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Abstract

Numerical artifacts can limit accurate simulation of turbulent particle motion when Lagrangian particle-tracking models are
implemented in hydrodynamic models with stratified conditions like fronts. Yet, modeling of individual particle motion in frontal
regions is critical for understanding sediment dynamics as well as the transport and retention of planktonic organisms. The
objective of this research was to develop a numerical technique to accurately simulate turbulent particle motions in a particle-
tracking model embedded within a hydrodynamic model of a frontal zone. A new interpolation scheme, the ‘water column profile’
scheme, was developed and used to implement a random displacement model for turbulent particle motions. A new interpolation
scheme was necessary because linear interpolation schemes caused artificial aggregation of particles where abrupt changes in
vertical diffusivity occurred. The new ‘water column profile’ scheme was used to fit a continuous function (a tension spline) to a
smoothed profile of vertical diffusivities at the x–y particle location. The new implementation scheme was checked for artifacts and
compared with a standard random walk model using (1) Well Mixed Condition tests, and (2) dye-release experiments. The Well
Mixed Condition tests confirmed that the use of the ‘water column profile’ interpolation scheme for implementing the random
displacement model significantly reduced numerical artifacts. In dye-release experiments, high concentrations of Eulerian tracer
and Lagrangian particles were released at the same location up-estuary of the salt front and tracked for 4days. After small
differences in initial dispersal rates, tracer and particle distributions remained highly correlated (r=0.84 to 0.99) when a random
displacement model was implemented in the particle-tracking model. In contrast, correlation coefficients were substantially lower
(r=0.07 to 0.58) when a random walk model was implemented. In general, model performance tests indicated that the ‘water
column interpolation’ scheme was an effective technique for implementing a random displacement model within a hydrodynamic
model, and both could be used to accurately simulate diffusion in a highly baroclinic frontal region. The new implementation
scheme has the potential to be a useful tool for investigating the influence of hydrodynamic variability on the transport of sediment
particles and planktonic organisms in frontal zones.
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1. Introduction

Lagrangian particle-tracking models coupled with
hydrodynamic models have been used successfully to
understand the influence of physical conditions on
dispersal, growth, and survival of planktonic organisms
(Werner et al., 1996; Hannah et al., 1998; Heath and
Gallego, 1998; Hare et al., 1999; Hood et al., 1999;
Bartsch and Coombs, 2001; Hinckley et al., 2001;
Werner et al., 2001; Hinrichsen et al., 2003; Brown et al.,
2004). Few of these models have been applied to
investigate biological–physical interactions in estuarine
or plume fronts where baroclinicity presents a numerical
challenge for particle–tracking models (Visser, 1997;
Brickman and Smith, 2002). Yet, fronts are an important
area of research. Fronts structure physical conditions
such as temperature, salinity, and sediment and nutrient
concentrations (Largier, 1993) as well as the distribution
of planktonic organisms including phytoplankton,
crustacean zooplankton, and fish larvae (Jillett and
Zeldis, 1985; Epifanio, 1987; Mackas and Louttit, 1988;
Govoni et al., 1989; Hood et al., 1991; Govoni and
Grimes, 1992; Uye et al., 1992; Govoni, 1993; King-
sford and Suthers, 1996; Franks and Walstad, 1997;
Okazaki et al., 1998; Munk et al., 1999; Nakata et al.,
2000; Shanks et al., 2000; Epstein and Beardsley, 2001;
Lough and Manning, 2001; Bjorkstedt et al., 2002;
Munk et al., 2002; North and Houde, 2004). Frontal
regions are important areas for plankton growth due to
enhanced nutrient concentrations and convergent circu-
lation that can promote production, increase aggregation
of organisms, and intensify trophic interactions
(Wolanski and Hamner, 1988; Boynton et al., 1997;
Winkler et al., 2003; Roman et al., 2005).

The salt front (landward margin of salinity intrusion)
at the head of estuaries is an ideal test case to advance
numerical approaches and enhance our understanding of
biological–physical interactions in frontal regions.
Strong baroclinicity and associated gradients in turbu-
lence present a numerical challenge for particle-tracking
models (Brickman and Smith, 2002). Nevertheless,
improving coupled biological–physical models in this
region will enable enhanced understanding of the factors
that affect fish recruitment. Field evidence suggests that
physical conditions near the salt front may have a strong
influence on anadromous larval fish survival and
juvenile recruitment (North and Houde, 2001, 2003).
Circulation patterns in this region can create an estuarine
turbidity maximum (ETM) that is characterized by
elevated turbidity and suspended sediment concentra-
tions compared to those up- and down-estuary (Schubel,
1968). ETMs are found in coastal plain estuaries
throughout the world, including estuaries in Canada,
France, Germany, UK, and USA (Schubel, 1968; Allen
et al., 1980; D'Anglejan, 1981; Uncles and Stephens,
1993; Jay and Musiak, 1994; Burau et al., 1998; Geyer
et al., 2001; Kappenberg and Grabemann, 2001; Lin and
Kuo, 2001; Sanford et al., 2001; Kostaschuk, 2002).
The ETM region is an important nursery area for larval
fish in the St. Lawrence River estuary (Dodson et al.,
1989; Dauvin and Dodson, 1990; Sirois and Dodson,
2000), the San Francisco Bay/Delta (Jassby et al., 1995;
Bennett et al., 2002), and upper Chesapeake Bay
(Boynton et al., 1997; North and Houde, 2001, 2003).
The numerical hydrodynamic model employed in this
research reproduces a salt front and ETM (North et al.,
2004).

