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Abstract

Potential performance gains from optimal (non-causal) impedance-matching control of wave energy devices in irregular
ocean waves are dependent on deterministic wave elevation prediction techniques that work well in practical applications.
Although a number of devices are designed for operation in intermediate water depths, little work has been reported on
deterministic wave prediction in such depths. Investigated in this paper is a deterministic wave-prediction technique based on
an approximate propagation model that leads to an analytical formulation, which may be convenient to implement in practice.
To improve accuracy, an approach to combine predictions based on multiple up-wave measurement points is evaluated. The
overall method is tested using experimental time-series measurements recorded in the U.S. Navy MASK basin in Carderock,
MD, USA. For comparison, an alternative prediction approach based on Fourier coefficients is also tested with the same data.
Comparison of prediction approaches with direct measurements suggest room for improvement. Possible sources of error
including tank reflections are estimated, and potential mitigation approaches are discussed.

Keywords Wave prediction - Deterministic - Intermediate water depth - Wave tank experiments - Wave energy devices
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Fourier coefficients estimated using time-
series at the point of wave measurement.
Fourier coefficients estimated at each mea-
surement location /.

Amplitude of the nth frequency component
in the Fourier series approximation at the
point of wave measurement.

Distance over which prediction is needed
(xp — x4).

Propagation distance from point x4, to xp.
Gravity acceleration.

Water depth over which waves propagate.
Nominal depth at which dispersion relation
is approximated.

Propagation impulse-response function.
Propagation impulse-response function for
prediction from point x4, to xp.
Performance index for estimation of Fourier
coefficients A,, and B,,.

Wave number

Regular-wave number ky and angular fre-
quency wp

nth wave number in the Fourier series approx-
imation for the wave elevation at the point of
wave measurement.

Length of time-series of n needed at x4 to
predict at xp.

Time variable

Time instant into the future at which predic-
tion is needed; determined by device dynam-
ics (20-30s; same as 7).

mth time instant within a wave elevation
time-series approximated using Fourier coef-
ficients.

Prediction time into the future.

Propagation times for the smallest and the
largest group velocities, respectively.
Prediction duration from point x 4, to xp.
Approximate group velocity from propaga-
tion model approximation.

Minimum group velocity in a realistic spec-
trum.

Maximum group velocity in a realistic spec-
trum.

Point where wave elevation prediction is
needed

Propagation distance between point of wave
measurement and the point of wave predic-
tion; equivalent to d),.

nth point within the space—time diagram for
prediction from x 4 to xp in practical spectra.
Matrix formed by multiplying the two coef-
ficient matrices C and S.

Ay Matrix formed by multiplying the two coef-
ficient matrices C; and S; at each location
L.

C One of the coefficient matrices formed with
cosine and sine functions in estimation of A,,
and B,,.

P Vector of coefficients A,, and B,,.

P, Vector of coefficients A,, and B,, ateach loca-
tion [.

S One of the coefficient matrices formed using
cosine and sine functions in estimation of A,
and B,,.

0, Vector of wave elevation measurements at
location /.

C, S Fresnel cosine and sine integrals.

1 Introduction

The quest for efficient energy conversion from ocean waves
has continued since the early 70s (e.g., Salter 1974; Evans
1976; Budal and Falnes 1977). If waves were regular and
sinusoidal, theoretically, 100% conversion would be possi-
ble with beam-sea devices in uni-directional waves, under
straightforward frequency-domain impedance-matching con-
trol (Evans 1981). Such control would also enable capture
width ratios' > 1 under oscillation constraints for omni-
directional devices (Evans 1981), and for slender head-sea
devices (Newman 1979). Assuming small-amplitude waves
and small-amplitude displacements, similarly high efficien-
cies can theoretically be achieved in irregular waves. How-
ever, the control force required for impedance matching
is non-causal and requires deterministic prediction of the
incoming wave elevation time-series (Naito and Nakamura
1985; Falnes 1995).

