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Abstract— The design of transmit waveforms in sonar and
radar that optimize the probability of detection of a known
target is an area of active interest. Previous research has
demonstrated the benefits of optimal transmit waveforms for
enhanced target detection, versus the transmission of more
conventional waveforms such as broadband LFM pulses. For
maximum benefit, the scattering function or frequency response
of the target to be detected must be known, along with the
spectral or statistical properties of the environment. In this paper,
we examine the impact of a mismatch between the expected
frequency response of the target, for which the optimal transmit
waveform was designed, and the actual frequency response of
the target. In particular, we design the optimal sonar transmit
waveform based on the free-field response of the target, and
then examine the effects on detection performance of burial of
the target in sediment. Simulations of the sonar backscatter from
a steel sphere in the water column and at various stages of burial
demonstrate that the impact of mismatch becomes increasingly
detrimental as the target becomes increasingly buried. For fully
buried targets, the impact is such that transmitting a simple
broadband LFM pulse can yield improved detection relative to
“optimal” waveform design wherein there is a mismatch between
the expected (free-field) and actual (buried) frequency response
of the target.

I. INTRODUCTION

The design of transmit waveforms for RADAR and SONAR
that enhance the probability of detection of an object of interest
has a long history and is an area that continues to receive active
interest (e.g., [1]-[5], [7]1-[10]). In this paper, we consider the
impact of transmitting waveforms for optimizing the detection
of underwater objects, particularly elastic objects, wherein the
free-field response is known, but the target may be buried.
The transmit waveform is designed based on the free-field
response, and detection performance for various stages of
target burial are examined through simulation.

While various optimality criteria have been considered,
a common theme in the design of transmit waveforms for
optimizing target detection is that the solution is specified
in terms of the magnitude spectrum (the power spectrum or
energy density spectrum) of the transmit waveform. The basic
result is to design the magnitude spectrum so that there is
energy in frequency bands where the target response is large
relative to the effects of all sources of interference.

In this paper, we consider an optimal waveform design
proposed by Kay [4], [5], which we apply to the detection of
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elastic targets [6]. We design the optimal transmit waveform
based on the free-field frequency response of the target, and
then examine the effects of target burial on performance. As
a target becomes buried in sediment, the resonances shift,
and there is attenuation of higher frequencies. Accordingly,
a waveform that is optimal for the detection of the free-field
target becomes suboptimal, and we examine via simulation the
degradation in detection performance, relative to transmission
of a simple broadband LFM pulse.

II. BACKGROUND: OPTIMAL SIGNAL DESIGN

In this section we summarize the main results from Kay [4],
[5] to obtain the optimal transmit spectrum. Let s(¢) denote
the optimal transmit waveform, with Fourier transform

S(w) = V% / s(t)e 7" dt ()

It is also convenient to express the spectrum in terms of
amplitude B(w) > 0 and phase ¢ (w),

S(w) = B(w)e!¥ ) 2)

In [4], Kay treats the problem of designing a signal that is
optimal for detecting a point target in clutter and reverberation.
This development assumes a single transmitter and a single
receiver. Fig. 1 shows a block diagram model of the received
signal, x(t), that is processed by the optimal Neyman-Pearson
detector, D(x).

Our aim is to obtain the optimal transmit magnitude spec-
trum, Bopt(w), for the case of a single transmitter, single
receiver, and a single elastic target. With reference to Fig. 1,
let h(t) and n(t) be Gaussian random processes and ¢(t) be a
deterministic LTT model of the elastic target. The detector that
maximizes the probability of detecting g(¢) for a fixed false
alarm rate Pr4 is given by [5]

/ 5 WG W) Xw) [
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where 7' is the observation duration of the received signal
x(t) which has Fourier transform X (w), s(t) is the known
transmit signal with Fourier transform S(w), and G(w) is the
Fourier transform of g(¢) (i.e., the frequency response of the
object to be detected). The null hypothesis Hj is rejected —

D(X) = 2%
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Fig. 1. Model of received signal z(¢), and associated detector D(x).
s(t) is the transmitted signal; h(t) is the impulse response of a
random LTI filter that models channel interference induced by the
transmit signal, g(¢) is the impulse response of the object to be
detected; and n(t) represents ambient noise.

i.e., a decision that the object is present is made — when D(X)
exceeds the threshold

v = 04 log(Pra) €))
where
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Also, it can be shown the the performance of the detector in
(3) is given by [4]

1

Pp =Pyl (6)

Finally, following the point target derivation in [4] we arrive
at the magnitude squared spectrum of s(¢) that maximizes (6)

for a fixed Pra
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where ) is a constant, typically obtained numerically, that
constrains the total energy of the transmit signal to some
specified level, [ B2, (w)dw = E.