Particle-tracking models include a sub-grid scale
turbulence model to simulate turbulent motion at scales
smaller than those resolved by the hydrodynamic model.
When implemented in hydrodynamic models that
contain sharp gradients in turbulence (e.g., fronts), the
standard sub-grid scale turbulence model (random walk
model) causes artificial aggregation of neutrally buoyant
particles in areas of low diffusivity, violating the Well
Mixed Condition (Visser, 1997; Brickman and Smith,
2002). Particle-tracking models that adhere to the Well
Mixed Condition maintain “an initially uniform con-
centration of [neutrally buoyant] particles uniform for
all time” (Brickman and Smith, 2002).

Our objective was to develop a particle-tracking
model that successfully simulated turbulent particle
motion in highly baroclinic frontal regions using a
random displacement model. We describe a new
interpolation scheme for implementing a random
displacement model in a coupled hydrodynamic-parti-
cle-tracking model and summarize results of two model
performance assessments: (1) 2D Well Mixed Condition
tests to detect numerical artifacts, and (2) dye-release
experiments to determine if the sub-grid scale turbu-
lence model adequately simulates diffusion. In addition,
we present results of 1D numerical studies that provide
guidance on implementing the new interpolation
scheme in hydrodynamic models with gradients in
turbulence.

2. Methods

2.1. Hydrodynamic and sediment transport model

The three-dimensional hydrodynamic ETM model
was based on the code of the Princeton Ocean Model
(POM) under hydrostatic and Boussinesq approxima-
tions (Blumberg and Mellor, 1987; Mellor, 1998). Eddy
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viscosity and diffusivity were determined by the level-
2.5 turbulent closure scheme of Mellor and Yamada
(1974). Our enhancements to POM included building
suspended sediment and sediment transport compo-
nents, adding constant loading of suspended sediment at
the up-stream boundary, parameterizing bottom sedi-
ment burial with a Newtonian dampening term, and
constructing a more reasonable formulation for back-
ground vertical diffusivity. Detailed information about
these enhancements and hydrodynamic model parame-
terization and boundary conditions can be found in
North et al. (2004).

The ETM model domain (Fig. 1) contained a 98-km-
long and 4.8-km-wide channel with a gradually
widening seaward reservoir that was 2237km long and
had a maximum width of 66km. The entire basin was
12m deep and contained 145-grid spacings in the x-
direction (seaward) and 6 in the y-direction (across
channel). Vertical resolution was provided by 12 σ-
coordinate layers. In the first 98km of the channel, the
longitudinal resolution (Δx) was 1km and the lateral
resolution (Δy) was 0.8km. In the seaward reservoir,Δx
and Δy gradually increased at a rate of 12% and 5.5%
per grid, respectively. The seaward reservoir, although
of minor importance to the circulation and sediment
transport within the channel, served as a buffer zone to
enhance the long-term computational stability of the
model. The temporal resolution of the model was split.
Vertically averaged currents and sea level were resolved
with a time step of 5 s, and salinity, sediment
concentration, and vertically explicit current velocities
were resolved with a time step of 40s.

A barotropic tidal generation force was included in
the longitudinal momentum equation to produce
semidiurnal tidal currents in the channel. Tidal current
speed and upstream dissipation were parameterized so
that sea level height and tidal current velocities in the
model were similar to those of predicted tides in upper
Fig. 1. Schematic of model domain. Upper diagram represents the entire m
channel, the region of interest.
Chesapeake Bay. Lateral walls bounding the channel
were impenetrable, impermeable and free-slip.

Initially, the model channel was filled with motion-
less clear water of 12 practical salinity units (psu) and
there was no sediment at the bottom of the basin. The
model was run with river inflow=0.07ms−1 and
constant sediment loading until the model reached a
quasi steady state at day 350 (Fig. 2a). In this quasi
steady state, sediment input equaled sediment burial and
the location of the salt front was stable: it oscillated with
the tidal current in a repetitive cycle but did not progress
up or down estuary. All model scenarios herein used the
quasi steady-state solution at day 350 as the initial
condition.

2.2. Particle-tracking model formulation

The Lagrangian particle-tracking model was con-
structed as a subroutine of the hydrodynamic model that
was called every internal time step (40s). Current
velocity, sea surface height, and horizontal and vertical
diffusivity derived in the hydrodynamic model were
passed to the particle-tracking model. Changes in
particle locations due to advection were calculated
every 10s using a ‘water column profile’ interpolation
scheme (Section 2.2.1) to estimate velocity at each
particle location. Near the bottom, the law-of-the-wall
was applied so that u-, v-, and w-current velocities
decreased logarithmically to the depth of the roughness
height (0.001m). Changes in particle locations due to
turbulence were updated every 1s using a random walk
model in the horizontal (Section 2.2.2) and a random
displacement model in the vertical (Section 2.2.3).

