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ABSTRACT

This paper investigates wave-by-wave control of a wave energy converter using incident wave prediction
based on up-wave surface elevation measurement. The goal of control is to approach the hydrodynami-
cally optimum velocity leading to optimum power absorption. This work aims to study the gains in energy
conversion from a deterministic wave propagation model that accounts for a range of group velocities in
deriving the prediction. The up-wave measurement distance is assumed to be small enough to allow a
deterministic propagation model, and further, both wave propagation and device response are assumed
to be linear. For deep water conditions and long-crested waves, the propagation process is also described
using an impulse response function (e.g. [1]). Approximate low and high frequency limits for realistic
band-limited spectra are used to compute the corresponding group velocity limits. The prediction time
into the future is based on the device impulse response function needed for the evaluation of the con-
trol force. The up-wave distance and the duration of measurement are then determined using the group
velocity limits above.

A 2-body axisymmetric heaving device is considered, for which power capture is through the relative
heave oscillation between the two co-axial bodies. The power take-off is assumed to be linear and ideal
as well as capable of applying the necessary resistive and reactive load components on the relative heave
oscillation. The predicted wave profile is used along with device impulse response functions to compute
the actuator force components at each instant. Calculations are carried out in irregular waves generated
using a number of uni-modal wave spectra over a range of energy periods and significant wave heights.
Results are compared with previous studies based on the use of instantaneous up-wave wave-profile
measurements, both without and with oscillation constraints imposed. Considerable improvements in
power capture are observed with the present approach over the range of wave conditions studied.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

point-absorber devices with short resonant periods led to the
development of the ‘latching’ concept [7]. This improved power

Wave energy conversion has received considerable attention
in the literature for over four decades now [2-4]. A large num-
ber of wave energy converters studied so far have consisted of a
wave-activated body and a reference, for energy conversion from
the relative oscillation. Since power absorption is best close to
resonance and wave climates can vary widely through a year,
approaches to provide active control of device oscillations have also
been pursued for many years. Early efforts to increase response
bandwidth by controlling the phase of the force applied by the
power take-off were reported in [5,6]. This control was accom-
plished by including a reactive component in the load in addition
to the resistive part and independently adjusting the magni-
tudes of the two parts. Further investigations on small heaving
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capture in longer-period waves by keeping body oscillation locked
and releasing it only when the velocity peak was close to matching
the exciting force peak.

The decades since the seventies have witnessed a growing real-
ization that some type of control may be essential for cost-effective
implementation of wave energy converters (e.g. [8]). Thus, latching
type switching control has been investigated by many researchers
to date (e.g. see [9-14], etc, to name a few). The determination of
an optimal latching sequence was first addressed under an opti-
mal control framework in [9] with the dynamic model providing
the dynamic constraints. The optimum switching sequence can
be determined with the help of the Pontryagin Max/Min Prin-
ciple (often following an iterative approach). Although latching
requires no reactive load, the co-state equations describing the
time-dependence of the Lagrange multipliers need to be integrated
back in time from Ty to O in order to determine a latching sequence
over [0, Ty] (Ty>t where t is the current time, and Ty the time into


dx.doi.org/10.1016/j.apor.2015.07.007
http://www.sciencedirect.com/science/journal/01411187
http://www.elsevier.com/locate/apor
http://crossmark.crossref.org/dialog/?doi=10.1016/j.apor.2015.07.007&domain=pdf
mailto:Umesh.Korde@sdsmt.edu
dx.doi.org/10.1016/j.apor.2015.07.007

32

U.A. Korde / Applied Ocean Research 53 (2015) 31-45

n(-;-)  wave surface elevation at point (-) and time (-)

w angular frequency of wave/oscillation

ar(w), ap(w) added mass variations for the top and bottom
bodies, respectively, inclusive of infinite-frequency
parts

&(x4;t) measurement error in wave elevation at (x4 ; t)

&(xp;t+tp) prediction error at (xg; t+tp) as a result of mea-
surement error at (x4 ; t)

&|(t), eq(t) errors in resistive force Fy(t) and reactive force
component Fy(t) due to measurement error in wave
elevation at (x4 ; t)

A incident wave amplitude

ac(w), be(w) added mass and radiation damping coefficients
representing the frequency-dependent radiation
coupling between the top and bottom bodies

bi(w), bp(w) radiation damping variations for the top and
bottom bodies, respectively

Car» Cqp  linearized, constant viscous damping coefficients
for the top and bottom bodies, respectively

D constant damping load applied on the relative heave
oscillation

d x-separation between the up-wave profile measure-
ment location and device centroid

F force applied by a power take-off actuator between
the top and bottom bodies

F, Fp  exciting forces on the top and bottom bodies,
respectively

he(t) non-causal impulse response function (with respect

to incident wave profile at body centroid xg) repre-
senting the exciting force

hy impulse response function defining linear, uni-
directional propagation of an impulsive wave
elevation through a distance d

hy(t), hq(t) impulse response functions representing the
resistive and reactive parts of the ‘load’ force applied
by the power take-off

ho(t) impulse response function leading to hydrodynam-
ically optimum relative heave velocity

k(w) wave number; related to angular frequency w
through the dispersion relation

ke, kp stiffness constants determining the restoring forces

on the top and bottom bodies, respectively
L(w), N(w) resistive and reactive parts of the impedance gen-
erated by the power take-off

m;, my  in-air masses of the top and bottom bodies, respec-
tively

Py average power absorbed under approximate near-
optimal control

Pin time-averaged incident wave power per unit crest-
length

Ri(w), Ci(w) equivalent hydrodynamic damping and reac-
tance components ‘acting on’ the relative oscillation
between the two bodies

Vr, Xr relative heave velocity and displacement between
the top and bottom bodies

Ve, Up heave oscillation velocities of the top and bottom
bodies, respectively

Vgmn minimum group velocity as determined by the high-
frequency ‘cut-off’ for a realistic wave spectrum

Vgmyx maximum group velocity as determined by the low-
frequency ‘cut-off’ for a realistic wave spectrum

X x-coordinate along the propagation direction where
wave profile measurement is made

Xp x-coordinate along the propagation direction where

the device centroid is located

the future up to which a latching sequence is to be determined).
The formulation leads to a 2-point boundary value problem, and
for this reason, the exciting force on the body needs to be predicted
(Tf— t) into the future. A declutching approach was developed later
mainly for devices with longer resonance periods than the prevail-
ing energy periods [15,16]. With either latching or declutching the
sudden application or release of large forces/moments can lead to
transient vibrations through the entire system, which, in addition
to the force/moment load magnitudes, should be considered early
in the design process.

Early reactive control approaches were later generalized to
multiple-mode devices, and it was also shown that maximum
power capture was possible under impedance matching conditions,
wherein the load impedance matrix would be the complex-
conjugate of the body impedance matrix in water [17-19]. This
approach involves exchange of reactive power and energy storage,
but enables greater energy absorption annually as long as the power
take-off mechanism is capable of applying reactive loads. Non-real
time applications of this approach include ‘peak-frequency tuning’
where the incoming wave spectra are sampled at regular intervals
(e.g. 10 min) and the load impedance is adjusted so as to approach
impedance matching at the spectral peak frequency. This strategy
was recently tested on the wave star device [20] and a 2-3-fold
improvement in annual power production was reported.