As interest in cost-effective wave energy conversion con-
tinues to grow, it seems increasingly important to pursue
ways to maximize energy conversion on a real-time, wave-
by-wave basis. The purpose of this paper is to investigate
deterministic wave prediction as an approach for deriving
the optimal control forces for real-time impedance match-
ing. This approach allows the recent, present, and predicted
wave surface elevation information to be used as an input
(thus preserving both amplitude and phase information in
the incoming wave field) to a linear convolution whose
non-causal kernel represents the dynamics of the device
primary converter. Alternative approaches include meth-
ods in which device motion is used to predict excitation
force (e.g., Garcia-Abril et al. 2017). Whereas the advan-
tage of deterministic wave prediction is that it enables a

1 Capture width ratio is defined as average power captured divided by
the average wave power incident on the device diameter/width.
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direct approach to wave-by-wave impedance matching for
performance close to the hydrodynamic optimum, it comes
at the expense of an additional wave measurement system
(Korde 2015, 2019). As stated in these works, the predic-
tion time was determined based on the dynamics of the
device to be controlled, in particular, at least equalling the
length of the radiation impulse-response function. The con-
trol force impulse-response function can be shown to be an
anticausal mirror image of the radiation impulse-response
function (e.g., Naito and Nakamura 1985), so that predic-
tion is required at least as far ahead into the future as this
impulse-response function has memory in the past. It should
be added that the exciting force as commonly expressed in
terms of the instantaneous incident-wave elevation is non-
causal, so that wave prediction is required far enough into
the future also to include the length of the non-causal portion
of the exciting-force impulse-response function (Korde and
Ringwood 2016).

Deterministic wave elevation prediction based on a single-
point wave measurement up-wave of the device was attempted
in a wave tank by Naito and Nakamura (1985). Falnes derived
the impulse-response function for prediction using a single-
point measurement Falnes (1995). Belmont et al. (2007)
discussed the impulse-response function for prediction using
a single-point measurement (‘fixed-point approach’) and for
prediction in an equivalent situation where a snap-shot mea-
surement over an area was used (‘fixed-time approach’).
The up-wave fixed-point measurement approach was devel-
oped further in Korde (2015) to predict wave elevation at
the device 30 s into the future for near-optimal constrained
control. The fixed-point approach requires wave elevation
measurements at an up-wave point far enough forward where
a sufficiently long wave-elevation time history (up to the cur-
rent instant) allows all practical group velocities in the wave
field to be represented at the required future time instant at the
device. Analogously, prediction at the required time instant
at the device requires a snap-shot measurement over an area
large enough to represent all of the practical group veloc-
ities included in the approaching wave field (Korde et al.
2017). Note that the prediction model was kinematic. Thus,
the dynamic interaction between surface wind and waves in
the region of or between the measurement and the device
was ignored. Since distances on the order of 1 km appear
to be within the coherence range of irregular-wave fields,
the kinematic model maybe justified for the purpose at hand
(Gran 1987; Falnes 1995; Maa 2013). Long-crested waves
in deep water were assumed in these works. Prediction of
multi-directional waves is discussed in Belmont et al. (2014).
It should be noted that reliable prediction in multi-directional
waves may require an approach that recognizes the finite time
between successive spatial samples, as obtained, for instance,
by a rotating radar. In such a case, a mixed space-time
approach based on spectral coefficients may be needed (Al-

Ani et al. 2019). Furthermore, for multi-directional waves,
it may sometimes be helpful to identify a predominant prop-
agation direction and make predictions along that direction
(Al-Ani et al. 2019).

