of track-loss can hardly be investigated
through real-world experiments. Since (hopefully) track-loss
only occurs in a small fraction of all experiments, one must
carry out thousands of experiments to obtain statistically valid
information. Also, real data will not allow us to investigate
the tracking performance as function of model quantities such
as the wake strength λw.

In [4] the authors tested WPDAF-1 on a single set of real
sonar data containing a scuba diver. Its multi-target generaliza-
tions have performed well in Monte-Carlo simulations [6, 7].
Still no systematic investigation of its ability to discriminate
against wake measurements alone has so far been carried
out. WPDAF-2 is a novel contribution of this paper, and its
performance has consequently never been investigated before.

The methods are here tested on two scenarios which only
differ in how artificial wake measurements are generated. In
order to test the performance of our tracking methods these
scenarios is run 5000 times for 4 different intensities of the
wake clutter.

A. Filter model

The tracking methods are implemented using the linear
kinematics model given by (1) and (2) with standard matrices
given by

F =


1 T 0 0
0 1 0 0
0 0 1 T
0 0 0 1

 , Q = σ2
v


T 3

3
T 2

2 0 0
T 2

2 T 0 0

0 0 T 3

3
T 2

2

0 0 T 2

2 T


and

H =

[
1 0 0 0
0 0 1 0

]
, R =

[
σ2
r 0

0 σ2
r

]
.

B. Simulation of target kinematics

As our simulation model we use a more complicated
curvilinear model developed in [13]. The curvilinear model
is arguably more realistic; modeling colored process noise,
manoeuvres and sudden accelerations. In the curvilinear model
the state is parameterized as xs

k = [xk, yk, ẋk, ẏk, atk, ank]
where atk is acceleration tangential to the target trajectory
and ank is acceleration perpendicular to the trajectory. The
kinematic process model can then be written as

xs
k+1 =

 F Gt(x
s
k) Gn(xs

k)
0 βt 0
0 0 βn

xs
k + vs

k. (36)

The matrices Gt(x
s
k) and Gn(xs

k) are explicitly given by

Gt(xk) =


− 1
ω2

k
cosϕk+1 + 1

ω2
k

cosφk − 1
ωk
T sinφk

1
ωk

sinϕk+1 − 1
ωk

sinφk
− 1
ω2

k
sinϕk+1 + 1

ω2
k

sinφk + 1
ωk
T cosφk

− 1
ωk

cosϕk+1 + 1
ωk

cosφk



and

Gn(xk) =


− 1
ω2

k
sinϕk+1 − 1

ω2
k

sinφk − 1
ωk
T cosφk

− 1
ωk

cosϕk+1 − 1
ωk

cosφk
− 1
ω2

k
cosϕk+1 + 1

ω2
k

cosφk + 1
ωk
T sinφk

1
ωk

sinϕk+1 − 1
ωk

sinφk


where ϕk+1 = φk + ωkT , ωk = ank/|

√
ẋ2k + ẏ2k| and φk =

tan−1(ẏk/ẋk). The constants βt and βn are related to the
maneuver time constants τt and τn by

βt = exp(−T/τt) and βn = exp(−T/τn).

We draw the accelerations according to first order Markov
models, so that vs

k ∼ N (0,Qs) where

Qs =

 0 0 0
0 σ2

t (1− β2
t ) 0

0 0 σ2
n(1− β2

n)

 . (37)

The target moves in a surveillance region covering 500×500m
for 300 seconds. The tuning constants σ2

t , τtm, σ2
n and τnm

have in Table I been chosen such that the kinematics shall
mimic a human diver swimming relatively straight ahead.

C. Measurement generation

Measurements are generated according to point processes
similar to those described in Section III-B. The simulation
of the target and background measurement sets Z1

k and Z0
k

are straightforward and need no further elaboration. It is less
obvious how a realistic wake measurement set Zwk should be
generated. We will therefore provide two different scenarios.
In both scenarios the severity of wake clutter is characterized
by a wake intensity ratio r which tells us to which degree the
wake clutter dominates over ordinary background clutter.

In Scenario I we draw Z̃wk according to (20) and (24).
That is, wake measurements are drawn from a uniform spatial
density and the cardinality of Z̃wk is drawn from a Poisson
distribution with parameter 2rsABλ0.

