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Abstract—Due to some communication constraints of the
underwater environment, cooperative localization for AUVs is
a hard task. In this paper, we present the state of the art in
this area, analyse the existing solutions to related problems and
propose 2 algorithms, based on the EKF, to solve the localization
problem with a group of Autonomous Underwater Vehicles
equipped with low cost navigation systems in an unknown
environment. Without the aid of a global positioning system,
the navigation error will grow unbounded. However, navigation
performance can be greatly improved with our cooperative
navigation scheme, as shown in simulations. We also show that
the methods give better results when compared to an existing
solution and perform a nonlinear observability analysis of the
system to show the boundedness of the error with the aid of a
global positioning system.

I. INTRODUCTION

Navigation, which requires some sort of localization, is a
central problem of robotics. There are two kinds of sensors
used for navigation: proprioceptive sensors (gyros, accelerom-
eters, etc) and external or extereoceptive sensors (GPS, Vision,
etc). Independent of the quality of the sensor used, the error in
the position estimate based on dead reckoning always grows
without bound. Therefore, they must be periodically reset by
using information from external sensors. In the underwater
environment, if the vehicle is submerged, it cannot use GPS
and usually cannot rely on optical instruments (cameras and
laser range finders). By surfacing the Autonomous Underwater
Vehicle (AUV) is possible to use the GPS to update his
position, but it is probably not desirable that it has to surface
too often. This way the external sensor usually available are
range sensors, based on the time of flight measurements from
communications with landmarks.

One way to use range measurements for localization is to
employ static beacons in known positions creating a Long
Baseline (LBL). But this limits the operation area. To over-
come this, instead of static beacons, we can use a group of
AUVs that uses each other as landmarks, creating a Moving
LBL [1]. The problem of this approach is that, now, the
landmarks have some uncertainty associated with their position
that may change with time. Another problem with using a
group of AUVs that communicate with each other is that the
communication between AUVs is unreliable and has a low
bandwidth, since it is based on acoustic modems.

In this paper we will introduce two algorithms developed,
based on the Extended Kalman Filter, using a group of AUVs
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all equipped with the same kind of dead reckoning and external
sensors. In section II we will present the problem faced in
more detail and study some classical approaches to similar
problems. In section III we will present the key ideas of the
algorithms developed and show some simulations and results
in section IV. In section V we perform a observability study
of the algorithms proposed and finally some conclusions are
draw in section VI.

II. THE PROBLEM AND RELATED WORK

When a global positioning system is not available, a clas-
sical technique to perform localization is to use a Kalman
Filter. If a robot is moving in an environment and there is
a map of this environment (known features or landmarks in
the environment), you can take measurements (also called
observations) like range and/or bearing to map features and
use a Kalman Filter to estimate the position of the robot.

The Kalman Filter is a technique that combines the dy-
namics systems noisy measurements with all other known
information to obtain the best state estimates [2]. It is a
recursive filter developed by Rudolf Kalman that gives optimal
values for linear systems contaminated with Gaussian white
noises.

For nonlinear systems, where the state vector in the next
time instant is a nonlinear function of the current state vector
and of the control signal - the observation can also be a
nonlinear function - you can use the Extended Kalman Filter
(EKF). A nonlinear systems can be modeled as show in
equation (1), where z(t) is the state vector (robot pose -
position and orientation - in our case), u(t) is the control
signal at time instant ¢. y(¢) is the output measurement, or
observation, ¢(t) and r(t) are the process and the measurement
noises (both Gaussian and with zero mean), respectively.

F@(t),u(t), ) +q(t) (1)

The EKF uses linearizations of the functions f (VF, and
VF, - Jacobians of f w.r.t. x and u respectively) and h (VH,



- Jacobian of h w.r.t x), as shown in equation (2):

e(t) = yt) = h(z(t),u(t),)

L(t) = VH,P,(t)VH! + R(t)

Prediction:

p(t+1) = f(z(t),u?)t) )
Py(t+1) VF,P(t)VEI + VE,Q(t)VET
Update:

k(t) P,()VHIL(t)™!
E(t) = @p(t) + k(t)e(t)
P(t) Py(t) — k(t)Lk(t)",

where e(t) is called the innovation, k(t) is the Kalman gain ,
Zp(t) and Z(t) are the predicted and the filtered state estimates,
y(t) and y,(t) are the observation and predicted observation
estimate, P(t) and P,(t) are the filtered and the predicted
error covariance matrix. The matrices Q(t), R(t) are given by

([0 )[4

Initial conditions x,,(0) and p,(0) are needed for the algorithm
to work. An update is possible only if an observation is
available. Otherwise we make Z(t) = Z,(¢) and P(t) = P,(t).