In summary, if we are able to characterize the spectral
properties of the target and the environment, we maximize
the probability of detection by transmitting a signal whose
magnitude spectrum is given by B, (w). Often there is
uncertainty or incomplete knowledge of the target and/or the
environment. For example, in an ocean environment, objects
of interest may be resting on the sea floor, or partially or
completely covered by sediment. The effect of sediment on
the frequency response of elastic objects has been previously
explored and modeled in detail [13]-[17]. We use these results
here to examine the impact of unknown burial state on the
probability of detecting a specific object, given the free-field
frequency response G(w) of the object and the corresponding
optimal transmit spectrum as obtained via Eq. (7).

Water Air Steel Sediment
Density | 10002 | 1.29E% | 8000£4 200029
. 1 Was m.

Sound 5688 m (compressional) 1800
Speed 1500m 344m 31lgm (shear) 7]75m

TABLE I

PHYSICAL PARAMETERS
Inner radius | Outer radius
Sphere 0.2832m 0.2985m
TABLE II

GEOMETRY OF SPHERICAL SHELL

III. SIMULATION RESULTS

Fig. 2 shows the six target burial states of a steel spherical
shell that we consider in our simulations. We construct our
simulations using the theoretical results and numerical codes
which are based on the transition (T) matrix formalism found
n [13]-[17]. The six target responses are given in Figs. 3 and
4. Also, the physical parameters of the top fluid (water), the
sediment, the shell (steel), and its core (air) are summarized
in Table I with the geometrical parameters of the spherical
target given in Table II. The last main environmental factor that
impacts the amount of acoustic energy that is reflected from
a target is the relative geometry between the source, receiver,
and the target; a representation relevant to our simulation is
given in Fig. 5.

To determine the impact that imperfect knowledge of the
true target burial state has on performance we design an
optimal transmit waveform using (7) based on the assumption
that the target G(w) is in the free-field. We then compute the
theoretical performance based on (5) and (6) using each of
the six true target responses represented by Figs. 2, 3, and 4.
Subsequently, performance is analyzed in detail for two main
cases (Examples 1 and 2). Both cases are similar in that they
assume a flat noise power spectrum (PSD) P, (f) = 17, a
flat channel PSD P, (f) = 1, and a transmit signal energy
(F) scaled to achieve a signal-to-interference-noise-ratio of
SINR = —10dB, where we define SINR by

E
SINR = 10log;, <an(w) i Ph(w)dw) (8)

We then consider the impact of colored interference, for which
case we have previously shown increased benefits of optimal
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Fig. 2. Target burial states
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Fig. 3. Frequency domain responses of spherical shell in each of the six
burial states over a 4kHz range. The solid line in each figure pane is the true
target response in the indicated burial state while the dashed line is the same
in each pane and represents the free-field response G(w), used to design the
“optimal” transmit spectrum.
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Fig. 4. Frequency domain responses of spherical shell in each of the six
burial states over a 10kHz range. The solid line in each figure pane is the true
target response in the indicated burial state while the dashed line is the same
in each pane and represents the free-field response G(w), used to design the
“optimal” transmit spectrum.
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Fig. 5. Relative geometry between the source, receiver, and target
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Fig. 6. LEFT: Model components and the optimal free-field design. RIGHT:
ROC curves for each burial state

waveform design relative to the flat interference spectrum [6].

For comparison, detection performance is also obtained for
a linear frequency modulated (LFM) transmit waveform with
flat spectral magnitude, and two different bandwidths. As a
point of clarification, for our purposes we refer to bandwidth
as the range from 0Hz to the maximum frequency under
consideration but we design signals and compute energies
on the associated two-sided frequency range (i.e. — fqz tO