In Scenario II we draw Z̃wk according to a recipe similar to
the one used in [6]. This recipe draws each wake measurement
from a density whose marginal densities are Gaussian and
exponentially distributed in the cross-wake and along-wake
directions respectively,

p(z) = N (zx̃ ; 0, σ2
s) · 1

λs
exp

(
−z

ỹ

λs

)
. (38)

The cardinality of Z̃wk is drawn from a Poisson distribution
with parameter 2rsσsλsλ0.

The SNR affects the scenario through the detection proba-
bility PD. In all our simulations we have used the value PD =
0.55, which corresponds to a 12dB target in Rayleigh noise
when the false alarm rate is PFA = 0.005. We assume that the
resolution cells of the sensor are 1m×1m wide, implying that
the background clutter intensity is λ0 = 0.005m−2. These are
values for which PDAF-based trackers are most suitable, and
quite realistic in order to model a human diver.



TABLE I
SIMULATION MODEL PARAMETERS

Param. Value Specification

T 1.0 s Sampling period

∆x ×∆y 1m× 1m Resolution cell size

σ2
t (0.01 m/s3)2 Tan. acceleration power

τtm 2.0 s Tan. acc. time constant

σ2
n (2.5 · 10−5 m/s3)2 Perp. acceleration power

τnm 1.0 s Perp. acc. time constant

PFA 0.005 False alarm rate

PD 0.55 Detection probability

A×B 2.5m× 50m Wake region in Scenario I

σs 2.5m Wake half-width in Scenario II

λs 10m Wake length in Scenario II

rs {1, 5, 10, 50} True wake intensity ratios

TABLE II
FILTER MODEL PARAMETERS

Param. Value Specification

g 6 Gate size

σ2
r (0.0833 m)2 Mea. noise

σ2
v (0.0036 m/s2)2 Process noise

L 20 Wake direction estimation lag

c1 3 First stage track-loss threshold

c2 10 Second stage track-loss threshold

ra {1, 5, 10, 50} Assumed wake intensity ratios

D. Performance measures

In the same way as was done in [2], this paper uses track-
loss as the primary performance measure. We treat track-loss
as a two-stage process. A track is considered tentatively lost
at time k if the position error

√
(xk|k − xs

k)2 + (yk|k − ys
k)2

exceeds a threshold c1. If the error later goes below c1 the lost
label is removed. On the other hand, if the error never manages
to go below c1 again, we consider it lost at time k. If the error
exceeds the higher threshold c2 > c1 we immediately consider
it lost at time k, irrespectively on whether the error later goes
below c1.

E. Interpretation of the results

Tables III and IV provide a summary of our results. We
point out the following observations:

First, it can be seen that the strength of wake clutter is
critical to the performance of the PDAF. The PDAF does cope
reasonably well with moderate wake intensities in Scenario I,
although a quite significant performance loss is apparent. For
very high wake intensities (λw ≥ 50λ0) the PDAF looses

TABLE III
LOST TRACKS FOR SCENARIO 1

PDAF WPDAF-1 WPDAF-2
rs = 1 ra = 1 5 8 1

ra = 5 5 61 16
ra = 10 5 152 46
ra = 50 5 655 190

rs = 5 ra = 1 62 20 10
ra = 5 62 56 9
ra = 10 62 141 31
ra = 50 62 634 184

rs = 10 ra = 1 325 50 46
ra = 5 325 64 23
ra = 10 325 139 32
ra = 50 325 606 172

rs = 50 ra = 1 4993 183 336
ra = 5 4993 109 84
ra = 10 4993 132 84
ra = 50 4993 405 109

TABLE IV
LOST TRACKS FOR SCENARIO 2

PDAF WPDAF-1 WPDAF-2
rs = 1 ra = 1 43 17 11

ra = 5 43 51 12
ra = 10 43 106 24
ra = 50 43 532 141

rs = 5 ra = 1 659 105 76
ra = 5 659 67 37
ra = 10 659 99 46
ra = 50 659 374 93

rs = 10 ra = 1 749 82 48
ra = 5 749 77 51
ra = 10 749 99 59
ra = 50 749 273 87

rs = 50 ra = 1 543 53 29
ra = 5 543 75 57
ra = 10 543 88 66
ra = 50 543 125 71

track inevitably. In Scenario II moderate wake intensities are
most troublesome, while stronger wakes are easier to handle,
probably because the exponential distribution places a large
number of wake measurements close to the target.