If a map of the environment is not available it is possible to
use a technique called Simultaneous Localization and Mapping
or SLAM. A robot can localize itself using a map of landmarks
and an onboard sensor which senses these landmarks; con-
versely, from accurate localization of the robot, it is possible
to build a map of the landmarks (determine their spatial
coordinates). Performing both tasks simultaneously constitutes
the Simultaneous Localization and Mapping (SLAM) problem
[3]. This problem has been of much interest in the robotics
community since the seminal papers [4] and [5]. A SLAM
algorithm builds a consistent estimate of both environment
map and vehicle trajectory using noisy proprioceptive and
some extereoceptive information [6], [7].

It is possible to use again an EKF to solve a SLAM problem
with nonlinear system models [8], [9]. In this case the state
vector x(t) is composed of the vehicle pose, x(t)y, and map
feature parameters, that is

z(t) = [z(t)y x(t)pr 2(t) 2 - x(t)pn]”,

where z(t)p; are the parameters of the i‘" feature at time
instant ¢. The system will be described by equation (3), where
fv describes the motion of the vehicle, and since the features
are static, their position remain unchanged over time.

fv(z(t)v,u(t),t) + qv(t) 3)
x(t) i,

Notice that the features are not contaminated by noise. The
process noise matrix Q and the Jacobian of the function f w.r.t.
x are given by equation (4), where )y is the process noise
of the vehicle motion function fy and VFy, is the Jacobian
of fv.
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Figure 1. SLAM algorithm result. The final map constructed, and thus the
estimated robot trajectory, is an accurate relative map, but there is an error
from the true map that depends on the initial uncertainty of the robot.

In figurel we can see the map and the vehicles trajectory
estimated by the SLAM algorithm. Notice that the estimated
map/trajectory differs from the true one by some translation
and rotation. This is due to the initial uncertainty in vehicles
pose as he observes the first features. This way, the error in
landmarks are common and highly correlated. This means that
even if the true position of the landmarks are not known,
the relative location between them may be known with high
accuracy. In the EKF implementation this is represented by
the off-diagonal terms of the covariance matrix P. As the
vehicle observes features, the correlation between them in-
crease monotonically. This means that when a landmark is
re-observed and its position updated, all other landmarks that
are correlated with it are updated too, even not being observed
directly by the vehicle. That is, all landmarks end up forming
a network linked by relative locations whose values increase
as observations are made. In the limit, a rigid accurate relative
map is obtained, with some absolute error depending on the
vehicle initial error, as show in figure 1. This also means
that the uncertainty of the landmarks (diagonal terms of the
covariance matrix P corresponding to landmarks) decrease
monotonically to a lower bound as observations are made.
This can be seen in equations (2) and (4). Since the features
are static and there is no process error (), the diagonal terms
of P corresponding to the landmarks do not increase in the
prediction phase of the EKF. In the update phase, if a landmark
is observed, its uncertainty is decreased as show in equation
(2). Therefore, the error on the estimated position of the
vehicle relative to the map is bounded only by the quality
of the map and relative measurement sensor [6]. Remind that
these results have been proved for the linear case and for
Gaussian noises only.

One of the major problems of SLAM is the correct associ-
ation of the observed features to the ones present in the state
vector (current estimated map), also called data association
problem. The EKF formulation of SLAM is specially fragile
to the correct association of observations to landmarks [10],



and incorrect associations can lead the estimated map to be
inconsistent and divergent, causing the completely failure of
the algorithm. Data association is particularly important when
a vehicle returns to a previously mapped region after a long
excursion; the so-called ‘loop- closure’ problem [7].