Most of the deterministic prediction work cited above
assumes deep-water propagation, where it is straightforward
to use analytical integration to derive the linear impulse-
response function needed to represent wave propagation.
More advanced higher order non-linear reconstruction tech-
niques have been reported in the literature (e.g., Qi et al.
2018). The goal here is to use a computationally light tech-
nique that is easily implemented and used in real time. The
preference is therefore on a largely analytical technique. The
present work aims to extend the deep-water approach to
intermediate water depths, and further, also to validate the
results against wave tank experiments in intermediate water
depths. Wave measurements in the U.S. Navy’s Carderock
MASK model basin as recorded during a test program carried
out by the Sandia National Laboratories were used for this
purpose. To facilitate analytical integration, an approximate
intermediate-depth propagation model was derived. Intu-
itively, it is not hard to see that errors are to be expected, and
furthermore, errors due to such a model will diverge as prop-
agation distance and prediction time increase, particularly in
sea states dominated by longer swells. An approach is inves-
tigated here to combine multiple-point wave measurements
at different distances from the device to mitigate prediction
errors due to the model approximation. The recorded time-
series and prediction time for each measurement point are
different, and in particular, the closer the measurement point
to the device, the shorter are the prediction time and propaga-
tion distance possible for that measurement.> As seen later in
this work, the prediction errors with the approximate predic-
tion model grow with prediction time and prediction distance.
For this reason, measurement points closer to the device are
likely to yield more accurate predictions based on an approx-
imate propagation model. This point is explained further in
the space—time diagram of Sect. 4. Being able to ‘average
in’ predictions from multiple measurements obtained at pro-
gressively closer locations thus has the effect of improving
the accuracy of the prediction at the device at the correct
prediction time as required by the dynamics.

An alternative prediction approach where predictions are
based on Fourier coefficients estimated using measurements
at an up-wave location (Al-Ani et al. 2019) is also attempted
for comparison. This approach also loses accuracy with
increasing propagation distance. Averaging the predictions

2 To obtain the predicted wave elevation at the required time instant in
the future, a measurement location that is closer to the device needs a
shorter time-series starting at a time determined, such that the prediction
time from that location leads to a predicted elevation at the correct time
instant in the future as required by the device dynamics. This point is
explained further in the space—time diagram of Fig. 1.

@ Springer
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based on Fourier coefficient estimates closer to the device
also enhances the accuracy of the instantaneous predicted
elevations at the device.

This work assumes small-amplitude linear waves, linear
superposition, and a linear wave propagation model. In terms
of its contribution to knowledge, this work describes how an
analytical technique may be used to predict wave elevations
in intermediate water depths, wherein the wave frequency
and wave-number relation precludes straightforward inte-
gration (unlike in deep water or in shallow water). Because
the method is approximate, a supplementary technique is
introduced, for utilizing multiple point measurements (if
available) to improve accuracy. The overall approach is eval-
uated against experimental tests in a large wave tank, and an
approach based on Fourier coefficients that has been reported
in the literature. The principal contributions of this work are
as follows:

1. an analytical technique to predict in intermediate water
depths wave elevation time-series by convolving mea-
sured up-wave time-series with an impulse-response func-
tion based on an approximation of the intermediate-depth
dispersion relation. The approximation is optimized for
a chosen kh range, where k denotes wave number and &
denotes the water depth.

2. atechnique to integrate multiple measurement sets at dif-
ferent points along the propagation direction to improve
overall accuracy of prediction based on the approximation
above.

3. wave tank tests to investigate accuracy of the technique
in a controlled laboratory setting.

4. comparison of the approximated impulse-response-based
prediction technique with a method more commonly used
by other authors (e.g., Al-Ani et al. 2019).

Whereas the focus of this work is on prediction for
use in near-optimal wave-by-wave impedance matching of
wave energy devices, In addition, the technique evaluated
here should be applicable in control techniques based on
model predictive control (Cretel et al. 2011), as well as
in ship-motion prediction for on-board and vessel-to-vessel
or vessel-to-helicopter operations (Dannenberg et al. 2010).
Note that the goal here is to use a physics-based prediction
technique to enable non-causal optimal control of floating
oscillators. As such, the performance resulting from this
approach would serve as a benchmark for other control tech-
niques based on exciting-force measurement and autoregres-
sive prediction (e.g., Liao et al. 2020), while also providing
a possible alternative for workers seeking greater perfor-
mance in energy-poor wave climates or researchers working
with exacting requirements for on-board motion control and
vessel-to-vessel transfer of sensitive objects/materials.