Second, it can be seen that both WPDAF-1 and WPDAF-2
may reduce the track-loss encountered by the PDAF. Their
mitigating effect is as one would expect most prominent
for strong wakes. WPDAF-2 does in the vast majority of
cases outperform WPDAF-1, and especially so when the true
wake intensity is weak. Unfortunately, neither WPDAF-1 nor
WPDAF-2 can be guaranteed to improve performance. There
is a danger that the tracker will push the state estimate too far
ahead when it assumes the wake to be stronger than it actually
is. This may cause it to loose track. We see this happening
more frequently for WPDAF-1 than for WPDAF-2.

Third, the WPDAF’s do not necessarily achieve their best
performance for the correct wake intensity ratio ra = rs.
Although WPDAF-1 was run with rather high values of ra
in [6] and [4], the results presented in Tables III and IV
indicate that lower values of ra should be used for WPDAF-
1. The novel tracker WPDAF-2 does on the other hand most
often attain its optimal performance when ra is equal to or



reasonably near rs. It is nevertheless also for WPDAF-2 safer
to assume a too low wake intensity than a too high wake
intensity.

V. CONCLUSION

This paper has studied the performance of three PDAF-
based methods for tracking targets with wakes. These are the
conventional PDAF, a recently developed modification based
on probabilistic editing (WPDAF-1), and a tracker developed
in this paper by means of marginalization (WPDAF-2). Sim-
ulation results have revealed that a significant performance
gain can be achieved by accounting for the wake as done in
WPDAF-1 and WPDAF-2, and that this gain is most prominent
and consistent for WPDAF-2.

There are at least two alleys for further research that this
paper leads to. Since both WPDAF-1 and WPDAF-2 do exhibit
some sensitivity to the assumed wake strength, it is of great
interest to develop robust estimators for this quantity. WPDAF-
1 is purely non-parametric, and it is difficult to see how
estimation of the wake strength can be done for it. WPDAF-2
is on the other hand developed in a parametric framework, so
that such an estimation does make more sense for this tracker.
Exactly what kind of estimators would be preferable is not
that obvious. The approaches of [14] or [15] may provide
some inspiration for this.

This paper has solely focused on track maintenance, i.e.
whether or not the tracker manages to follow the target. An-
other important topic for future research is track initialization
and termination in the presence of wake clutter. While simple
heuristic rules were used successfully in [4] and [7], it would
be interesting to replace these with a more systematic approach
such as the Integrated Probabilistic Data Association (IPDA)
[16] or random set methods [8].

APPENDIX

Non-trivial calculations underlying the results of this paper
are placed in three appendices. The first appendix explains how
the PDAF can be written by means of likelihood ratios. The
second appendix derives the spatial clutter pdf of WPDAF-2,
which is the main result of this paper.

A. The role of likelihood ratios in the PDAF

The PDAF is derived under the assumption of a uniform
spatial clutter pdf [5 pp. 129-161]. This assumption con-
veniently allows us to express the association probabilities
(7) and (8) using likelihood ratios l(i) of the individual
measurements conditioned on previous data. When the spatial
clutter pdf depends on xk this de-coupling breaks down.
Approximations, whose nature is the topic of this appendix,
are then necessary to maintain this simplicity.

Let mk and nk be the number of total and clutter measure-
ments respectively at time k, and let m be the realization of

the random variable mk. Bayes’ rule yields

P{θk(0)|Zk} =P{θk(0)|mk,Zk,Z
k−1}

=
1

c
p(Zk|θk(0),mk,Z

k−1)

· P{θ0|nk = m,mk = m}
· P{nk = m|mk = m} (39)

and

P{θk(i)|Zk} =P{θk(i)|mk,Zk,Z
k−1}

=
1

c
p(Zk|θk(i),mk,Z

k−1)

· P{θi|nk = m− 1,mk = m}
· P{nk = m− 1|mk = m}. (40)

The joint measurement pdf’s p(Zk|θk(0),mk,Z
k−1) and

p(Zk|θk(i),mk,Z
k−1) are conditioned on the past data (as

represented by the prediction and its covariance) and not on
the state xk. However, since target and clutter measurements
depend on the state rather than the prediction, these quantities
must be written as integrals over the state,

p(Zk|θk(0), . . .) =

∫ mk∏
j=1

pc(zk(j)|xk)p(xk|Zk−1)dxk

p(Zk|θk(i), . . .) =

∫
p1(zk(i)|xk)

mk∏
j 6=i

pc(zk(j)|xk)

· p(xk|Zk−1)dxk. (41)

Here p1(·|xk) is the spatial pdf of target measurements and
pc(·|xk) is the spatial pdf of clutter measurements conditioned
on the state.