According to [11], the problem of position determination
has been of considerable interest over the last 4000 years.
The basic process of distance measurement, correlation, and
triangulation was known to the Phoenicians, who successfully
managed to build and maintain quite accurate maps of the
Mediterranean area. Maritime and aviation applications require
navigation in order to be useful, so navigation is a well-
understood quantitative science. So, why robust and reliable
autonomous mobile robot navigation remains such a difficult
problem? In [11] the authors argue that the reason is clear:
it is not the navigation process per se that is a problem,
it is the reliable acquisition or extraction of information
about navigation landmarks, from sensor information, and
the automatic correlation or correspondence of these with
some navigation map that makes the autonomous navigation
problem so difficult. If you use artificial features, such as
beacons, that can communicate to the vehicle and identify
themselves, then the association problem is trivially solved.

A special case of SLAM is when only range measurements
to landmarks are available. If there are n features in the
environment, and the vehicle observes feature 7 at time ¢, the
observation equation is given by

h(z) =/ (zv — )2 + (yv — v:)2,

where (xyv,yy) and (x;,y;) are the position of the vehicle and
of the i*” landmark in the global reference frame, respectively.
In this case, a single measurement does not contain enough
information to determine the location of a landmark. If there
is no a priori information about the position of the landmarks,
this partial observability requires the fusion (processing) of
several observations from different vehicle positions (in a
2D scenario at least 3 non-collinear measurements) in order
to determine the landmark location[12], [13]. But once the
positions of the landmarks have been initialized, or prior
positions are known, we can use each observation to better
estimate the position of both the vehicle and landmark using
SLAM.

In the SLAM problem the map usually consist of natural
or artificial features found in the environment. In underwater
environment it is hard to find natural features, unless the
vehicle is close to the sea floor. So often artificial ones are
employed, like floating devices or beacons at sea bottom
(static features). This limits the operation area and requires a
substantial deployment effort before operations, especially in
deep water [14]. But what if other AUVs are used as features?
In this way we could have several AUVs, each one executing
its own mission cooperatively and also use each others navi-
gation information to better estimate their own positions. This
scenario, where several AUVs work cooperatively to fulfill a
mission is very interesting. For example, searching a particular
area can be done more quickly using multiple AUVs. Another
good scenario are dangerous missions, where it is unlikely that
one AUV will survive long enough, and it may be better to

use several inexpensive but prone to failure AUVs instead of
one single and much more expensive one.

When a group of robots involved in a mission is composed
of different platforms carrying different proprioceptive and ex-
tereoceptive sensors, or executing different trajectories through
the environment, the quality of the localization estimates will
vary significantly across the individual members at a given
time. If the members can sense and communicate with its
colleagues at all times, then every member of the group would
have less uncertainty about its position than the robot with the
best localization results [15]. Kurazume et al [16] proposed a
method that divides ground operating robots into two groups,
A and B. The group A remains stationary and acts as a
landmark while group B is in movement. Group B then stops
and acts as a landmark for group A. But for an AUVs it is
hard to stay stationary, and besides this, we would like that
all AUVs to execute their own mission without bothering to
help the localization of the others AUVS. Alexander Bahr et
al [14] proposed a solution with this scenario. A subgroup of
them were called Communication and Navigation Aid-AUVs
(CNAs). The CNAs could maintain an accurate estimate of
their position through sophisticated DVL, INS sensors or even
GPS. Bahrs approach will be discussed in section IV. This is
also the idea for the Moving Long Base-Line in [1]. Their
methods make use of the good pose estimation by the CNAs
and low noise measurements by the AUVs, taking into account
that underwater communication is slow. But we would like to
devise a method that works without the need of CNAs, that
is, all the AUVs involved have similar low cost navigation
systems, with relatively high process and measurement noises.

Most properties of SLAM are proved for still map features,
but SLAM can still be used for moving features [8], [17].
The error in the pose estimation of the vehicles will not be
bounded, but can still be greatly reduced[18]. In the standard
SLAM algorithm, to be able to update the state vector, at every
step of the algorithm, all the features would have to send their
control signal to a central processing unity, to compose the
control signal u(t) = [u(t)avv u(t)r1ut)r2 ... w(t)ra)t,
where u(t)ayy and u(t)p; are the control signal of the
AUV and of the i'" moving feature and at time instant ¢,
respectively. This operation would require a high band width
communication between the AUV and the features. This is the
idea used in [18][15], since it is applied to land or air vehicles
that can rely on a fast communication.