Still greater improvements are possible if optimal impedance
matching can be achieved in real time on a wave-by-wave basis.
However, as is well known, wave-by-wave implementation of such
control is not possible without prior knowledge or estimation of the
device velocity and force some duration into the future. The under-
lying cause of this difficulty is that the radiation force felt by an
oscillating body (due to the waves it creates with its own oscilla-
tion)is causal. Thus, for the impulse response function h; describing
this force, for t<0, hy(t)=0. Causality of h, implies that the Fourier
transform of h; is an analytic function in the top half plane, so that
the real and imaginary parts of its Fourier transform are constrained
together by the Kramers-Kronig relations [21,22]. For impedance
matching, the real part needs to be matched, and the imaginary part
needs to be canceled. Because h,(t) is also real-valued, h;=hg +hy,
where hq is an odd function, and hy, is an even function. Moreover,
the two add together to zero fort <0 and to h; for t > 0. Toimplement
impedance matching wave-by-wave, however, as mentioned, —hq
and hy need to be synthesized and utilized independently. Since
both are non-causal, i.e. hq, hy, # 0, t<0, velocity information from
the future is required in the generation of the control force at any
instant t. This situation is discussed in [23,1]. In addition, wave
action on the free surface is a continuum process over a distributed
medium, and further, the body has a finite geometric size. There-
fore, the body begins to experience the exciting force before the
wave reaches it and before there is a wave elevation detected at its
centroid. Thus, the impulse response function describing the excit-
ing force with respect to the surface elevation at the body centroid
is non-causal [1].

Hence, application of a control strategy seeking wave-by-wave
impedance match requires the knowledge of the incident wave pro-
file (and based on it, the device oscillation) in advance. In practice,
future information over 25-30 s may be sufficient for a reasonable
approximation to the required control force. Thus, approximate
approaches based on time-series analysis were applied in [24,25].
More systematic forecasting techniques have developed in recent
years [26]. A number of other control approaches seeking realis-
tic solutions have also been investigated during the past decade
[27-29]. A purely causal strategy based within a Linear Quadratic
Gaussian formulation was discussed in [30]. A comparative evalua-
tion of several control strategies was presented in [31]. Direct use of
wave profile measurements some distance up-wave for evaluating
the control force at the current time was considered in [32].
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The need for future information to determine the present input
makes Model Predictive Control (MPC) a good choice for wave
energy device control, because MPC can incorporate both predic-
tion and use, of the exciting force time-series over a prediction
horizon. The goal is to determine the current control force so as
optimize a cost function (e.g. the absorbed power) over the predic-
tion horizon. The device dynamic model and any other prescribed
oscillation limits then provide the ‘constraints’ for the optimization
of the cost function. Significant gains in power capture have been
reported to date (e.g. [27,33,34], etc.). MPC brings a strong control
engineering formalism to bear on the problem of controlling a wave
energy device, using state-space approximations for convolutions
and results from matrix algebra as necessary. Predictions can be
based on time-series analysis [35], on Kalman-filtering [27], or on
a deterministic wave-propagation model [34].

The present approach is more directly based on the linear
hydrodynamic theories and time-domain studies of the 70s and
80s respectively (e.g. see [36]). As discussed further in the fol-
lowing paragraphs, this work uses deterministically predicted
wave elevation information to evaluate the control forces that
will approximately produce the hydrodynamically optimum veloc-
ity (subject to any constraints) at the present instant. It may
be recalled that, within linear theory, the unconstrained hydro-
dynamic velocity optimum maximizes power capture through
optimum interaction among the incident, diffracted and radiated
wave-fields (see for instance, [1,36,37], etc.), while an constrained
optimum velocity enables the closest approach to the hydrody-
namic optimum within the allowed oscillation envelope (e.g. [38]).

A sub-optimal approach was described in [32], where a sim-
plification was made (but not explicitly stated) that the wave
propagation was at the shallow-water limit for group velocity.
This amounted to assuming non-dispersive propagation at a sin-
gle group velocity. Thus, the control forces derived based on this
assumption could use an instantaneous measurement of the sur-
face elevation at an up-wave distance related to the prediction time
and the group velocity limit. However, the controller was then most
effective in spectra where longer waves were predominant, i.e. in
swell dominated spectra. The present work investigates the effect
of a deterministic approach! that accounts for a range of group
velocities. The group velocity range used here is derived from the
frequency range observed in commonly occurring wave spectra.
The propagation model derived in [1] and the associated impulse
response function is used here under deep-water conditions. As
discussed in [40], two approaches to wave profile prediction using
up-wave measurements are possible. One, where an instantaneous
measurement/snap-shot of wave profiles over an up-wave area is
used, and another, where measurements over a time duration at
a single up-wave point are used. The second approach is based on
the propagation model of [1] and is followed in the present work.
Notable in the use of up-wave measurements to obtain wave pre-
dictions is the work based on x-band radar measurements using the
WaMOS system [41]. In contrast, however, the measurement hard-
ware assumed in the present work is a wave-rider buoy placed
up-wave of the device, capable of transmitting surface elevation
information using telemetry. Long-crested waves are assumed as
a simplification, so that a measurement system using a single
non-directional buoy is adequate. Here, for the purpose of surface-
elevation prediction, no explicit account is taken in the up-wave
measurement, of any scattered and radiation wave fields return-
ing from the device. However, a 2-point measurement approach

T It is interesting to note that approaches based on wave group statistics [39]
may be used to tune or detune device response with the help of continual spectral
measurements near a device. The present work focuses on direct use of deterministic
surface elevation predictions instead.

such as discussed in [42] could be employed in practical measure-
ments for incident-wave elevation separation. As mentioned, linear
superposition is assumed. However, it is of interest to note that pre-
diction in multi-directional waves and the effect of nonlinearity are
discussed in [43].

As already indicated, the goal of this paper is to investigate the
effect of an approach (i) that obtains wave prediction based on
up-wave measurement over a duration of time and a linear deter-
ministic wave propagation model; (ii) and uses this prediction to
generate the control forces to be applied by an actuator acting on
the relative heave oscillation between two co-axial axisymmetric
bodies. This type of a device has been considered by several groups
in analysis and practical testing (e.g. [44,45], etc.). The theory
discussed in [46] is used in arriving at the control forces, follow-
ing the time-domain expressions and impulse response functions
described in [47]. Note that the effect of just the feedforward con-
trol forces is studied here, and no attempt is made to apply feedback
to correct for unmodeled effects, measurement errors, etc. Section
2 presents the overall formulation underlying the wave prediction
approach, while Section 3 discusses the device model leading up to
the control forces needed for the relative heave oscillation. Section
4 summarizes the calculations carried out in this work, and Section
5 discusses the results, with the main conclusions summarized in
Section 6.

2. Approach to wave prediction

It is assumed that the irregular wave field is comprised mostly
of small wave slopes and can be described as a linear superposition
of small-amplitude frequency components at different amplitudes
and phases. Further, since current interest here is in control in long-
crested waves, propagation is assumed to be uni-directional. The
direction is assumed to be left to right, with the positive x axis
aligned with the propagation direction. Deep-water conditions are
assumed. As discussed in [ 1], the contribution of a frequency com-
ponent to the surface elevation at locations x4 and xg along the x
axis can be expressed as

N(xa; iw) = Aiw)e~ K@k

n(xg; iw) = Aiw)e— ks (1)
where point A is up-wave of B, i.e. x4 <xp, and

Xa=xg—d @)

The wave number k(w) is related to the frequency w through the
dispersion relation

2
k tanh kh = % 3)

which in deep water takes the form,

k= % since, tanhkh— 1, h— o (4)
Propagation of impulsive disturbances to the free surface can be
described using group velocities vg [48,49]. The group velocity in

deep water is

do 1 /w 1/g
w2 (%) =3 (5) -
Now,

N(xa; iw) = A(iow)e~K@)xg=d) "
so that,

N(xa; iw) = eMMp(xp; iw)

— e-ikiw)d

n(xg; iw) n(xa; iw)
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2.1. Propagation impulse response function

The treatment in [1] is followed here as summarized below.
However, this topic has also been discussed in [40] as part of the
case where measurements at a single up-wave point are used to
obtain a prediction. The surface elevation at location xp as a func-
tion of time can be expressed as the inverse Fourier transform of
n(xs ;i) as

n(xg:t):%/ n(xB;iw)ei“’tda) (8)