In the conventional PDAF only p1(·|xk) depends on the
state, while pc(·|xk) = pc(·) is uniform. The integrals in (41)
are then of a trivial nature. However, in the treatment of wake
clutter we allow pc(·|xk) to depend on the state, which results
in non-trivial marginalization integrals. An “exact” Bayesian
approach along the lines of [9] would solve these integrals
numerically (c.f. Section III-E). A simpler, although somewhat
heuristic, approach is to approximate the integrals by assuming
that the the measurements zk(1), . . . ,zk(mk) are independent,
not only when conditioned on the state xk, but also when
conditioned on the previous data Zk−1. We simply proceed
as if the joint measurement pdf’s also in this case can be de-



coupled as follows:

p(Zk|θk(0), . . .) ≈
mk∏
j=1

∫
pc(zk(j)|xk)p(xk|Zk−1)dxk

=

mk∏
j=1

pc(j) (42)

p(Zk|θk(i), . . .) ≈
∫
p1(zk(i)|xk)p(xk|Zk−1)dxk

·
mk∏
j 6=i

∫
pc(zk(j)|xk)p(xk|Zk−1)dxk

=p1(i)

mk∏
j 6=i

pc(j) = l(i)

mk∏
j=1

pc(j). (43)

The inverse association probabilities can then be found as

1

P{θk(0)|Zk} =
χ

m
∏m
j=1 pc(j)(1− PDPG)µ(m)

=1 +
PDPG

m(1− PDPG)

µ(m− 1)

µ(m)

∑
l(j)

and
1

P{θk(i)|Zk} =
χ

l(i)
∏m
j=1 pc(j)PDPGµ(m− 1)

=
1

l(i)

(
m(1− PDPG)

PDPG

µ(m)

µ(m− 1)
+
∑

l(j)

)
where another normalization constant has been introduced as

χ =m

m∏
j=1

pc(j)(1− PDPG)µ(m)

+ PDPGµ(m− 1)

mk∏
j=1

pc(j)

mk∑
j=1

l(j).

For the case of a non-parametric PDAF the ratio µ(m)/µ(m−
1) is by definition unity. Under that assumption the association
probabilities in (7) and (8) follow immediately.

B. Single point clutter likelihood in WPDAF-2

In this appendix we derive the approximation (30) of the
spatial pdf for elements of Z0

k ∪Zwk . This treatment will take
place in the wake oriented coordinate system (x̃, ỹ) under the
following three assumptions
A1: The validation gate G is so large that PG ≈ 1.
A2: The rectangular wake region W is so large that none of

its corners can fall inside G as long as xk ∈ G.
A3: The event θk(i) is not true, i.e. zk(i) ∈ Zwk ∪Z0

k .
Clearly these assumptions cannot be guaranteed to hold.
Situations where A1 and A2 cannot both hold, will in reality
occur quite frequently. Such violations do not primarily have
an impact on the qualitative properties of the spatial clutter pdf,
rather they mean that the actual number of wake measurements
may differ significantly from the expected number of wake
measurements. For parametric tracking methods which attempt
to draw inference from the number of measurements this could

have dangerous consequences, but it should not pose a serious
problem in the non-parametric setting.

By the total probability theorem we have

p(zk|zk ∈ Zwk ∪Z0
k , Z

k−1) (44)

=

∫
p(zk|xk,Zk−1)p(xk|Zk−1)dxk

=

∫
[p(zk|zk ∈ C)P{zk ∈ C|xk}

+ p(zk|zk ∈ D)P{zk ∈ D|xk}] p(xk|Zk−1)dxk.