2.2.1. Interpolation scheme
In the ‘water column profile’ interpolation scheme,

modeled velocities and diffusivities were interpolated
horizontally (4-point linear interpolation) at each sigma
odel domain. Lower diagram illustrates the grid line geometry of the



Fig. 2. Hydrodynamic model output and particle distributions. (a) Hydrodynamic model output at day 350. Line contours are salinity and shaded
contours are suspended sediment concentrations (kgm−3, color scale on right). (b) Initial position of 50,000particles randomly distributed throughout
the particle-tracking model domain. (c) Particle distribution after 6h when a random displacement model was used to simulate sub-grid scale
turbulence in the vertical direction. (d) Particle distribution after 6h when a random walk model was used to simulate sub-grid scale turbulence in the
vertical direction.
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level to create a vertical profile of values at the x–y
particle location (Fig. 3a). For current velocities, a
tension spline curve was fit to the vertical profile (Fig.
3b) and was used to estimate current velocity at the
particle location, except near bottom where the law-of-
the-wall was applied. To implement the random
displacement model (Section 2.2.3), two steps were
added to the ‘water column profile’ interpolation
scheme to estimate vertical diffusivity (Kv) and its
derivative (Kv′) at the particle location. After the water
column profile of vertical diffusivity at the x–y particle
location was constructed (Fig. 3a), the number of data
points between sigma layers was proliferated with linear
interpolation. Then, an 8-point moving average was
used to smooth the data (Fig. 3c) before fitting the
tension spline curve. Surface and bottom boundary
values were forced to equal minimum vertical diffusiv-
ity in the hydrodynamic model after smoothing was
complete.

Tension splines do not add extraneous inflection
points (like simple spline curves), and preserve the local
shape of the data (monotonicity and convexity). Tension
spline curves were fit using a subroutine and functions
from the Tension Spline Curve Fitting Package
(TSPACK). TSPACK (TOMS/716) was created by
Robert J. Renka (renka@cs.unt.edu, Department of
Computer Science and Engineering, University of North
Texas) and is available for download from http://www.

mailto:renka@cs.unt.edu
http://www.netlib.org


Fig. 3. Schematic of interpolation scheme for particle-tracking model. (a) Subset of model grid. Hydrodynamic model output was interpolated at each
sigma level to create a vertical profile (closed circles) at the x–y particle location (open circles) using 4-point linear interpolation (gray arrows). (b)
Profile of along-channel current velocity. A tension spline (line) was fit to the vertical profile of along-channel current velocity values (filled circles)
and used to estimate velocity at the particle location (open circle). Law-of-the-wall was applied near bottom. (c) Profile of vertical diffusivity. Data
points were proliferated with linear interpolation (filled circles), smoothed with an 8-point moving average, and fit with a tension spline (line) in order
to estimate vertical diffusivity at the particle location (open circle).
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netlib.org. Occasionally, the curve fitting method would
fail to converge (∼0.0004% of the time, or once in
244,500calls to TSPACK). In these rare cases, simple
linear interpolation of the vertical profile was used to
avoid program pause.

2.2.2. Horizontal turbulence
Because the hydrodynamic model was tuned to

examine along-channel processes, sub-grid scale turbu-
lence in the cross-channel direction was omitted from
the particle-tracking model. A random walk model
(Visser, 1997) was implemented within the particle-
tracking model to simulate sub-grid scale turbulence in
the along-channel direction (x):

xnþ1 ¼ xn þ R½2d −1Khdt�1=2 ð1Þ

where xn=initial particle location, Kh=horizontal diffu-
sivity at the particle location, δt=time step of the
random walk model (δt=1s), and R is a random process
with mean=0 and standard deviation d=1. A random
walk model was used to represent sub-grid scale
turbulence in the horizontal direction because we used
constant horizontal diffusivity in the ETM model. In
situations with constant diffusivity, random walk and
random displacement models are equivalent (Visser,
1997).

2.2.3. Vertical turbulence
A random displacement model (Visser, 1997) was

implemented within the particle-tracking model to
simulate sub-grid scale turbulence in the vertical (z)
direction:

znþ1 ¼ zn þ KvVdt þ R½2d −1Kvdt�1=2 ð2Þ

where zn=initial particle location, Kv=vertical diffusiv-
ity evaluated at (zn+0.5Kv′δt), δt=time step of the
random displacement model, Kv′=∂Kv/∂z evaluated at
zn, and R is a random process with mean=0 and standard
deviation d=1. To satisfy the random displacement
model criterion δt≪min(1/Kv″) (Visser, 1997), the time
step (δt) was set at 1s after examination of a 10-d time
series of 1/Kv″ that included wind events. When Kv′=0,
the random displacement model (Eq. (2)) reduces to a
random walk model (Eq. (1)).