It should be noted that it is the wave elevation to which Fourier
transformation is applied here. For the Fourier transform to exist
[50], an assumption being made here is that (- ; t) - 0, as t— =+ oc.
Forrealistic spectra, n(- ; iw) — 0 as @ — + wmx, Where wmx< co. The
present treatment, and the control approach based on it thus apply
between successive periods of low wave activity (i.e., when energy
conversion is not attempted).
Substituting the second of Eq. (7) into Eq. (8),

n(xg;t) = %/ e kO p(x,: iw)el® dw (9)
Alternatively,
n(xpg;t) = %/ H,(ia))r)(x,q;ia))ei“’tdw (10)

where H)(iw)=exp [ ik(w)d]. H,(iw) defines the uni-directional lin-
ear propagation process that relates the wave profile at xz to that
at x4 in the frequency domain. n(xp ; t) can then be expressed using
Faltung’s theorem as

o0
n(xg; t) = / h(T)n(xa;t — t)dt (11)
—00

where h(t) is the impulse response function that defines the pro-
cess in the time domain, describing the surface profile created at
xg by an impulsive surface elevation at x4. A time dependent wave
profile n(x4 ;t) at x4 will thus result in a profile n(xp;t) accord-
ing to the linear system represented by Eq. (11). h(t) defining this
propagation process can be found as,

_ l = . iwt
h(t)= o /_OOH,(lw)e dw (12)
hy(t) is real-valued if H(—iw) = H(iw). This condition is satisfied if
k(w) has the same sign as w, or k(w) = |w|w/g. This is also consistent
with rightward propagation. Thus,

h,(t):% / e-i(lolo/g)d it g, (13)

It can be seen, via the use of Euler’s formula and some algebra, that

hy(t) = l/ {cos (wd) cos wt + sin (wd> sin a)t] dw
T Jo g g
(14)

which can be written as

e 2
h,(t):%/o cos (Zd-m) dw (15)

h(t) is thus seen to be real-valued, confirming that a real-valued
n(xp ; t) results from a real-valued 1(x,4 ; t). Following [1], it is seen
from Eq. (14) that the first integrand contains a cosine function of t,
and is an even function, while the second integrand contains a sine

function, which is an odd function of t. It can therefore be rewritten
as

hy(t) = hie(t) + hyo(t) (16)

Use of integration tables [51] for the integral leading to h,, gives,

2 2
h () :% % [cos (i) +sin (itdﬂ (17)

The integral leading to hj, can also be determined via integration
tables [51],

/ 2
hi(t) = % % [cos (i) C (t 2‘7g1d>
+sin (‘ii)s(r 2;)] (18)

Cand S are the Fresnel integrals. As discussed in [1,23], the impulse
response function hy(t) is not causal, in that it is nonzero up to some
finite values of t<0. This is because |hj(t)| = |hj(t)| only as [t|— oo.
This can be seen as follows: As t— oo,

g 1. - 1
(ofE) -3 s(E) -] -
Thus, as |t|— oo,

t<0: hy(t) = he(t) + hyo(t) = hye(t) — () — O

t>0: hy(t) = hye(t) + hyo(t) = % % [cos (‘iﬁ) +sin (‘i)}
(20)

Over finite |t|, h(t) can be written as,

/ 2 2
hy(t) = % % {cos <%ltd) + sin <itd)]
1 /2g gt? g
+§ d {cos (4(1) C (t 271d>
. [ gt? g
+sin (4(1) S (t 27rd>} (21)

where the distance d is determined as discussed in Section 2.2.
h(t) is the impulse response function that describes the wave ele-
vation produced at xg by an impulsive disturbance at a point x4,
where xg =x,4 *+d. This function is non-causal, as expected, for the
deep-water condition under study [ 1]. A causal approximation that
ignores the non-zero values of h; for t<0 (i.e. approximating it to
zero) is used in the calculations here.

2.2. Up-wave distance and duration of measurement

It is useful to follow the treatment of [41,43], where a
space-time diagram is used to understand the propagation pro-
cess. As the surface elevation at any point such as x4 is (for small
amplitude waves) a linear superposition of all of the components
represented in a wave spectrum, it is important to consider the
entire range of propagation velocities represented in this measure-
ment. The impulse response function h; of Section 2.1 represents
the effect of an impulsive surface elevation at x, at a point xg,
which is a distance d down-wave in the propagation direction. The
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Measurement ggxi‘ﬁcﬁd
t
At Vg .
T
AtVg .
X, Xq

Fig. 1. Space-time diagram showing the ‘influence zone’ for the wave profile mea-
surement made over [t — T, t] seconds. The device location is where the measured
information arrives at t + tp seconds, where t denotes the current instant, and tp the
time duration into the future at which the wave profile needs to be predicted. Note
that since both device and wave sensor buoy are moored, their position coordinates
are subject to precision limits depending on their respective mooring designs. This
point is discussed further in Section 5.

impulse causing h; ideally represents contributions over frequen-
cies 0< w < co. However, arealistic spectrum is band-limited in that
wave amplitude contributions below and above certain frequencies
are negligible [23]. The up-wave distance for wave measurement
and the duration of measurement maybe determined by the range
of group velocities represented in a prevailing spectrum where
prediction is needed. The greatest frequency with nonzero contri-
bution in the spectrum represents the slowest group velocity for
wave groups in the neighborhood of this frequency. Conversely,
the smallest frequency with nonzero contribution represents the
fastest group velocity of waves in the neighborhood of that fre-
quency. These two group velocity limits can be used to determine
the up-wave distance and the duration of measurement needed.
This point is discussed further at the end of this subsection.

Fig. 1 shows a space-time diagram with propagation distance
along the x axis and time along the y axis. The point of wave mea-
surement, namely x4, and a suitably chosen time instant (e.g. a
time prior to the instant at which measurements begin) together
define the origin, and the propagation domain of interest is here
the first quadrant. Any straight line starting on the positive y-axis
and going out into the first quadrant represents propagation at a
particular group velocity vg. Thus, the smaller the group velocity,
the longer it takes a group to propagate to the point xg, and the
steeper the slope of the line representing that vg. By contrast, the
greater the group velocity, the quicker that group covers the dis-
tance to xg, and so the smaller its slope. Lines parallel to the x
axis represent the limit vz — oo, while the y axis represents the
limit vg — 0. The maximum and minimum group velocity values
associated with a realistic spectrum thus define two lines on the
space-time diagram in Fig. 1. The minimum group velocity vgmn
results from the maximum frequency wmy represented in the spec-
trum (to a predetermined spectral density magnitude threshold),
as

Vgmn = % ( g ) (22)

Wmx

On the other hand, the maximum group velocity vgmx can be found
using the minimum frequency in the spectrum wp,y (again using a
predetermined spectral density magnitude threshold),

VUgmx = % ( & ) (23)

Wmn

The region of the space-time diagram bounded by the two lines
corresponding to vgmp, and vgmx defines the region where, for
the given spectrum, all of the information is available (to the

0.08

0.06~ 1

0.04~ 1

0.02

h()

0- 4

-0.02

-0.04~ 1

-0.06"

0% 200 100 0 100 200 300
t(s)

Fig. 2. Impulse response function h; describing the propagation of a uni-directional
disturbance through the distance d=817.5m. Here, vgnx = 27.22m/s and vgmy, =
3.13m/s; with tp=30s. d is computed using Eq. (25). Deep water conditions are
assumed. Note that h(t) # 0, t<0, so that h; is non-causal. In the present calcula-
tions, h; is set to zero for t<0.