fmax)~

A. Flat Interference Noise Spectrum

1) Example 1, Design Bandwidth 4k H z: In this section we
consider the performance of the optimal design based on the
free-field target response (up to 4 kHz), and an LFM wave-
form limited to 4 kH z. Figs. 6 and 7 show the performance
associated with the optimal free-field waveform and the LFM
waveform, respectively, in terms of ROC curves that plot the
probability of detection (Pp) against the probability of false
alarm (Pr4) on a log scale. Fig. 8 is a direct comparison of
the ROC curves associated with the optimal free-field design
and the 4k H z LFM waveform. These figures indicate that for
both the optimal and LFM waveform, performance drops off
considerably as the target becomes buried under sediment. The
reason for the performance degradation can be understood by
referring back to Fig. 3 and observing that as burial depth
increases, the strength and location of the target resonances
change relative to the free-field response. The consequence
is that energy that was focused on frequencies relevant to
the free-field target yield reduced backscattered power since
those frequencies can become less pronounced when the target
interacts with the sediment. This negative effect does not occur
with the LFM waveform, since it has a flat spectrum over the
frequency band of interest, and hence a shift in resonance has
less impact on the effective backscatter power, relative to the
optimal waveform. As a result, the LFM pulse can outperform
the “optimal” waveform as the mismatch between the free-field
target response (for which the optimal pulse was derived) and
the true target response becomes greater, which is the case
with increasing state of burial.

2) Example 2 Design Bandwidth: 10kHz: Next we in-
crease the design and transmit bandwidth to 10 kHz. The
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Fig. 7. LEFT: Model components and spectrum of 4kHz LFM waveform.
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Fig. 8. LEFT: Above sediment ROC curves for optimal free-field and LFM
waveforms. RIGHT: Below sediment ROC curves for optimal free-field and
LFM waveforms

relative performance between the optimal free-field design and
the LFM waveform is essentially the same as in Example 1. It
is noteworthy, however, to observe that the optimal free-field
design shown in the left pane of Fig. 9 possesses frequency
content that is somewhat more spread out over frequency,
owing to the wider operating bandwidth. As a consequence,
the performance gap between the optimal design and the LFM
pulse is somewhat narrower than the 4 kH z design presented
previously, for the situations where the LFM outperforms the
optimal waveform.
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Fig. 9. LEFT: Model components and the optimal free-field design. RIGHT:
ROC curves for each burial state
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Fig. 10. LEFT: Model components and spectrum of 4kHz LFM waveform.
RIGHT: ROC curves for each burial state

Performance Comparison:
Below Sediment

Fig. 11. LEFT: Above sediment ROC curves for optimal free-field and LFM
waveforms. RIGHT: Below sediment ROC curves for optimal free-field and
LFM waveforms.

B. Colored Interference Noise Spectrum

1) Examples 3 and 4, Design Bandwidth 4kH:z and
10kH z: Figs. 14 and 17 show the performance comparisons
for the colored noise case based on the 4kH z and 10k H z de-
sign bandwidths, respectively. There are two main observations
that we can make from these figures. First, by comparing Figs.
14 and 17 to Figs. 8 and 11 we see that overall performance of
both the optimal and LFM waveforms improves. The reason
for this improvement is that the target has its most dominant
resonances at low frequencies, and in the colored noise case
there is relatively less noise power at these frequencies since
the interference grows linearly with frequency. In other words,
there is less interference noise power in the frequency range
where there target responds the strongest, thereby yielding
better overall performance in all cases. Second, we observe
that the overall trend in performance between the optimal
free-field design and the LFM waveform remains essentially
as observed previously. That is to say that when the target is
buried in the sediment the LFM out performs the optimal free-
field design, while the optimal design somewhat outperforms
the LFM waveform for non-buried targets.

Finally, an overall comparative summary of performance is
given in Fig. 18. Each entry of the table corresponds to the area
under the ROC curve associated with the particular scenario.
The area under the ROC gives a gross characterization of
overall performance, with 1 corresponding to perfect detection



Detection Model Components and
Optimal Design

Performance of Optimal Free Field Design

Detection Model Components and
Optimal Design

Performance of Optimal Free Field Design

—--Noise PSD P_{f) 1 T —--Noise PSD P_{f)
30 -Channel PSD P, if) 1 i 4 30 Channel PSD P, if)
0.95F" 3
ee Field Tgt Response |G(f)* g Free Field Tgt Response [G()?
25 = Optimal Free Field Design TiS(f)? 00 ,./ 25 Optimal Free Field Design T|S(f)”
) K4
20 1 20
085
08 08 B
o” 075 o075 1
07 07 B
-
e
0.650" 0.65 B
06 ——above100cm o 06 ——above100cm
=="proud s == proud
——haf buried —— half buried
0.55 ='="fully buried A5 0.55 ='="fully buried
—below20cm —below20cm
='="belows0cm ='="belows0cm
0. 0 , 1 05 .
2 3 2 1 o 2 ¥ 6 ] ] 3 2 g o
requency (kie) 10 10 1 1o frequency (ko) 1 ae 5 a8

Fig. 12.