The random displacement model was found to be
most sensitive to parameterization of the second term,
the gradient in vertical diffusivity at the particle location
(Kv′). Many methods were used to estimate Kv′ at the

http://www.netlib.org


370 E.W. North et al. / Journal of Marine Systems 60 (2006) 365–380
particle location, including 8-point linear interpolation,
proliferating data points and smoothing the vertical
diffusivity profile with moving averages, and fitting
simple spline curves. All linear interpolation schemes
caused artificial aggregation of particles near sharp
changes in diffusivity, even after data points were
smoothed. These results support the conclusions of
Brickman and Smith (2002) who found that disconti-
nuities in the vertical profile of Kv made demonstration
of the Well Mixed Condition impossible. Although
simple spline curves resulted in smooth functions, they
caused artificial gaps in particle distributions because of
added inflection points near sharp changes in vertical
diffusivity. The best results were obtained by fitting a
tension spline to a smoothed water column profile of
vertical diffusivity at the particle location as described in
Section 2.2.1.

2.2.4. Vertical boundary conditions
Reflective boundary conditions were specified for the

surface and bottom boundaries (Proehl and Lynch, 2001;
Brickman and Smith, 2002). If a particle passed through
the surface or bottom boundary due to turbulence or
vertical advection, the particle was placed back in the
model domain at a distance from the boundary equal to
the distance that the particle location exceeded the
boundary. In models with sinking particles, if sinking
caused a particle to pass through the bottom boundary,
the particle was placed at the boundary. If turbulence or
vertical advection caused a sinking particle to pass
through the boundary, the particle was placed back in the
model domain at a distance from the boundary equal to
the distance that the particle location exceeded the
boundary (i.e., it was reflected).

2.2.5. Horizontal boundary conditions
Advection was the dominant transport process in the

hydrodynamic model. Horizontal boundary conditions
differed between model performance tests due to the
effects of advection and the requirements of the test. For
tests of the Well Mixed Condition, particles needed to be
retained within the bounds of the particle-tracking
model (6 to 90 riverkm of the hydrodynamic model)
and not advected down- or up-estuary. To maintain
particles within the particle-tracking model boundary,
particles were ‘looped’ between boundaries. If a particle
hit the up-estuary boundary, it was placed at the down-
estuary boundary at a randomly assigned depth, and vice
versa.

For the dye-release experiments, the horizontal
boundaries needed to encompass the area of tracer
dispersal apparent in the Eulerian model. Therefore the
particle-tracking model boundaries were expanded (1.5
to 97riverkm). In the rare event that a particle contacted
the up- or down-estuary boundary, the particle location
was simply maintained at that boundary.

2.3. 2D Well Mixed Condition Test

For tests of the Well Mixed Condition (WMC),
100,000 particles were released in an initially random
distribution in a x–z plane in the center of the channel
(similar to Fig. 2b) and tracked over 1tidal cycle (12h)
during steady-state conditions. In the WMC scenarios
presented here, the number of particles in each grid cell
was ∼90, a number that resulted in acceptable variance
in the Lagrangian solution and allowed reasonable
computation time (Proehl and Lynch, 2001). Five 12-h
scenarios were conducted with a random displacement
model to simulate sub-grid scale turbulence in the
vertical direction. The five scenarios were identical
except that the initial location of particles differed (i.e., a
different snapshot random distribution of 100,000
particles was used as the initial condition for each
scenario). For comparison, the same scenarios were
repeated with a random walk model implemented to
simulate vertical turbulent motion.

A quantitative measure of the WMC was adapted
from Brickman and Smith (2002). The 2D WMC
correlation test was based on the expected lack of
association between particle concentrations and vertical
diffusivity. If particles aggregated in regions of low
diffusivity (e.g. Fig. 2d), then a negative correlation
between particle concentrations and Kv would result,
indicating violation of the WMC. If there was no
significant correlation between Kv and particle concen-
trations over time, then the WMC was demonstrated.

The procedure for the 2D correlation test had two
parts: (1) calculating correlation coefficients from model
output and (2) conducting the significance tests. To
calculate correlation coefficients from model output, the
concentration of particles in a box surrounding each Kv

hydrodynamic grid point was calculated and used to
compute the correlation between particle concentrations
and Kv in the x–z plane in the center of the channel (SAS
version 8.01). Although Brickman and Smith (2002)
computed Pearson's correlation coefficients, Spearman's
rank-order correlation coefficients (r) were used here
because Kv values from the hydrodynamic model were
not normally distributed. Correlation coefficients of
model output were calculated every 0.25h for each 12-
h model run.

The first step of the significance tests was to conduct
correlation tests between randomly distributed particle
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concentrations and Kv values (after Brickman and
Smith, 2002). Two thousand snapshot distributions of
100,000 particles were generated by randomly placing
particles throughout the particle-tracking model do-
main. The correlation between particle concentration
and vertical diffusivity (Kv) was calculated at a single
time point for each of the 2000 random distributions.
Of the 2000 correlation coefficients, the 2.5th and
97.5th percentile values were selected as bounds for
95% confidence intervals (Brickman and Smith, 2002)
and the maximum and minimum r values were selected
as the upper and lower bounds of the non-significant
range. This procedure was repeated every 0.25h for
12h to determine the 95% confidence intervals and the
non-significant range over time.

The second step of the significance tests was to
compare the correlation coefficients from each model
scenario's output to the 95% confidence limits and the
non-significant range. If they were outside the non-
significant range, then model correlation coefficients
were considered significantly different from those of
randomly distributed particles and in violation of the
WMC. If model correlation coefficients remained within
the non-significant range over time, then the WMC was
considered satisfied.