approximation implied above) for a determination of the surface
elevation at a chosen point from a measurement made over the time
interval [0, T]. (xg, t) denotes the coordinate pair at the point where
the two lines intersect (note that lines for other vg, Vgmn < Vg < Vgmx
also intersect that this point). It represents the location in space and
the point in time at which full prediction of the wave profile can be
obtained using a measurement over [0, T] at an up-wave location
X4. If the instant T defines the present time, then t for the point of
intersection is a time in the future given by

- X — XA

T (24)

Vgmx
Defining t — T = tp, the ‘prediction time’ beyond the present, and
knowing how far ahead prediction is required (see Section 3) the
distance d =xp — x4 can found as,

d= tp‘l/gmx (25)

The distance at which the up-wave measurement is made is thus
determined by the time into the future to which the wave profile
needs to be predicted at the device location xz. The wave pro-
file measurement over [0, T] where T is the present instant, thus
contains information about the fastest traveling groups which will
arrive at xg at a time tp into the future. On the other hand, for the
slowest traveling groups also to arrive at xg at time tp into the future,

d

Vgmn

T+tp= (26)
Eq. (26) can be used to determine T, the duration of measurement.
Thus, if measurement begins at t=0 and continues over t >0, only
at time t =T does the prediction of wave profile at (xg, T+ tp) become
available. Thereafter for all times t > T, the prediction at x is avail-
able for a time tp seconds ahead, i.e. at t +tp.

As Fig. 2 shows, hy(t) # 0, t<0 up to small values of |t|, i.e. hy
is non-causal [1]. This effect is due to the theoretical presence of
frequencies w < wmp. As seen from Eqgs. (14) and (15), h; is the result
of an integral evaluated from w— 0 to w— oo, As w — oo, Vg —
0. However, as @ — 0, vy — oo, which implies that disturbances
occurring further up-wave, i.e. at x<x, influence the wave profile
at xg. Thus, it is not possible to obtain a causal h; due to the theo-
retical presence of w — 0. However, approximations using just the
causal part of h; and assuming h;(t) =0, t <0 may still be reasonably
effective for realistic wave spectra where the group velocities are
expected to be within vgmn < vg < vgmx as defined above. With this
reasoning, the present work also uses a causal approximation for
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Fig. 3. A comparison of the wave surface elevation at the device location as predicted tp =30 into the future using the approach of Section 2 and as evaluated directly at the
device location at t+ tp seconds. x;=x4. The impulse response function h; with its non-causal portion set to zero is used. Measurements at x4, (a point 817.5 m up-wave) over
T=232s and up to the present instant t are used in the convolution integral of Eq. (27) to arrive at a prediction at the device location at t+tp.

hy(t) such that h(t)=0, t<0. Thus, for a chosen ‘prediction interval’
tp ahead of the current time t,

T
nixg; t+1tp) = / h(T)n(xa;t — t)dt
0
X — X4 = d = tpUgmx
T— d d
Vgmn  Vgmx
t>T

(27)

where, as discussed, the up-wave measurement distance d is
computed from the desired prediction time [see the paragraphs
following Eqgs. (63) and (67), and paragraphs 1 and 2 of Section
4] and the group velocity limit vgmy. For irregular wave records
derived from spectra with Te=11s, Te=13s, and T.=15s, Fig. 3
shows the results using Eq. (27) with h; as given by Eq. (21), except
that h(t)=0, t<0 in Eq. (27) is used here. For tp=30s, good agree-
ment is found between 1(xg ; t +tp) as predicted by Eq. (27) and the
wave profile evaluated directly for the location xg over time t+tp,
t>T.

3. Control force synthesis

The predicted wave surface elevation as given by Eq. (27) can
be used to generate the desired hydrodynamically optimum veloc-
ity in the time domain in irregular waves. Small amplitude device
oscillations are assumed. An axisymmetric omni-directional wave
energy converter based on relative heave oscillation of two bodies
is considered here, though the basic approach should apply to other
devices with appropriate modifications. A schematic for the device

is shown in Fig. 4. The analysis below is summarized from [47], and
is included for completeness.

It should be noted that the assumption of linearity (small-
amplitude incoming waves and small-amplitude device response)
makes it possible to utilize linear superposition, and therefore
to use first-order response kernels as the time-domain impulse
response functions needed for wave-by-wave control. These time-
domain impulse response functions can be derived via inverse
Fourier transformation of the frequency-response functions and
used in first-order convolutions to compute a time-series for arbi-
trary excitation (e.g. [50]). Such an approach was considered for
time-domain ship-motion analysis using an integro-differential
equation in [53], and later applied in the time-domain modeling
and control of wave energy devices [23] (see also [1]). As men-
tioned, the actuator in the present work is assumed to be ideal and
linear. Its response time constant is assumed to be short enough
to enable any rapid changes in control forces as may be needed
here. In addition, any stiction, saturation, and hysteretic effects are
ignored. Furthermore, the oscillation constraints as applied here
are not inequality constraints (as would frequently be associated
with hard end stops). The control action does not consist of latch-
ing/declutching type braking or clutching forces, and the actuators
are assumed to be capable for providing the required control force
magnitudes. In the present situation therefore, it appears justifi-
able to model control implementation via force variations that are
continuous and differentiable at all t. It is convenient then to begin
with a frequency-domain description,

[Ze(iw) + Zy (i) (iw) + [Ze(iw) — Zi(iw)|vp(iw) = F (i) (28)
[Zc(iw) = Zy(iw)|ve(i) + [Zp(iw) + Zy (iw)]vp(iw) = Fp(iw)
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Fig. 4. The heaving axisymmetric device used in this work. Relative oscillation is
used for energy conversion using a linear generator or hydraulic cylinder type power
take-off mechanism/actuator, which is assumed to be linear and ideal (i.e. lossless).
The power take-off also applies the required control force in this work, though in
practice it may be advantageous to use two actuators, one for power take-off, and
one for reactive forcing. The dimensions are based on the configuration studied in
[52].

where the matrix elements are defined as,

Ziw) = il +e(50) + @) + 2 + (g +bar(@))

Zy(iw) = iw[my + ap(oo) + ap(w)] + 1% + (Cap + bap(w)) (29)

Zc(iw) = iwac(w) + be(w)

. N(w)
where the letter m is used to denote in-air mass with the sub-
scripts t and b respectively denoting the top and bottom bodies. b,
and by, denote the frequency-dependent radiation damping for the
two bodies, while a;(co) and a(oo) denote the infinite-frequency
added masses for the two bodies and ay(w) and a,(w) represent
just the frequency-dependent parts of the respective added masses.
The letter k denotes stiffness (hydrostatic for the floating buoy and
mooring-related for the submerged disc), while c4 and cgp, repre-
sent the linearized viscous damping coefficients. a. and b. denote
the frequency-variable added mass and radiation damping due to
coupling between the two bodies. Z; represents the load impedance
applied by the power take-off on the relative oscillation. Following
the approach of Falnes [46], it is possible to express Eq. (28) as a
scalar equation in terms of the relative velocity v;(iw),

vr(iw) = ve(iw) — vp(iw) (30)
by defining,

Z(iw) = Zi(iw) + Zy(iw) + 2Zc(iw) (31)
and

Fyioo) = Fﬂ(iw)(zlgg; Z(iw)) B Ffb(iw)(Z[Z(Z?::)-i- Z(iw)) (32)

it is seen that

. Fe(iw)
i) = 7 oy + (@) (33)
where
Ziiw) = Z(iw)Zs(iw) — Zcz(iw) (34)

Z(iw)

For better accuracy in evaluating the hydrodynamic optimum
relative velocity in the time domain and the control forces needed
in approaching this optimum, it is convenient to separate the
impedance terms into two parts, (i) a part consisting of the larger
parameters m, my, k¢, kp, @r(o0), and a,(oc), and (ii) a part consist-
ing of the relatively smaller frequency-dependent radiation related
effects. Thus,