Since the state conditioned clutter likelihoods are uniform
inside their (unknown) support regions we will work with
expressions for the areas of C and D. Due to assumption A2
the value of ρx̃k is irrelevant and it suffices to express these
areas as functions of ρỹk. If the areas of C(ρk) and D(ρk) are
denoted by C(ρỹk) and D(ρỹk) respectively, we can write

C(ρỹk) =

{
C1(ρỹk) if ρỹk <= 0

C2(ρỹk) if ρỹk > 0

D(ρỹk) =

{
D1(ρỹk) if ρỹk <= 0

D2(ρỹk) if ρỹk > 0

where

C1(ρỹk) = Ξk

[
π − acos(−αρỹk) +

1

2
sin
(

2 acos(−αρỹk)
)]

D1(ρỹk) = Ξk

[
acos(−αρỹk)− 1

2
sin
(

2 acos(−αρỹk)
)]

C2(ρỹk) = Ξk

[
acos(αρỹk)− 1

2
sin
(

2 acos(αρỹk)
)]

D2(ρỹk) = Ξk

[
π − acos(αρỹk) +

1

2
sin
(

2 acos(αρỹk)
)]

with α given by (32) and Ξk =
√
|Ψk|. The probabilities that

a single clutter measurement zk is in C or D can be found as

P{zk ∈ C|xk} =
(λ0 + λw)C(ρỹk)

(λ0 + λw)C(ρỹk) + λ0D(ρỹk)

P{zk ∈ D|xk} =
λ0D(ρỹk)

(λ0 + λw)C(ρỹk) + λ0D(ρỹk)
.

Therefore, the spatial clutter likelihood conditioned on xk is

p(zk|xk) =


(λ0+λw)

(λ0+λw)C(ρỹk)+λ0D(ρỹk)
if zk ∈ C(xk)

λ0

(λ0+λw)C(ρỹk)+λ0D(ρỹk)
if zk ∈ D(xk).

We can then rewrite (44) as

p(zk|zk ∈ Zwk ∪Z0
k , Z

k−1) (45)

=(λ0 + λw)

∫
G∗

N (xk ; x̂k|k−1,Pk|k−1)

(λ0 + λw)C(ρỹk) + λ0D(ρỹk)
χC(xk)(zk)dxk

+ λ0

∫
G∗

N (xk ; x̂k|k−1,Pk|k−1)

(λ0 + λw)C(ρỹk) + λ0D(ρỹk)
χD(xk)(zk)dxk

where G∗ , G × R2 and χC(·) and χD(·) denote the
characteristic functions [17 p. 46] of the regions C and D.



Some manipulations of these and integration over all variables
in xk but ρỹk yields

p(zk|zk ∈ Zwk ∪Z0
k , Z

k−1) (46)

=
λ0 + λw

σ
√

2π

∫ zỹk

−∞

exp
(
−(ρỹk)2/2σ2

)
(λ0 + λw)C(ρỹk) + λ0D(ρỹk)

dρỹk

+
λ0

σ
√

2π

∫ ∞
zỹk

exp
(
−(ρỹk)2/2σ2

)
(λ0 + λw)C(ρỹk) + λ0D(ρỹk)

dρỹk.

The challenge posed by the function

gl(ρ
ỹ
k) =

1

(λ0 + λw)Cl(ρ
ỹ
k) + λ0Dl(ρ

ỹ
k)
, l ∈ {1, 2}

can only be overcome by some kind of approximation. In
order to obtain a closed form approximation to (44), a series
expansion approach can be used. Since the Gaussian has the
bulk of its probability mass close to zero in wake oriented
(x̃, ỹ)-coordinates, we expand g1(ρỹk) around ρỹk = 0 up
to second order. This requires the first and second order
derivatives of C1(ρỹk) and D1(ρỹk). The details are messy, so
we only summarize the results here:

g1(0) =
2

π
√
|Ψ|(2λ0 + λw)

g′1(0) =
8λwα

π2
√
|Ψ|(2λ0 + λw)2

g′′1 (0) =
64λ2wα

2

π3
√
|Ψ|(2λ0 + λw)3

. (47)

We can then approximate gl(ρ
ỹ
k) with the function

g(ρỹk) =
2

π
√
|Ψ|(2λ0 + λw)

+ ρỹk
8λwα

π2
√
|Ψ|(2λ0 + λw)2

+ (ρỹk)2
32λ2wα

2

π3
√
|Ψ|(2λ0 + λw)3

. (48)

Inserting (48) into (46) yields 6 terms on the form∫
(ρỹk)nexp(−(ρỹk)2/2σ2)dρỹk, which all can be integrated in

closed form [18 pp. 108-109]. Evaluation of these integrals
yields (30). The adequacy of this approximation is illustrated
in Figure 4.
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