The problem is that underwater communication is slow and
unreliable. Radio or optical communication can be used only
for distances of a few meters, due to the strong attenuation of
electro-magnetic waves underwater. For long range distances,
we have to use acoustic modems. Since sound propagation is
dependent on temperature and salinity of the water, the acous-
tic communication channel is unreliable and its performance
hard to predict [14]. Another problem is that range calculations
based on underwater communication (TOF) is contaminated by
several noise sources, some of them not Gaussian. One source
of error is the one mentioned just above: the fluctuating speed
of sound in water. Multipath is another error source, when
the signal, instead of traveling directly from the source to the
destination, reflects on the ocean surface or floor first. Both



this sources are related to environmental conditions, which
does not change rapidly, and can be non-Gaussian [13]. Since
Kalman filters gives optimal solution for Gaussian noise only,
the outliers measurements must be removed before the filtering
stage. In this work we do not consider those sources of noise
on the simulations, but in a real application a technique to
remove the outliers, such as the one presented in [13], must
be used.

With those considerations in mind, we developed some al-
gorithms using the Extended Kalman Filter and taking the low
band width into account, using cooperative localization with n
AUVs. These algorithms belong mainly to two classes: based
on Localization algorithms and based on SLAM algorithms,
which will be better explained in section III.

III. ALGORITHMS DEVELOPED

All the algorithms developed consider one AUV as central
processor unit (from now on called CAUV), and the others
AUVs as features on the environment (called FAUVs), which
communicate with the CAUV. The communication between
the CAUV and the FAUVs consist of transmitting to each
other their pose, pose uncertainty (error covariance matrix
P(t)) and some additional data (as will be discussed). Using
synchronized clocks or calculating the time of flight of the
communications, the communicating AUVs can estimate the
distance to each other. So the observation consists of range
only. Since the FAUVs transmits its current estimated position,
there is always a priori knowledge of the “landmark” location.
This eliminates the partial observability of the range only
sensor, as discussed in section II. While no observation is
available, each AUV uses an EKF and proprioceptive infor-
mation (obtained through a compass or an Inertial Navigation
System (INS), for example) to estimate its current position and
update its error covariance matrix.

We assume that it may be possible for one of the FAUVs
to surface once in a while to update its position and heading
trough a GPS (although GPS cannot directly measure heading,
it is possible for a sequence of measurements if the AUV
is moving, or using some other heading sensor, such as a
compass). The chosen FAUV to surface could be the closest
to the surface, or the one with the lowest priority task at
the moment, for example. The CAUV is considered to be
submerged and executing a high priority task, and therefore
cannot surface to update his position during the simulations.

In the first algorithm, called Algl, the position uncertainty
of the currently communicating FAUV (denominated from
now on as CCFAUYV) is added the the sensor error covariance
R(t) of the CAUV. This is done by using an Extended Kalman
Filter in which the state vector is composed by the pose
of the CAUV, z(t)cauv, and by the pose of the currently
communicating FAUV (CCFAUV) z(t)ccravy :

zp(t) = [#(t)cavy z(t)ccravv]”
The predicted error covariance matrix P,(t) is given by

P(t)cavv 0

B(t) = 0 P(t)ccravyv

where P(t)cauv and P(t)ccrauy are the error covariance
matrix of the CAUV position and CCFAUV position, at time
instant ¢, respectively. Notice that we assume that there is no
correlation between the positions of the AUVS, since the off-
diagonal terms of P, are zero. Even if the current FAUV
communicating has been observed before, the off-diagonal
terms are set to zero. This false assumption will lead to a
repetitive use of the same evidence and an overconfidence
of the robots pose, as discussed in [19]. After acquiring the
data from the FAUV, the CAUV uses the EKF to update the
position and uncertainty of both the CAUV and FAUV at the
same time. In the same way, the FAUV can use the CAUV
information to proceed the same calculations and update his
position and uncertainty, or his new pose can be sent by the
CAUYV after the calculations. In between observations, all the
AUVs return their state vector and error covariance matrix to
the standard mode (its own pose only for the state vector and
its pose uncertainty for the error covariance matrix).