2.4. Dye-release experiments

Model dye-release experiments were conducted to
determine if the particle-tracking model predictions
agreed with simulated diffusion. Eulerian tracer (i.e., the
‘dye’) and Lagrangian particles were released at the
same location and tracked over time. Similar evolution
of tracer and particle distributions indicated that the
Lagrangian particle-tracking model adequately simulat-
ed diffusion.

To adapt the ETM hydrodynamic model to dye
release studies: (1) subroutines that calculate suspended
sediment concentrations were converted to neutrally
buoyant or slowly sinking tracers that did not affect
water density; (2) the tracer was not allowed to deposit
on the bottom; and (3) no tracer was allowed to enter
from the up-estuary boundary.

In dye-release experiments, high concentrations of an
Eulerian tracer and 20,000 neutrally buoyant particles
were released in the same grid cell in the center of the
hydrodynamic model channel. The model was run for
4days and the concentrations of particles and tracer in
each hydrodynamic grid cell in the center of the channel
were compared graphically and with Pearson's correla-
tion tests (SAS version 8.01). Scenarios were conducted
with neutrally buoyant particles and tracer as well as
those with the same constant sinking speed similar to
small sediment particles (0.03mms−1). In addition,
neutrally buoyant and sinking tracer/particle scenarios
were repeated with and without a wind event that started
on day 350.125 and ended on day 352 (21h). The wind
event was simulated by applying a down-estuary wind
stress of 1.66dyncm−2 (approximately 9.1ms−1 wind
speed). In all cases, the scenarios were repeated twice,
once with a random displacement model implemented in
the particle-tracking model, and once with a random
walk model. The number of particles used in the dye-
release studies was determined by examining the mean
and variance of model correlation coefficients versus
number of particles released. The lowest number of
particles that resulted in a stable mean with little
variance (20,000 particles) was selected for the dye-
release experiments (Fig. 4). Each mean and variance
value in Fig. 4 was calculated with the Pearson's
correlation coefficients of particle concentrations versus
tracer concentrations at day 352 for 5 dye-release
simulations. The 5 simulations were conducted with
identical models except that different seed values were
used to initialize the random number generator.

2.5. 1D smoothing experiments

1D numerical studies were conducted to provide
guidance on the degree of smoothing to implement
when applying the water column interpolation scheme
in hydrodynamic models with gradients in turbulence.
A series of 1D models was constructed with (1)
vertical profiles that included simple gradients in
vertical diffusivity and (2) particle-tracking models
implemented with different levels of smoothing in the
water column profile interpolation scheme. Models
were initialized with randomly distributed particles and
run for 12h after which a 1D WMC test was conducted
to determine if the particles remained uniformly
distributed.

1D profiles of vertical diffusivity were constructed
with a gradient from 6 to 7m and with uniform
diffusivities from 0 to 6m and from 7 to 13m. Two
profile types were created: (1) profiles with high
uniform vertical diffusivities in the bottom layer and
low vertical diffusivities in the surface layer, and (2)
profiles with the reverse (low values in the bottom layer;
high values in the surface layer). The low value of
vertical diffusivity was fixed at 5.0×10−7m2s−1 in all
models. The high value was varied from 5.0×10−6 to
0.09m2s−1 to create 33profiles with gradients in
vertical diffusivity (Kv′=∂Kv/∂z) that ranged from
4.5×10−6 to 8.99995×10−2m2s−1 per m.



Fig. 4. Dye-release experiments. Mean and variance of model output versus number of particles released. Each mean and variance value was
calculated with the Pearson correlation coefficients of particle concentrations versus tracer concentrations at day 352 for 5 simulations of the dye
release model. The 5 simulations were conducted with identical models except that different seed values were used to initialize the random number
generator.
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Particle motion in the z-direction was parameterized
with a random displacement model implemented with
the water column profile interpolation scheme and a 1-s
time step. One of 3 levels of smoothing was applied (no
smoothing, 4-point moving average, 8-point moving
average). It is important to note that shape of the
smoothed profile was controlled both by the degree of
the moving average and the number of points that were
proliferated in the water column profile before smooth-
ing. High numbers of proliferated points (∼4 times the
number of sigma levels) were used to ensure that
smoothed profiles of vertical diffusivity did not deviate
substantially from the original profile generated by the
hydrodynamic model.

Five simulations were conducted for each gradient
value, profile type, and level of smoothing using
identical models except that different seed values were
used to initialize the random number generator. In each
simulation, 4000 randomly distributed particles were
released and tracked for 12h, for a total of 3,960,000
particles in 990 model simulations (2 profile types×33
gradients×3 levels of smoothing×5 seed values).

For the 1D WMC test, the range of particle numbers
from profiles of randomly distributed particles was
determined (the non-significant range). First, 4000
snapshot distributions of 4000 randomly distributed
particles were generated in the 13-m-deep water
column. Then, the number of particles was calculated
in 28 evenly spaced depth intervals. The highest and
lowest value of particle numbers in each depth interval
from the 4000 snapshot distributions was used to form
the non-significant range. At the end of each 12-h
simulation, particle numbers were compared to the non-
significant range in each of the 28-m-depth intervals. If
particle numbers were within the non-significant
range, then particle distributions were not considered
different from random distributions and the WMC was
satisfied. Otherwise, particle numbers were considered
significantly different and indicative of failure of the
WMC.