Zi(iw) = Zoy(iw) 4 Zenu (i)
Zy(i0) = Zpy (i) + Zpy i) (35)
Zi(iw) = Zpy(iw) + Zipu(iw)
where
Zm(ia)) = lw[mt + (_lt(OO)] + kt/iw

o _ , (36)
Zpy(iw) = iw[my, + ap(00)] + kp/iw
Note that Zy(iw) and Zp,(iw) represent the large, inertial and
stiffness impedances acting on the bodies. The linearized viscous
damping c4 and cgp are included in Zyy(iw) and Zp,,(iw). The
reactive forces dependent on Zy(iw) and Z,,(iw) are determined
using these impedances together with acceleration and displace-
ment measurements. This leaves just the relatively smaller and
cq-related forces to be synthesized with convolutions and prevents
any inaccuracies in the larger terms from dominating the inverse

Fourier transformations needed in force evaluation. Eq. (28) can be
re-written as,

[Zu(iw) + Zy V(i) + [Znu(iw) + Ziny(iw)V(iw) = F(iw) (37)

The load impedance component Z;,(iw) can then be chosen such
that

[Zu(iw) + Zpy()]V(iw) = 0 (38)

which requires,

1 1 1
— = — — + - 39
ztion =zt * zoiar) 59
with Z;,(iw) set to satisfy equation (39),

Ziu(iw) + Zyny(iw)  Zc(iw) — Zpy(io) ve(iw)
Zc(iw) = Zinu(iw)  Zpgy(io) + Zin(io) | | vp(io)

Fy(iw)

Now introducing Zp,(iw) defined as

Zn(i) = Zinu (i) + Zpny (i) + 2Zc(iw) (41)

and

Zuna(©0)Zpnulie0) — Z2(i0)
Znu(iw)

and next redefining Fe(iw) as

Znilio) =

Fulio) = F(iw)[Ze(iw) + Zpnu(iw)] — Fp(i@)[Zc(iw) + Znu(iw)]
e Z(io) Z(io)

(43)
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The relative velocity becomes,

Fe(iw)

vrli0) = 7o) + Zomli)

(44)
Now Z,i(iw) can be expressed in terms of its real and imagi-
nary parts, which are respectively, the equivalent hydrodynamic
damping (i.e. radiation damping + linearized viscous damping) and
reactance (arising from the frequency-dependent part of the equiv-
alent added mass). Thus,

Zn,-(iw) = R,(a)) + lCl(Cl)) (45)

vr(iw) is hydrodynamically optimum when

Zinu(iw) = Zp(iw) (46)
which leads to

. Fe(iw)
Vro(iw) = IR () (47)

Limits on possible swept volume (i.e. before the floating buoy fully
emerges from, or fully submerges into, water), and actuator stroke
length dictate that displacement constraints be applied in prac-
tice. With o, denoting the maximum relative displacement under
constraint, at frequency w, the velocity limit g is,

Br = liwa| (48)
The constraint requires,
v(i); (i) < B2 (49)

Based on the method of Evans [38], satisfying the constraint (49)
amounts to adding an effective damping term A(w), which could
be applied by the power take-off, such that

Fe(iw)

)= 3R+ AN 0

The ‘Lagrange multiplier’ A(w) can be found using
|Fe(iw)|
A(w) =
)= "2

It should be noted that applying the o, constraint over (— wmx, @Wmx)
limits the time-domain oscillation in response to a unit-impulsive
wave elevation to,

o Wmx ( sin wmxt )
2w Wmxt

- Ri(w) (51)

sr(t) = (52)
where s,(t) denotes the relative displacement. The functional form
sin wmxt/wmxt — 1 as t— 0. This function is also differentiable at
t— 0 (e.g. [54]). For wmx=wp=m/2rad/s, and significant wave
heights (Hs = 1-3 m) used in the calculations, as long as the instanta-
neous wave elevation encountered <4 m, the constraint as specified
is also expected to be satisfied in the time domain.
The force applied by the actuator is

Fi(iw) = Fiy(iow) + Frpu(io) (53)
where the causal part is,
Fru(io) = -Z(iw)v (i) (54)

The following approach may be used to separate out components
of Z,,(iw) that are mass-like and stiffness-like. To find the stiffness-
like component,

. . Cru(@)Cpy(w)
C = limwZ,(iw) = 0 ———~———— 55
k= om0 (i) Cru(w) 4 Cpy(w) 3
To isolate the inertia-like load component,
G = lim L 7,(iew) = L _Col@)Cul@) (56)

w—o00 W

® Cru(w) + Cpy(w)

The two limits in Eqgs. (55) and (56) approach constant values,
namely, the equivalent stiffness and inertia respectively. Then,

Fpu(t) = Gnire(£) 4+ Cexe(t) (57)

where the relative acceleration and displacement can be measured
in real time using a combination of accelerometers and acous-
tic sensors. Note that this force is purely reactive and implies no
net energy losses with ideal actuators. The following procedure
is adopted for the synthesis of the remaining control forces. The
exciting forces can be expressed in frequency domain as

Fo(ie) — . L

fr(iw) = He(iw)n(xp; iw) (58)
Fpp(iw) = Hyy(iw)n(xp; iw)

Hp(iw) and Hg,(iw) are the exciting force frequency response func-
tions for the individual bodies (evaluated for unit incident wave
amplitudes at their respective centroids). n(xp;iw) denotes the
incident free-surface elevation at the body centroid xg. Fe(iw) can
then be expressed as

Fe(iw) = He(iw)n(xp; iw) (59)

where

_ Hp(io)lZe(iw) + Zpn (i)l Hp (i)l Ze(iw) + Zinu(io)]

He(io) s i
Znu(iw) Znu(iw)
(60)
Substitution of Eq. (59) into (47) gives
. He(iw) »
Uro(iw) = 2Ri(w)n(xB.lw) (61)
Taking the inverse Fourier transform of Eq. (61),
Vro(t) = / ho(T)n(xp; t — t)dt (62)
where
1 * He(iw) ot
ho(t) = o [W 2R,~(w)e dw (63)

ho(t)is non-causal, as shown in Fig. 5 for the 2-body device in Fig. 4.
However, for t<0, ho(t) can be truncated as t— — t,, where in the
present case t, ~ 15s. The velocity vyo(t) can be used to synthesize
the control forces to be applied as seen below. This type of feed-
forward control can be supplemented by a feedback control loop
to correct for errors due to measurement errors and other small
unmodeled effects. Such an inner loop is not included in the present
work. From Eq. (46), in the absence of oscillation constraints, the
control force can be expressed in the frequency domain as

Fr(io) = Z; (i0)vro(iw) (64)
Letting Z}(iw) = Ri(iw) + iC;(iw), and using Eq. (61),

He(iw) .Ci(w)He(iw)
2 "' oR()

Two impulse response functions h,;(t) and h;(t) can be defined such
that,

Finu(io) = [ } n(xs: i) (65)

FLnu(t)=/ hn-(f)n(xB:t—r)dH/ hei(T)n(xg; t — T)dT  (66)

where
o [ He(iw) o
h”(t)_Zn/_ 5 e dw .
ha(y= & [ DG ey,
2w | 2R{w)
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Fig. 5. The impulse response function h, as obtained using Eq. (18) which defines the hydrodynamically near-optimum variation for the relative velocity, shown along with
the two impulse response functions used to determine the control force to be applied by the actuator. h,; is used to find the resistive part of this force, while h; is used to
find the reactive part. All three impulse response functions are non-causal as discussed, necessitating the use of the predicted wave profiles evaluated here.