Algorithm 1 Algl running on CAUV

1) Initialize State Vector and Error Covariance Matrix
2) while true
a) if an observation is available then
1) Construct the augmented State Vector #,(t) composed
by CAUV position and CCFAUV transmitted position:
L &p(t) = @) cavy 2(t)coravv]T
ii) Construct the augmented error cov. matrix Pp (%) composed
by CAUV covariance matrix P(t)cayy and CCFAUV
transmitted error cov. matrix P(t)ccravv
iii) Update current CAUV and CCFAUV position and their
uncertainties, £(¢) and P(¢), using EKF update equations.

b) else

i) Predict next CAUV position (¢t + 1)ccrayy and un-
certainty Pp,(t+1)ccravuy using EKF predict equations.
C) endif
d) t=t+1
3) endwhile

The second algorithm (Alg2) is base on the SLAM algo-
rithm and uses a Extended Kalman Filter, running on the
CAUY, in which the state vector is the pose of all AUVs in
the system, as show in equation (5):

() pavval’. (5)

We will call this SLAM Extended Kalman Filter present
at the CAUV as SEKF. The SEKF takes a step every time
an observation is available. The CAUV also runs, in between
observations, a regular EKF in which the state vector is the
pose of the CAUYV, called REKF. The goal of the REKEF, also
present in all FAUVs, is to uses proprioceptive information to
predict the AUV current pose and update its error covariance
matrix.

In Alg2, when an observation is available, the CAUV
uses his current position in the SEKF #(t)cayy and his
current predicted position by the REKF Z(t)grpxr to cal-
culate the control signal u(t)cayy that took the CAUV
from &(t)cavv to &(t) rpxr. Similarly, the CAUV uses the
last pose received by the CCFAUV, Z(tcorauv)ccravv,
and the current received one, Z(t)ccrauv, to compute a
control signal, u(t)ccravy that took the CCFAUV from

z(t)sexr = [2(t)cavv z(t)Favvy - ..



#(tccravv)ccravy to Z(t)ccravy. In order to compute
the control signal of the CCFAUYV, the CAUV contains a table

with the last communicated pose Z(¢;);, @ = 1..n for each
FAUV. We assume that all others FAUV, other than the one
communicating, are not moving, so their control signal are
zero. This way, the control signal of the SEKF is given by
u(t)spxr = [u(t)cAUV 00 ... u(t)ccravy --- O]T. The
ignored motion of the FAUVs will be considered when each
one of them becomes the CCFAUYV in future observations.

The SEKF process noise covariance matrix is given by the
error covariance matrix calculated by the REKF running on
the CAUV and on the CCFAUY, as show in equation (6). For
all the other FAUV the process noise is zero.

P(t)cavv 0 0 0
Qt)sExkF= 0 P(t)ccrauv (6)
0 0 0

In order that P(t)gpxr in each AUV represents only the
noise during the last taken observation and the current one,
every time a observation is taken, the error covariance matrix
is set to zero both in the CAUV and in the CCFAUV.

According to the Prediction equation of the Extended
Kalman Filter we have

Py(t+1) = VE,Pt)VE! + VFE,Q()VFL.

Supposing that Q(t) = @ is constant and calling VF, = A,
F,, = B we can conclude that

P,y (t) = (A)'PO)(AT) + (A" 'BQB"(A")" ' +...+ BQB".

In the REKF that runs in each vehicle, since we set
P(t)rexr = 0 every time there is an observation, considering
this the time ¢ = 0 (in the REKF algorithm) we would have

Prerr(t) = (A 'BQBT(AT)"' + ...+ BQB'.