3. Results

3.1. 2D Well Mixed Condition tests

When turbulent particle motion was parameterized
with a simple random walk model in the vertical, the
particle-tracking model failed the 2D WMC correlation
test with a 100% failure rate (Fig. 5). All correlation
coefficients were negative and outside the non-signifi-
cant range and 95% confidence intervals, indicating that
high concentrations of particles occurred in areas of low
vertical diffusivity as seen in Fig. 2d. According to
Wilson and Flesch (1993), if a particle trajectory model
fails the WMC, it must do so on the first time increment.
In the first 40s of particle motion, the random walk
model failed the 2D WMC test (Table 1).

In contrast, the random displacement model did not
fail the 2D WMC test after the first 40s (Table 1). In
fact, 100% of the correlation coefficients remained
within the non-significant range and 89% of the
correlation coefficients remained within the 95%
confidence intervals during the first 7h of model simu-
lations (Fig. 5b,c). After 7h, differences in advection



Fig. 5. 2D Well Mixed Condition test. Correlation coefficients of neutrally buoyant particle concentrations versus vertical diffusivity over time for
particle-tracking models with different sub-grid scale turbulence models; those with (a) a random walk model and those with (b) a random
displacement model. Panel (c) contains the same data as panel (b) but the range of the vertical axis is reduced. Thin black lines are results of models
with different initial conditions. Thick black lines in panel (c) represent 95% confidence intervals. Correlation coefficients that do not remain within
the non-significant range (thick gray lines) violate the Well Mixed Condition, a necessary condition for simulating unbiased turbulent diffusion in
Lagrangian particle-tracking models.
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between the upper and lower water column (due to
estuarine gravitational circulation), and between the
river and seaward boundaries (due to longitudinal
changes in tidal current speeds) created differences in
particle concentrations near the horizontal boundaries of
the particle-tracking model. These gaps and accumula-
tions confounded the WMC tests and resulted in
multiple failures toward the end of the 12-h time series.
It is apparent that the 95% confidence intervals provide
a more stringent test of the WMC than the non-
significant range (Fig. 5c). But, it is clear that models
that result in massive failures of the WMC do so when



Table 1
2D Well Mixed Condition test results and non-significant range after
one hydrodynamic model time step (40s)

Initial conditions Correlation coefficients (r)

RDM RWM

A 0.008 −0.228
B −0.001 −0.233
C −0.006 −0.251
D −0.006 −0.235
E 0.021 −0.213

Non-significant range Upper Lower

0.063 −0.057

Correlation coefficients (r) of particle concentrations vs. vertical
diffusivities were calculated for particle-trackingmodels with a random
displacement model (RDM) and with a random walk model (RWM)
used to simulate turbulent particle motion. Random displacement
model and random walk model simulations were repeated 5times with
different initial conditions (lettered A to E). TheWell Mixed Condition
was demonstrated for the random displacement model because the
correlation coefficients were within the non-significant range.
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using either the 95% confidence intervals or the non-
significant range as criteria.

3.2. Dye-release experiments

In the dye-release experiments, Eulerian tracer and
Lagrangian particles were released at the same location
up-estuary of the salt front (Fig. 6a) and tracked over
time. Contour plots of results from scenarios with (1)
neutrally buoyant tracer/particles without a wind event
(Fig. 6), and with (2) sinking tracer/particles and a wind
event (Fig. 7) are presented herein. In the scenario with
neutrally buoyant tracer/particles without a wind event,
the neutrally buoyant tracer had diffused both horizon-
tally and vertically, and peak concentrations had
advected down-estuary over the salt front, after 4days
(Fig. 6b). Comparison with Lagrangian particle dis-
tributions indicated that the particle-tracking model with
a random displacement model (Fig. 6c) simulated tracer
dispersal more accurately than the particle-tracking
model with a random walk model (Fig 6d). The random
displacement model simulated the vertical movement
and resulting horizontal distribution of particles. In
contrast, the random walk model caused particles to
rapidly accumulate in areas of low diffusivity (especial-
ly near surface), which resulted in transport of particles
down-estuary more rapidly than the tracer.

Simulations with sinking particles and tracers
confirmed that the random displacement model resulted
in more realistic dispersal of particles than the random
walk model. Plots of model output after 4days and a
21-h wind event showed that the tracer peaked in
concentration within the tip of the salt front and, to a
lesser extent, in the pycnocline (Fig. 7b). The random
walk model caused sinking particles to artificially
aggregate in areas of low diffusivity near bottom and,
most noticeably, in the pycnocline (Fig. 7d). In contrast,
the random displacement model resulted in good
agreement between particle distributions (Fig. 7c) and
tracer concentrations (Fig. 7b).