LEFT: Model components and the optimal free-field design in
colored noise. RIGHT: ROC curves for each burial state
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Detection Model Components and

LFM Waveform Performance of Bandlimited Linear FM: 0-4.02kHz LFM Waveform Performance of Bandlimited Linear FM: 0-9.97kHz
——-Noise PSDP (1) 1 — —==Noise PSD P_{f)
30 hannel PSD P, (f) | = 30 hannel PSD P, (f)
0.95
ree Field Tgt Response |G(N)° Free Field Tgt Response |G(N)®
25 ——LFM 25 =LFI
0.9
20 4 20
0.85
15 I— 15 _ Jmgas
g o ol ) - e 08 ]
% 10 Pl p % 10 R
- B
3 -~ o 0.75 3 4" o 075 B
s 5 1 3 50,7
§ = §
07 07 1
0.65 0.65 1
s abavedatom 08
half buried
0.55 = =fully buried 0.55
——below20cm ——below20cm
='="below50cm ='="below50cm
0 , , . , , 05 .
1 2 10 10” 10" 10’ 4 6 1 10 10° 10" 10°
frequency (kHz) P frequency (kHz) P

Fig. 13.

in colored noise.

Performance Comparison:
Above Sediment

LEFT: Model components and spectrum of 4kHz LFM waveform
RIGHT: ROC curves for each burial state.

Performance Comparison:
Below Sediment

Fig. 16.

in colored noise.

Performance Comparison:
Above Sediment

LEFT: Model components and spectrum of 4kHz LFM waveform
RIGHT: ROC curves for each burial state.

Performance Comparison:
Below Sediment

osses|
03999
03998
03998
0997
o7 o7
0997 4 09907
——halfburied, , ——halfburied, ,
al ossl” e half buried, v half buried
03996 " 1 hi 09996 . hi
——fully burieq —fully buried, ,
Wl tully buried,,, W fully buried,,,
e —— abovetoocm, , belowzoem, Oidsae —— sbovetoocm, , belowzocm,
R above100cm, . P beow2oem, Il aboveto0cm sl | belowz0cm, .,
9% ——proud,,, belowsocm, 93088, belowsOcm,,
proud, belowsOcm, belowsoem,
10° 107 10" 10" 10° 107 10" 10" 10° 107 10" 10 107 107 10 10"

Fig. 14. LEFT: Above sediment ROC curves for optimal free-field and LFM
waveforms in colored noise. RIGHT: Below sediment ROC curves for optimal
free-field and LFM waveforms in colored noise

Fig. 17. LEFT: Above sediment ROC curves for optimal free-field and LFM
waveforms in colored noise. RIGHT: Below sediment ROC curves for optimal
free-field and LFM waveforms in colored noise.
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with no false alarms, and 0.5 corresponding to guessing.

IV. CONCLUSION

We have previously shown that optimal waveform design
affords increasingly improved detection performance the more
challenging the environment, relative to transmitting an LFM
pulse [6]. Of course, such an approach requires knowledge
of the channel interference and noise as well as the target
frequency response. In this work, we examined via simulations
the impact on detection performance of a mismatch between
the expected target frequency response, for which the opti-
mal waveform was designed, and the actual target frequency
response which has been altered by the environment, such
as occurs with buried objects. Six different target states were
considered, ranging from within the water column, to proud,
to completely buried, and for each case, detection performance
was obtained using the optimal waveform designed to match
the free-field target frequency response. Comparison of the
(mismatched) “optimal” waveform was made to that of an
LFM pulse over the same bandwidth as that used to design the
optimal waveform. In general, for targets above the sediment
layer, the optimal design afforded some performance gain
over the LFM pulse, even though the target response did not
match the free-field response for which the optimal pulse was
designed. However, as the target became increasingly buried,
such that the target frequency response became increasingly
different from the free-field response, this gain was lost, and
in fact the LFM pulse outperformed the “optimal” design for
targets that were completely buried.

These results demonstrate that optimal waveform design can
yield (modest) performance gains relative to an LFM pulse
even when there is a mismatch between the expected frequency
response and the actual frequency response of the target, to
a degree. However, performance degrades significantly for
buried objects, for both an LFM pulse and the “optimal” design
based on the free-field response, and indeed the LFM pulse can
outperform the (mismatched) optimal design in these cases.
These results suggest that, for the detection of buried objects,
it is important to incorporate knowledge of the burial state into
the optimal design. Alternately, another approach could be to
design an optimal waveform that maximizes the minimum Pp

over a family of target responses G (w) — such as those in Fig.
2,3. We are currently investigating these and related issues.
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