This way, the SEKF Prediction equation, considering for
simplicity that we have only 2 vehicles (one CAUV and one
FAUV) in the system, must be

Aq)k1 0
0 (Az)k2
+Q(t)seKF,

Psprr(t+1) = [ (

] Psexr(t) [ (A" ) ]

0 (A3)*2

where A; = VF,, for the i*" vehicle and k; is the number of
time steps executed by the REKF since the i** vehicle has been
observed. In the case where there are more vehicles, A; will be
the identity matrix if the i*" vehicle is not the CCFAUV. Since
A; depends on u(t) and x(t), which change at every REKF
step, (A;)* must be computed by each vehicle during their
execution of the REKF and send it to the CAUYV, together with
P(t)rexF, when it is observed. The matrix (4;)% is a nxn
matrix, where n is the size of the state vector of the system.
But if the vehicles are modeled by a 2D unicycle model, the
matrix (A4;)* can be fully described by only 2 parameters.

With this information it is possible to use the SEKF to
compute the estimated position for all AUVs in the system.
After this computation, the CAUV sends to the CCFAUV his
new estimated pose and pose uncertainty.

Algorithm 2 Alg2 running on the CAUV

1) TInitialize State Vector and Error Covariance Matrix
) while true

a) if an observation is available then

1) Compute the control signal u(t)capy that took the
CAUV from ()Ai'(t)CAUV to ﬁ(t)REKF

ii) Compute the control signal wu(t)ccrauy that
took the CCFAUV from Z(tccravuv)ccFAUV
to 2(t)corauv and compose the
augmented control signal u(t)sExF =

[u(t)cauyv 00... u(t)ccravy ... 0T
Construct the augmented process noise matrix Q(t)spx F
with P(t)cavv and P(t)coravv
Update the state vector #(t)sgpxr and uncertainty
P(t)sgx r using SEKF predict and update equations
V) Transmit to the CCFAUV his new estimated pose
) Z(t) Fauv; and uncertainty P(¢)payv
Vi) Reset the error cov. matrix in the CAUV and CCFAUV
b) else
1) Predict CAUV next pose &p(t + 1) Rpx r and uncertainty
P,(t 4+ 1) rEk F using REKF predict equations.
C) endif
d) t=t+1
3) endwhile

IV. SIMULATIONS AND RESULTS

The vehicle model used for all AUVs in the simulations
was a 2D model (unicycle model) where the control input
u(t) = [vy vy ve|T, where v, and v, are the velocity in the =
and y axes and vg is the turn rate of the vehicle at each time
step. This would be the dead reckoning information available,
for example, by an Inertial Measurement Unit. This way, the
process noise have 3 values: q(t) = [¢(t)va ¢(t)wy ¢()er] T,
where ¢, and g,, are the noise in the velocity in = and y
axes, respectively, and ¢, is the noise, in degrees, in the turn
rate. The matrix () is a diagonal matrix with 0.02 in the first
2 terms and 0.35 in the third. The external sensor, a range
detector, had an error variance R = [0.5]. All the noises are
consider white noises with zero mean. In all the simulations
the time step was 0.1 seconds.

Figure 2 shows a simulation of Alg2 with 3 FAUVs,
observation time of 5 seconds and no FAUV GPS update. In
the figure we can see the true trajectory described by the AUVs
(FAUVs describes circles), the filtered trajectory estimated by
the algorithm and a prediction only estimation (prediction
equations from 2), using only proprioceptive information.
Notice that the prediction only trajectory drifts away from the
true trajectory for all AUVs as time increases, as expected,
especially for the CAUV, which is moving faster in this
simulation. On the other hand, the filtered estimation stays
close to the true trajectories and drifts away slower.

The results shown from now on are from simulations where
all the AUVs have the same trajectory (identical control signals
- the trajectories are similar to the trajectory described by the
CAUV in figure 2), but the initial position and orientation are
random. All the experiments are repeated 400 times to get the
mean error value from all the executions. The error in each
execution, err, is the mean of the euclidean error between the
the true trajectory, in x and y axes, described by the CAUV
(CAUV¢,ye) and the filtered one (CAUVy;;) for each time
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on x and y axes. FAUVs describes circles at speed of .2 m/s, while CAUV
has a longer trajectory at speed of 1 m/s. The observation time is 5 seconds,
and there is no FAUV position update by GPS.
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Figure 3. Mean Euclidean CAUV error varying the observation time. Total
of 4 AUVs and there is no FAUV position update by GPS

[ Algorithm | Mean Euclidean Error (m) [ Variance ]