Fig. 5 shows the impulse response functions h,;(t) and h(t). It is
seen again that h.; and h,;(t) are non-causal. However, for t <0, h.(t)
can be truncated as t— — t. where t.=30s. The actual prediction
time ahead tp = tr here can be chosen to be max(tp, tc), and is cho-
sen to be t;=30s. With the control force F;,,,(t) applied, the actual
relative velocity can be found as

Uract(t):/ hA(r)n(xB:t—r)dr+/ hr(T)n(xg; t —T)dt  (68)

where
1 * He(iw) ot
ha(t) = E\/—ao Zni(iw)e dw

1 [ [iCi(@) — Ri(@)]He(iw) i,
() = 3 / @)

(69)

In the present work, all of the integrals in Egs. (67) and (69)
were evaluated from —tr to the present time t where all of the
impulse response functions were truncated at t=—30s. This meant
that n(xp ; t) was to be predicted t7=30s into the future. Recall that
this prediction was described in the discussion leading up to Fig. 3.

Representing the two terms comprising Fy,,,(t) in Eq. (66) as Fj(t)
and F,(t), it is observed that Fi(t) is derived from the resistive part
of the impedance R;, and F, from the reactive part C;. Net power
absorption is therefore due to F;, while F, exchanges reactive power
with the device. Thus,

Fl(t):/ hyi(T)n(xp: t — T)dt
- (70)

Fa(t):/ hei(T)n(xg; t — T)dt

o0

To find the forces in the presence of oscillation constraints, R;(w)
inEqs.(47),(61),(65),(67)and (69)isreplaced by Rj(w) + A(w). Note
that these integrals in the present work are evaluated from —t7 to
the present time t, and 7(xg ; t) is predicted tr beyond the present
time t.

With and without the oscillation constraint present, the average
power absorbed over a time period [0, T] can be found using

1

T
Pw=*/ Fy(t)vrace(t)dt (71)
T 0

On the other hand, the instantaneous reactive power can be com-
puted using,

Pq = Fa(t)vrqce(t) (72)
The average incident power in a wave crest of unit length (in

kW) in a spectrum of long crested waves at significant wave height

H; and energy period T, is given by

P;, = 0.49H2T, (73)

An energy capture length £ can then be defined as
0= (74)

These results are compared with the approximate near-optimal
control results based on up-wave measurements at 2 points as
described in [47].
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4. Calculations

As mentioned, the geometry shown in Fig. 4 is used in the cal-
culations. The choice of the device and the geometry affects the
lengths of the radiation impulse response function and the exci-
tation force kernel; and consequently also the up-wave distance,
measurement interval, and the prediction time. No particular effort
was made here to optimize the geometry or device choice from
this standpoint. The geometry here was chosen to match that ana-
lyzed in [52], and the hydrodynamic parameter variations reported
therein were used in the present calculations (the effect of the tube
in [52] was ignored). Buoy and disc radii were taken to be R=8m,
with the buoy draft D, =R. As mentioned, this is the geometry for
which the impulse response functions are shown in Fig. 5. Recall
that h,; and h; for t <0 can be truncated at —t.=-30s, while h, can
be truncated at —t, =—15s.

As mentioned, the greater of the two truncation times, namely,
tr=max(t, tp) was used here as the prediction time tp=tr in all of
the force and response calculations (it was verified that using this
value rather than t, = 15 s for the optimum velocity calculation had
anegligible effect). As mentioned, long-crested 2-parameter irreg-
ular wave spectra were assumed. It was thought to be reasonable
to truncate the spectral density variation over w; <0.18rad/s and
wp > 1.57rad/s. Deep water conditions were assumed. This meant
that vgmn = 3.124m/s, and vgmy = 27.25m/s.

Based on Egs. (25) and (26), these conditions lead tod=817.5m,
and T=232s. Thus, wave elevation measurements should be made
at a point approximately 817 m up-wave, and over a time duration
T=232s.

For the long-crested, 2-parameter spectra used in this work (Eq.
(75)), the surface elevation at x =x, was found using Eq. (76).

131.5H? 1054
1= oo |- ”
N
N(xa: 1) = Y R{Awn) exp[—i(k(wn)xs — @nt +0n)]} (76)
n=1
where
A(wn) = \/2S(wn)Aw (77)

and 6, is a random number <[0, 27], with S(w;,) representing the
spectral density value at w,. N=512 was used in these calculations.
For direct evaluation of » at xg, the same wy, 6 and A(w,) were used
to compute 7(xp ; t) as

N
N(xg: 1) = Y _R{A(wn) expli(—k(wn)Xs — wnt +0n)]} (78)

n=1

A program was developed within Matlab to provide the wave
prediction at the device centroid using up-wave elevation mea-
surements over T=232s at x4 located d=817.5m up-wave. The
predicted wave profile was then supplied to the program that com-
puted the control forces, the resulting relative velocity, and average
absorbed power based on Eqgs. (70), (68) and (71). Oscillation con-
straints could be turned on and off within this routine. Calculations
were carried out over [0, 1300] s, though control and power absorp-
tion was only applied after the predicted wave elevation at the
device became available. Results from this routine over a range of
spectra were collected and plotted in the overview plots discussed
in the following section.

5. Discussion of results

As mentioned, this work uses wave surface elevation mea-
surements over a duration of time some distance up-wave of the

device to compute the wave elevation up to a certain time into
the future for the purpose of evaluating the instantaneous actua-
tor force required to approach hydrodynamically optimum velocity
on a wave-by-wave basis. Long-crested, small amplitude waves are
assumed, and device oscillation amplitudes are also assumed to be
small. Thus, linear theory is used at all stages. The main results are
discussed below.

The impulse response functions h,; and h. in Fig. 5 can be
truncated at t=-30s, in the t<0 range. This helps to determine
one of the values on the space time diagrams of Fig. 1, namely,
the time beyond the present instant at which the predicted wave
surface elevation is required. The group velocity limits vgmyx and
Vgmn can be based on frequency limits w; and wj, that are likely to
encompass most expected spectra at the device site. The predic-
tion time tr here and the maximum group velocity vgmx determine
the distance up-wave at which the wave measurement should
be made. The minimum group velocity vgm, then determines the
length of time T over which the measurement needs to be acquired.
Recall that Fig. 2 shows the impulse response function describing
the propagation of an impulsive excitation, although the non-
causal part is ignored in the calculations. The distance at which
measurement is made is d=817.5m, which may be regarded as
acceptable for a deterministic propagation model [1]. Measure-
ments are recorded for T=232s as mentioned above in order
to obtain a prediction at the device location tr=30s into the
future.

The plots of Fig. 3 compare the wave elevation as computed
directly for the position xg with that predicted using the present
prediction approach. The root-mean-square errors observed are
on the order of 8 x 10~2m, which is about 5-7% of the root-
mean-square elevation. The chosen cut-off frequency values of
w; and w, in relation to the approximation of causality for
the impulse response function h;, may be one of the factors
responsible for the errors, with frequency and time domain dis-
cretization errors being a smaller contributor. Given the overall
approximation implicit in adopting the linear theory framework,
these prediction errors observed here may be considered accept-
able.

It should be noted that the device location and the wave rider
buoy location may not be precisely known in practice, because
both will be moored structures, and as such, subject to position
variation within their respective ‘watch circles’. The present treat-
ment assumes ‘nominal’ locations, and it should be recognized that
predictions based on the nominal distances will be within uncer-
tainty bands dictated by the sensitivity of the predictions to the
distance parameter d. This point needs to be examined further
in future work, though it may be noted that it is not too diffi-
cult to choose the prediction time to be greater than required
by the impulse response functions, although this would come at
the cost of additional computational time and errors. As long as
the prediction time is chosen to be greater than tr (=30s in the
present case), it may be worth considering choosing the predic-
tion time to accommodate the worst-case situation within watch
circles.

The effect of errors in the up-wave measurements on the pre-
dicted wave elevation of Eq. (27) and the resistive and reactive
forces of Eq. (70) is examined below. Such errors could come from
the additional presence of small short-crested waves, instrument
error, etc.