For all dye-release experiments (neutrally buoyant
and sinking tracers/particles, wind and no wind events),
correlation coefficients between particle and tracer
concentrations indicated close agreement between tracer
and particle dispersal over time when the random
displacement model was implemented in the particle-
tracking model (Fig. 8). One hour after particle and
tracer release, correlation coefficients dropped to ∼0.8
because the tracer initially spread faster than the
particles. But within 6h, it was clear that correlations
between particles and tracer from the random displace-
ment model were high (between 0.84 and 0.99), and
were substantially greater than those from the random
walk model (between 0.07 and 0.58). In both models,
enhanced turbulence during the down-estuary wind
event reduced the correlation between tracer and particle
concentrations, apparently because the particles were
dispersed horizontally slightly faster than the tracer.

3.3. 1D smoothing experiments

Failure of the 1D WMC test was evident in models
with gradients in vertical diffusivity that equaled or
exceeded 6.9995×10−3m2s−1 per m (hereafter referred
to as 7.0×10−3m2s−1 per m). For example, Fig. 9
depicts results from 1D WMC test from models with
maximum vertical diffusivity of 0.02m2s−1 in the
bottom layer. Three failures of the WMCwere located in
the low diffusivity region just above the sharp gradient
in vertical diffusivity and occurred in the model without
smoothing in the water column profile interpolation
scheme. No failures occurred in the models with
smoothing.

Results of all model scenarios combined indicated
that smoothing reduced failure of the WMC. Fig. 10
contains plots of the number of failures of 1D WMC
tests versus the absolute value of the gradient in vertical
diffusivity (|Kv′|) in all 1D water column models. The
number of failures of the WMC decreased with
increasing level of smoothing. When |Kv′| was less
than 7.0×10−3ms−1 per m, smoothing of the vertical
diffusivity profile was not necessary to maintain the
WMC. When |Kv′| was greater than 7.0×10

−3m2s−1 per



Fig. 6. Dye release studies with neutrally buoyant tracer and particles: (a) initial release location of particles and tracer, (b) tracer distribution after
4days, (c) particle distribution after 4days with a random displacement model, and (d) particle distribution after 4days with a random walk model.
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m and less than 1.79995×10−2ms−1 per m, then a 4-
point moving average was sufficient for the WMC. An
8-point moving average was required to prevent failure
o f t h e WMC wh e n |K v′ | w a s b e t w e e n
1.79995×10−2ms−1 and 3.39995×10−2ms−1per m
(hereafter referred to as 3.4×10−2m2s−1 per m). Above
3.4×10−2m2s−1 per m, failure of the WMC occurred in
all models, but was minimized in models with an 8-point
moving average.

4. Discussion

Our implementation of a random displacement model
within a Lagrangian particle-tracking model successful-
ly simulated turbulent particle motion in a frontal region
with sharp gradients in vertical diffusivity. Results
clearly supported the findings of Visser (1997) and
Brickman and Smith (2002): the random displacement
model was much preferred to a random walk model
when simulating sub-grid scale turbulence in stratified
conditions (compare Fig. 2c with Fig. 2d).

The ‘water column profile’ interpolation scheme
reduced numerical artifacts and allowed attainment of
the WMC. Brickman and Smith (2002) suggested that
the WMC would not be attainable in ocean circulation
models because the low-resolution, discrete output of
hydrodynamic models would introduce discontinuities
that would prevent demonstration of the WMC
(Brickman and Smith, 2002). Our ‘water column
profile’ interpolation scheme offers a way out of this
dilemma. It replaced the discrete output with a
continuous profile that preserved the shape of the



Fig. 7. Dye release studies with sinking tracer and particles, and a 21-h wind event: (a) initial release location of particles and tracer, (b) tracer
distribution after 4days, (c) particle distribution after 4 days with a random displacement model, and (d) particle distribution after 4 days with a
random walk model. Sinking particles and tracer were assigned a constant settling velocity of 0.03mms−1.
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data without adding inflection points. It is important to
note that constructing a continuous profile of vertical
diffusivity was fundamental, but not the only required
step, for demonstrating the WMC in the baroclinic salt
wedge model. It also was necessary to smooth the
vertical diffusivity profile with a moving average.
Otherwise, the sharp gradients in vertical diffusivity
(e.g., Fig. 3c) caused particles to aggregate at the
location where abrupt changes occurred, even when a
continuous function was fit to the data.

Although our results are certainly model-dependent,
the 1D smoothing experiments suggest that smoothing
of the vertical diffusivity profile is necessary in random
displacement models implemented in hydrodynamic
models with gradients in vertical diffusivity that exceed
7.0×10−3m2s−1 per m. Below this value, smoothing
may not be required. Field observations in San
Francisco Bay estuary indicate that vertical gradients
in eddy diffusivity on the order of 1.0×10−2m2s−1 per
m were present (Stacey et al., 1999). This value is above
7.0×10−3ms−1 per m and below the value which 8-
point linear interpolation fails to maintain the WMC
(3.4×10−2ms−1 per m). Maximum gradients in vertical
diffusivity in the baroclinic salt wedge model
(0.09m2s−1 per m) were substantially higher than
3.4×10−2ms−1 per m, but occurred transiently and in
isolated portions of the model in steady state conditions.
These high values were likely a function of strong
density stratification coupled with lack of wind mixing
during the 350-day model spin-up. It is likely that the
salt wedge model passed the 2D WMC correlation tests
even though the 1D WMC tests indicated failure
because (1) the high diffusivity values were transient
and that the (2) particle motion due to advection and