Prediction 8.2 20.5
CONA 11.6 21
Algl 33 24
Alg2 3.0 1.6
Table 1

MEAN EUCLIDEAN ERROR AND VARIANCE OF THE ALGORITHMS FOR
CAUYV DURING 300 SECONDS, WITH AN OBSERVATION TIME OF 5S AND
NO GPS UPDATE. THE TOTAL DISTANCE TRAVELED BY THE AUVS WAS

300M.

step of the algorithm, as show in equation (7).

nsteps

Y I CAUV e (k) = CAU Ve (k) |2 (D)
k=0

err =

nsteps

As show in table I, if the observation time is 5s, the mean
error for Algl is 3.3m and for Alg2 is 3.0m. With this same
parameters, the error for the algorithm proposed by Alexander
Bahr et al [14], called Cooperative Navigation Algorithm
(CONA), that adjusts the position of the CAUV only, has a
mean error of 11.6m, even higher than the prediction only

mean error (8.1m). This happens because CONA is based
on circles intersection to estimate the CAUV position. If the
systems noise (process and sensor) is high, the calculated
circles positions have some error, and this can causes a high
error on the estimated CAUV position depending on the
position of the FAUVs involved [20]. If CONA is modified
to estimate not only the CAUV position but FAUV positions
as well, the mean error gets even bigger (22.3m).

Figure 3 shows the mean CAUV error of the algorithms
for several observation times while the number of FAUVs is
constant and equals to 3 and there is no GPS update for the
FAUVS. You can see that when the observation time is lower
than 10 seconds, Alg2 is better, but when the observation time
grows above 25s, Algl have better results. This may happen
because when observation time is low, the problem is closer
to a SLAM with moving features. The assumption that, other
than the one communicating, all others FAUVs are not moving
is not to harmful and the correlation between all the FAUVs is
well built. In the other hand, as the observation time increases
Algl do not loose performance as fast as Alg2. This is due to
the no correlation assumption of this algorithm, which makes
a repetitive use of the same evidence, causing the robots to
decrease their pose uncertainty more than is warranted by data.
One way to reduce this effect, as discussed in [19], is to ignore
repetitive observations in short time intervals. That is exactly
what happens when the observation time gets high.

In figure 4(a) we can see the mean error for the FAUVs.
You can notice the the FAUV error is higher than the CAUV.
This happens because, if there are n FAUVs in the system,
the mean observation time for a FAUV is n times longer than
for the CAUV. Since in this simulation there are 3 FAUYV, the
mean observation time for a FAUV is 3 times longer than for
the CAUV. So, in a simulation with observation time %,, the
mean error in the pose of the FAUV is approximately equals to
the mean error of the CAUV in a simulation with observation
time 3t,. This was confirmed in 4(b), where the horizontal axis
(observation time) of the FAUV error graphic was multiplied
by 3 and plotted against the CAUV error.

Notice that with no GPS update, the error is not bounded,
and grows as the CAUV moves. The regions where the error
gets smaller are curves regions, where for small periods of
time the error tends to get smaller. But even if the error
is not bounded, you can see that the algorithms proposed
greatly reduce the mean error compared with the prediction
only approach.

V. OBSERVABILITY ANALYSIS

In this section we perform an observability analysis of the
algorithms proposed. To study the observability of the systems,
we constructed the observability matrix O. A system is said
to be locally weak observable if the rank of O is equal to n
(dimension of the state vector).

Since the system is nonlinear, the observability matrix must
be constructed using Lie derivatives. Using linearized models
of a nonlinear system can lead to wrong results, as discussed
in [21].
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The observability matrix O can be computed by

0 =[00 01 ... 0 _]T = 212

ox
where 0
L (1) h
Lf(h) h
l(z) = i = .
Ly (h) hrt
S0 oh 0
. x .
Li(h) =h= 59 = 0ot
and
0 ox o0
d _ 9 pa9T _ 9 rd1 . .