Letting nm(x,4 ; t) denote the wave elevation measurement at x,,
and &(x,4 ; t) the error, the relationship between the correct value
n(x4 ; t) and the measurement can be expressed as

Nm(Xa; t) = N(xa; £) + &(Xa; t) (79)
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Fig. 6. The relative heave velocity between the buoy and the disc for a spectrum with T, =13 s and Hs =3.0m. (a) Shows unconstrained oscillation, while (b) shows a case
where relative oscillation amplitude is constrained to be within D,/42 (1/2 the buoy draft). The near-optimum in each case is closely matched by the velocity produced on
application of the actuator (control) force. In practice, there will be differences due to model uncertainties, measurement errors, and other disturbances. An inner feedback
loop would be required to ensure a close match. This work only considers the effect of the feedforward force.

Use of this measurement in Eq. (27) will provide an estimate
Ne(xp s t+tp),
T
ne(xB;t+tp):/ hi(t)nm(xa; t — 7)dT (80)
0

Inserting Eq. (79) into Eq. (80), it can be seen that (the present first-
order convolution operation being linear),

Ne(xg; t) =n(Xp; t + tp) + &(xg; t + tp) (81)
where
T
s(xB;tthp):/ hi(t)e(xa; t — T)dT (82)
0

Errors &(x4 ; t) will also propagate into the resistive and reactive
control forces to be applied. Denoting the instantaneous error in
the resistive force Fi(t) as g(t), it can be verified that

Sz(f)=/ hri(T)e(xp; t — T)dT (83)

o0
Similarly, the error &4(t) in the reactive force F,4(t) can be expressed
as
o0
&q(t) = / hei(T)e(xp; t — T)dT (84)
—00
As before, the integrals may be evaluated from —t7 where h,; and
h¢ can be truncated to the present time t, with n(xp ; t) predicted
up to tr beyond t.

Since h;in Eq.(82) represents the propagation impulse-response
function such that n(x, ; t) and n(xp; t+tp) are the same order of
magnitude, &(xp ; t+tp) must be the same order of magnitude as
&(xa ; t). A10% error in wave-profile measurement at x4 could thus
be expected to result in a 10% error in the predicted wave ele-
vation at xp, as well as in the forces F; and Fg, according to Egs.
(83) and (84). Therefore, if the wave measurements are known to
contain large errors, some type of real-time digital filtering tech-
nique (to minimize their propagation into the prediction) may be
warranted, providing it does not add signal delays. With the same
caveat, more elaborate Kalman filtering algorithms built around
the present deterministic propagation model may also be worth
considering.

Fig. 6 plots the relative heave velocity under near-optimal con-
trol. It is found that the velocity as given by Eq. (68) matches the
desired optimum velocity closely, both without and in the pres-
ence of an oscillation constraint where maximum amplitude of

relative oscillation is restricted to be <D;/2. In an experimental
implementation, a greater deviation may be expected due to model
inaccuracies and measurement errors. A trajectory tracking feed-
back controller may then be added in order to minimize the velocity
and position tracking errors.

Fig. 7 plots the absorbed power variation for a spectrum with
Hg=3.0m, T.=13s with the relative oscillation amplitude con-
strained to be <D;/2. The average absorbed power over 10 min
is ~96 kW. Note that the overall system may be designed to stop
operation and enter survival mode in wave climates with Hs > 5 m.
Further, there may be a further constraint on actuator operation
due to force limitations. This has not been considered here. Recall
that oscillation constraints are here imposed using the formulation
of [38], as summarized in Egs. (50) and (51). It should also be noted
that actuator operation is assumed to be ideal here, in that any
power dissipation within the actuator is ignored. This assumption
also has relevance to Fig. 8, which shows the variation of the reac-
tive power to be supplied by the actuator in order to bring about
control as discussed in this work. Although the average reactive
power spent in achieving control is zero (within numerical accu-
racy) in this case, net energy would need to be spent in achieving
such control for non-ideal actuators (e.g. [10]). Notably, however,
the maximum reactive power magnitude in Fig. 8 is comparable to

500 1000 1500
t(s)

Fig. 7. Instantaneous absorbed power variation for a spectrum with T, =13s and
Hs=3.0m. Actuator force is applied after t=Ts, and instantaneous power is com-
puted using Eq. (71). Displacement constraint is applied following the technique of
[38] as described in Section 2. The average power over the time window of obser-
vation above under these wave conditions is 96 kW. The force F; is applied on the
relative oscillation.
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500 1000 1500
t(s)

Fig. 8. Instantaneous reactive power variation for a spectrum with T,=13s and
H; =3.0m. Actuator force F, is applied after t=Tseconds, and instantaneous power
is computed using Eq. (72). Displacement constraint is applied following the tech-
nique of [38] as described in Section 2. An ideal actuator is assumed, so that no net
energy is lost in the actuator during reactive force application. The average reactive
power over the time window of observation above under these wave conditions is
zero within numerical errors. The force F, is reactive and is applied on the relative
oscillation.

the maximum absorbed power magnitude in the conditions stud-
ied in these figures. Therefore, short term on-board energy storage
only may be adequate here.

Fig. 9 plots the force variations F,(t) and F,(t) for the spectrum
with Te=13s, H;=3.0m. It should be noted that F; is a part of the
total reactive force needed, and that the total reactive force require-
ment is expected to be greater. A systematic design effort/study
would be needed in order to achieve a better balance between the
resistive and reactive force components needed in control (e.g. by
extending an approach such as discussed in[55]). The overall design
would likely be a trade between device size and actuator technology
(in terms of deliverable force and power dissipation).

For comparison with Fig. 7, Fig. 10 plots the absorbed power
variation associated with unconstrained oscillation for this device.
The average absorbed power over 10 min is found to be ~750 kW
for a spectrum with Hs=3.0m and T, =13s.

It is informative to compare the performance of the present
approach with a sub-optimal strategy based on a single group
velocity (‘approximate near-optimal control’). Results utilizing this
approach were included in a recent paper [47|. Acknowledging that
in practical situationsitis the behavior under oscillation constraints

x 10

F (N)
o

0 500 1000 1500
t(s)

(a) Resistive Force Fj

0 500 1000 1500
t(s)

Fig. 10. Instantaneous absorbed power variation without oscillation constraints for
a spectrum with T, =13 s and H; = 3.0 m. Actuator force is applied after t= T seconds,
and instantaneous power is computed using Eq. (71). The average power over the
time window of observation above under these wave conditions is 750kW. As
before, the force F; is applied on the relative oscillation.

that should be the focus, Fig. 11 compares the capture width avail-
able with the two strategies under an oscillation constraint <D;/2 in
irregular waves, for spectra from T,=6s to T, =17s, Hs=1.0m. It is
observed that the present approach performs up to 5 times better
than the approximate approach under the prescribed constraint.
Results of single runs are shown here. The run-to-run variation
due to random phase mixing appears to be greater for the full near
optimal control runs. This could be a result of the particular numer-
ical procedures used for the two cases. Specifically, the number of
frequency components used was smaller in the full near optimal
procedure to save calculation time (given that this procedure also
included the full wave prediction component). Notwithstanding
this, the difference between the capture widths for the two strate-
gies exceeds the variability seen in the full near-optimal plot, and
considerably greater absorption is observed under near-optimal
control based on full prediction. To understand the difference in
terms of absorbed power, Hs = 1.0 m was used with the entire range
of T, values to obtain Fig. 12. Over 4 times as much power is seen
to be absorbed with full near-optimal control.