Fig. 8. Dye release studies. Correlation coefficient of particle concentrations vs. Eulerian tracer concentrations over time from models that implement
a random displacement model (RDM) or a random walk model (RWM) to simulate turbulent motion of particles. Results are from scenarios with (a,
b) tides and river inflow, and (c, d) tides, river inflow and wind, as well as with (a, c) neutrally buoyant particles and (b, d) sinking particles. In
scenarios with a wind event, wind stress of 1.66dyncm−2 was imposed from day 351.125 to 352 (21h). A shaded box indicates timing of the wind
event. Sinking particles and tracer were assigned a constant settling velocity of 0.03mms−1.
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horizontal mixing was included in the salt wedge model
and may have rapidly dispersed particle accumulations
if they occurred.

The random displacement model presented here
passed the both the 1D and 2D WMC tests despite the
fact that simple surface and bottom boundary conditions
were implemented. According to Wilson and Flesch
(1993), reflective boundary conditions should result in
the violation of the WMC in models with inhomoge-
neous turbulence. In addition, Brickman and Smith
(2002) reported that theoretical work indicated that the
gradient in vertical diffusivity should be zero at model
boundaries in order to demonstrate the WMC. Yet, when
we conducted 2D model scenarios with the gradient in
Kv forced to zero at the boundaries, this parameterization
did not improve particle-tracking model performance
(not shown). Instead, we found that demonstration of the
WMC was influenced by (1) the interpolation scheme
used to estimate Kv′, and (2) the time step of the particle-
tracking model. When the time step of the particle-
tracking model was equal to that of the hydrodynamic
model (40s), failure of the 2DWMC increased. This was
likely due to transient accumulations of particles near the
surface and bottom boundaries within the region of the
frontal convergence zone, or potentially where |Kv′|
exceeded 3.4×10−2m s−1 per m. As suggested by
Proehl and Lynch (2001), increasing the temporal
resolution of the particle-tracking model (to 10s)
appeared to alleviate this problem. In addition, it is
likely that the short time step of the random displacement
model (1s) allowed attainment of the WMC, despite the
use of simple boundary conditions.

Results of the dye-release experiments indicated
good agreement between Eulerian and Lagrangian
techniques for simulating dispersal when the random
displacement model was implemented. The random
walk model was clearly inadequate; it resulted in
artificial aggregation of particles in regions of low



Fig. 9. 1D smoothing experiments. (a) Vertical diffusivity profiles used in models with highest diffusivities in bottom layer. Minimum vertical
diffusivity was 5.0×10−7m2s−1 in all profiles. Darkened line represents the profile used to generate model results presented in panel (b). (b) Results
of 1D Well Mixed Condition tests of models with maximum vertical diffusivity of 0.02m2s−1 and random displacement models that had no
smoothing (thick black line), smoothing with a 4-point moving average (dashed line), and smoothing with an 8-point moving average (thin black line)
in the water column profile interpolation scheme. Particle numbers that are outside the non-significant range (thick gray lines) violate the Well Mixed
Condition.
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vertical diffusivity near surface and bottom boundaries,
and within the pycnocline. Although the random
displacement model was able to simulate the motion
of both neutrally buoyant and sinking tracers, its
performance decreased during the down-estuary wind
event (Fig. 8c,d). Note the model formulations for
particles and tracers differ substantially in details. A
logarithmic bottom boundary layer was explicitly
incorporated in the particle component but poorly
resolved in the tracer component. Further, the vertical
diffusivity was reconstituted in the particle component
and therefore deviates somewhat from that in the tracer
component. The cumulative effect of these minor
differences could contribute to the slight discrepancy.
Fig. 10. 1D smoothing experiments. Number of failures of Well Mixed Condi
(|Kv′|, m

2s−1 per m) in 1D water column models. In these models, the rando
interpolation scheme (a) without smoothing of the vertical diffusivity pro
smoothing by an 8-point moving average. Thin black lines are results of mod
random number generator and (2) different locations for maximum diffusivi
In general, results of the model performance tests
indicated that the coupled hydrographic–Lagrangian
model successfully simulated turbulent particle motion
and dispersal in a strongly baroclinic frontal region. We
suggest that the random displacement model coupled
with the ‘water column profile’ interpolation scheme
allows simulation of particle motion in frontal regions
that heretofore has been limited by numerical artifacts.
In addition, the water column profile scheme is
appropriate for models with irregular bathymetry and
non-uniform grids because interpolation takes place
along sigma-levels and is independent of grid cell shape.
As such, the modeling framework presented here has the
potential to be a useful tool for investigating the
tion tests versus the absolute value of the gradient in vertical diffusivity
m displacement model was implemented with a water column profile
file, (b) with smoothing by a 4-point moving average, and (c) with
els with the same |Kv′| but (1) different seed values used to initialize the
ty values (either surface or bottom layers).
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influence of hydrographic variability on sediment
particles and biological–physical interactions in estua-
rine and coastal frontal zones.
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