Lets first consider that the system has just 1 FAUYV, that is,
only 2 AUVs involved. This way, the state vector is given by
T = [z x2]T = [z1 91 6 x2 2 92]T

)

where x; and x5 are the vector state for the CAUV and FAUV
respectively. The differential equations for the unicycle model

are given by
&= [ 2o]Tu,

where
cosf; —sinf; O
Z; = | sinf; cosf; 0 [,i=1,2 (8)
0 0 1

and u = [uj u]”, u; = [vy, vy, ve,], is the control signal.
If the system has no GPS update, the observation function,

which gives the range between the AUVs, is given by:
h(x) = Az = /(21 — 22)2 + (y1 — y2)%.

This way, the row reduced echelon form of the observability
matrix will be:

1 0 0 -1 0 Y1 — Y2

O={01 0 0 -1 zo—x
001 0 O -1

This observability matrix has rank 3 < 6, and thus the
system is not observable, as expected. But even if the covari-
ance error in position grows without bound, the algorithms
proposed are able to estimate the states with small error, a lot
lower when compared with a prediction only result, as show
in figures 5 and 6.
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Figure 5. Absolute error on z axis for the CAUV in a prediction only
execution and the region of confidence (30) calculated based on the
covariance matrix P(t)

If the GPS updates only the position (z, y) of the FAUV,
the observability matrix has rank 5 < 6, and the system is yet
not observable. But if the GPS updates the pose (position and
heading) of the FAUYV, the observation function will be:

h(z) = [A12 22 y2 2]

Now the observability matrix is full rank, and the system is
locally weak observable. In this case, if the FAUVs have GPS
update every time step of the algorithm, the system becomes a
simple localization problem with known landmarks. Extending
this result for n AUVs, if you consider that at some instant the
CAUV has observed all the FAUVs and if only one of them
(the k" AUV) has absolute positioning capabilities, as show
in equation (9), the system will be locally weak observable.
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h(z) = Avy kg O] ©))

This is show in figure 7. We can observe that during
more then 10 minutes of simulation (the AUV moves 700
meters) the error is not increasing (varies from about 1 to 3
meters). Since the observation time is 5 seconds, in between
observations the error can grow, but the overall error it is still
bounded. In this simulation the FAUV1 updates his pose by
GPS constantly, that is, it must be on the surface all the time.
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Figure 7. Absolute error on z axis for CAUV in an execution of Alg2 with 3
FAUVs, observation time of 5 seconds, and the region of confidence (3044 )
calculated based on the covariance matrix P(t). FAUVI1 pose is constantly
updated by GPS.

But as proposed previously, the FAUVs will not update their
pose constantly, but just once in a while. So what happens to
the error in this circumstances?

In figure 8 we show the error on the x axis for the CAUV in
an simulation of Alg2 with 3 FAUVs. The observation time is
5 seconds. In this experiment, one FAUV is randomly selected
to update its pose by GPS every 100 seconds. This means
that each FAUV can stay about 5 minutes underwater, before
having to surface in order to update its pose, and the CAUV, of

course, can be submerged during the whole experiment. You
can notice that once again the error is not increasing during
the simulation. It is higher than in figure 7, as expected, but it
is still bounded. Whenever a FAUV that has just updated his
position is observed, the error in the CAUV pose decreases
dastrically. After this step, the CAUV now has a better pose
estimate, and can “propagate” this better estimate through the
others FAUVs, helping them to better estimate their pose. This
result is valid for all four algorithms presented.
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Figure 8. Absolute error on x axis for the CAUV (a) and for FAUV1 (b) in
an execution of Alg2 with 3 FAUVs, observation time of 5 seconds, and the
region of confidence (3044 ) calculated based on the covariance matrix P(¢).
One FAUV randomly updates its pose by GPS every 100 seconds.
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VI. CONCLUSION AND FUTURE WORK

Cooperative localization for AUVs is hard because there
are communication constrains in the underwater environment.
We proposed 2 algorithms to solve the localization problem
with a group of AUVs, all with similar low cost navigation
systems. We showed that the algorithms can greatly reduce
the mean error of the estimate position, although the error is
not bounded.

In future work we will use more realistic models. Since
this models are highly nonlinear, we can use filtering tech-
niques that gives better results for nonlinear systems, like the



Unscented Kalman Filter or Particle Filter. There is also a
need to study how the SLAM algorithms convergence behaves
when the map features are non-stationary and the relationship
between GPS position update and the boundedness of the error
of the algorithms.
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