Fig. 13 compares the F; and F, force maxima over the spectral
T. range covered here, for Hs =1 m. The results are obtained for
an oscillation constraint D;/4, for which the velocity remains at
the maximum allowed for a significant portion of the T, range. In

o) 500 1000 1500
t(s)

(b) Reactive Force F,

Fig. 9. The resistive and reactive forces to be applied by the actuator in a spectrum with T, =13 s and Hs; =3.0m. (a) Shows the power absorbing resistive force, while (b)
shows the reactive force needed. The relative oscillation amplitude is constrained to be within D;/2 (1/2 the buoy draft). Overall, the F, maxima are seen to be larger than
those of the force F; even though the difference is less than an order of magnitude. It should be noted that F, does not include the contribution of the force applied according
to Eq. (39). Actuation is assumed to be ideal and lossless, and nonlinearities in the actuator are ignored.



U.A. Korde / Applied Ocean Research 53 (2015) 31-45 43

w
[$)]

w

N
[3)]

= Full near-optimal < Dr/2 1

----- Approx near-opt < Dr/Z

Capture Width (m)
S} N

0.5¢ 9

6 8 10 12 14 16 18
Energy Period Te (s)

Fig. 11. Power capture length as a ratio of averaged absorbed power over the simu-
lation duration and the average incident power per unit crest length. Oscillations are
constrained to D,/2. Results are compared with the approach of [47], recomputed
for the constraint D,/2. As pointed out in the text, results from single runs are plot-
ted here (rather than results averaged over several runs), and the results with full
near-optimal control are more sensitive to run-to-run differences in the irregular
wave signals generated each time.
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Fig. 12. Average absorbed power with the oscillations constrained to D,/2. Power
calculations use a nominal Hs of 1.0 m for each energy period. Results are compared
with the approach of [47], recomputed for the constraint D,/2. As pointed out in
the text, the results with full near-optimal control are more sensitive to run-to-run
differences in the irregular wave signals generated each time.
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Fig. 13. The variation of the maxima for the forces F; and F, shown together with the
velocity maximum for the spectra considered here. In all spectra, H; =1 m, with T, as
shown on the x-axis. Oscillations are constrained to D, /4. For the present device, F,
is seen to dominate F; over the entire energy-period range. Part of the resistive force
is needed as constraint force through the A term in Eq. (50), and greater constraint
force is required to meet the constraint in spectra with the longer T,. F, is part of the
reactive force necessary. The oscillation constraints are expected to limit the total
reactive force the same way as they limit F, as T, increases.

the longer T, range, the velocity limit increases the F; requirement
since F; also provides the constraint through A. However, the
velocity constraint does also limit the F, requirement in the swell-
rich longer T, range. Although F; is only a part of the total reactive
force needed and the overall reactive force requirement will likely
be greater, it would still be limited indirectly by the velocity
constraint. A more detailed study of the reactive and resistive
forces in relation to device geometry and actuator technology
seems warranted, in order to gain a better understanding of the
hardware requirements of present control approach.

When device operation is amplitude-limited as under oscilla-
tion constraints, it becomes important to make the best use of the
excitation at small and moderate amplitudes. Control that enables
a closer approach to the time-domain optimum velocity can make
better use of available wave-by-wave excitation, and is therefore
more effective under oscillation constraints than approaches based
on approximations such as implicit in the assumption of single-
group velocity propagation.

It should be noted that no additional measurement hardware
is required in migrating from approximate approaches utilizing a
single, non-dispersive group velocity to a more accurate approach
that uses a more complete propagation model based on a range
of group velocities in representative realistic spectra. The addi-
tional improvement in the absorbed power appears to be primarily
aresult of a more accurate prediction algorithm. The computational
efficiency of the prediction algorithm is not considered a potential
limitation in this work, and it is assumed that adequate computing
hardware can be found that is capable of processing the additional
calculation without difficulty, so that the actuator can receive the
necessary signals in real time. If the shortest wave periods of inter-
estin practice are close to 4 or 5, then these would likely drive the
sampling and calculation interval limits in practice. In this work,
both F; and F; are thought to be provided by the same actuator.
However, from a practical standpoint, use of two different actua-
tors for the two types of forces would probably be preferable. In
this regard, experimental testing of the overall procedure and its
effect on energy capture should provide valuable experience.

Finally, this work assumes that the incoming waves are long-
crested or uni-directional. Extensions to multi-directional seas may
be possible with directionally spread up-wave measurement if
small-amplitude waves and linear superposition are assumed. A
combination of spatially distributed sampling (such as based on
a radar system) along with point-based measurement over the
required time duration may be needed, and the additional cost of
obtaining such measurements (including cost of additional power
required to operate the hardware) would need to be considered
case by case.

6. Conclusion

The goal of this work was to investigate the effect of a deter-
ministic propagation model based approach to incident wave
prediction that accounted for a range of group velocities, for the
purpose of wave-by-wave control of a wave energy device. Lin-
ear wave propagation and linear system response were assumed,
so that the results are limited to small-amplitude oscillations in
small-amplitude waves. Uni-directional/long-crested waves were
assumed, and further, heave motion was assumed to be the domi-
nant mode for a 2-body axisymmetric device. Viscous effects were
assumed to be small and linear, and an ideal power take-off with a
linear response and negligible dissipation was assumed. Wave pre-
diction at the device centroid was obtained using surface elevation
measurements at an up-wave distance and over a measurement
duration computed knowing the prediction time ahead and the
range of group velocities representative of the frequency content
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in realistic spectra. The prediction time was determined using
impulse response functions describing the control forces to be
applied on the relative heave oscillation. Due to linearity, it was
straightforward to express the control force as a convolution of an
impulse response function with respect to the predicted wave sur-
face elevation (tr seconds ahead of the current instant) at the device
centroid G. Thus, wave measurements over a forward-moving time
window up to the present instant (from t—T to t) were used to
generate a prediction t+ ty over the calculation time interval.

Results showed considerable improvement over approximate
control based on up-wave measurement that assumes propagation
at a single group velocity. Average power absorption both without
and with constraints on the relative oscillation between the buoy
and the disc showed an increase over a wide range of energy-period
Te values. It should be noted that oscillation amplitudes close to
the hydrodynamic velocity optimum can become too large (i) for
the assumptions of linearity to remain valid, and (ii) for the device
to be able to support, given its draft and above-water geometry
and/or mechanical limits of the power take-off. Of particular note
here is the increase in absorption under highly restrictive oscilla-
tion constraints. Force limits were not considered explicitly, and
it would be worthwhile to study the effect of force constraints in
addition to oscillation amplitude constraints on the power absorp-
tion with this approach. Providing the chosen actuators are able to
apply the required resistive and reactive loads, and are designed
to minimize internal dissipation, based on the present results, it
appears reasonable to propose that a control approach utilizing
the hydrodynamic fundamentals of deterministic wave propaga-
tion and device response modeling would enable considerable
enhancement in small-amplitude irregular waves under oscillation
constraints. The device used here was an axisymmetric heaving
2-body system where the relative oscillation between a floating
cylindrical buoy and a submerged circular disc enabled energy con-
version.

Pierson-Moskowitz type 2-parameter spectra were used here.
While these spectra were uni-modal, there does not appear to be an
a-priori reason precluding the application of the present approach
in multi-modal spectra. Further work could include a generaliza-
tion of the present approach to include multiple-mode oscillation,
directional incident waves, and force-limited actuators. Especially
for larger omni-directional converters or crest-spanning devices,
2-point up-wave measurement may be required for the separa-
tion of the incident wave field from the diffracted and radiated
wave fields. The current propagation model assumes linearity and
does not account for changes due to wind action between the
measurement location and the device position. Finally, new device
configurations that provide a better balance between the resistive
and reactive forces required in the present control approach may be
worth considering. In addition, it may also be particularly worth-
while to investigate actuator designs that provide increased forces
at a minimal power loss so that the potential gains from control can
be realized in practice.
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