@ Springer

Section 2 following this introduction reviews propagation
model-based prediction in deep water. Section 3 outlines the
approximate propagation model that allows analytical inte-
gration. Section 4 describes the manner in which predictions
from multiple points are combined. Section 5 summarizes the
prediction based on Fourier coefficient estimation as applied
in this work (see Al-Ani et al. (2019)). Section 5.1 outlines
how Fourier coefficients estimated from measurements at
multiple points were used here to obtain predictions at the
required time instant at the device. The experimental work
is summarized in Sect. 6. An uncertainty analysis for the
approach based on the approximate propagation model is
provided in Sect. 8.1, while the uncertainty associated with
the Fourier coefficient-based approach is discussed in 8.2.
Results of this work are summarized in Sect. 9, while these
results are discussed in Sect. 10.

2 Wave prediction in deep water

Surface gravity waves have a finite coherence time and dis-
tance (Gran 1987; Falnes 1995; Maa 2013), and for realistic
wind seas and swells, a deterministic propagation model may
be appropriate for prediction over a distances ~ 1000 m. Uni-
directional or long-crested waves are assumed below, but the
approach below should also be applicable to directional wave
spectra along a predominant wave direction (e.g., see Al-Ani
et al. 2019). For the surface elevation n(x; ¢) at a point x to
be Fourier transformable, it is assumed that:

lim n(x;t) =0; Iim n(x;iw)=0. €))
t—+o00 w—+0o0

This assumption restricts prediction to time periods between
calm periods with negligible wave activity, and to prac-
tical gravity-wave sea states in which wave amplitudes
approach zero as frequency approaches infinity. With the
further assumption of negligible wind forcing over such dis-
tances and prediction times < 30 s, the propagation process
for small-amplitude linear waves has been described, in the
frequency domain, Naito and Nakamura (1985) and Falnes
(1995) as:

N(xp; i) = n(xa; iw)e KO g = xp — x4, )

Here, d is the propagation distance between the measure-
ment point (for a fixed-point prediction process Belmont et al.
(2006)) and the point where prediction is needed (typically,
the centroid of the wave energy device). k(w) is the wave
number, related to the wave angular frequency by the dis-
persion relation. In deep water, the dispersion relation is
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approximated as:

2
k(w) = <= 3)
8

k has the same sign as w, for rightward propagation. As
stated, it is assumed that n(x;¢) — 0, ast — 0, and
n(x;t) — 0ast — oo, and further, that n(x; iw) — 0, as
® — 0,and as w — 00. The time-domain assumption antici-
pates that prediction is only attempted between two relatively
calm periods. The frequency-domain assumption rests on the
observation that realistic surface-wave spectra exclude zero
and infinite-frequency oscillations of the water surface. The
propagation model in the time-domain can then be described,
via inverse Fourier transformation, as an impulse-response
function &y (t), where:

oo
1 .
hi(t) = — / e MOl dgy. )
2w

—00

The dispersion relation form in Eq. (3) is convenient in that
it allows /() to be evaluated analytically as [Falnes (1995),
Belmont et al. (2006), Korde (2015)]:

1 /2 gt (gt
hi(t) = Z g [COS <E —+ sin E
1 [2g gt? g
— = = _)Clt.|—=—
T3V 74 [COS ( 4d 2rd
2
. (8t 8
— Sl — ) |- 5
+Sm<4d> < 2nd>:| ©)
Here, C and S are the Fresnel cosine and sine integrals,
respectively. The prediction distance d and prediction time

tp are related to the group velocity range in the approaching
wave fields. The predicted wave elevation can be written as:

T

n(xp;t+1tp) = /hz(f)n(m; t —1)dr, (6)
0
where:
Xp—Xxa=d= Vemxlps VUgmx = & s
2wmn
d d g
T = - s Vgmn = 77— @)
Vegmn Vgmx 205

T is the length of the time-series 1(x4; f) that needs to be
used to include the entire range of group velocities involved
in the propagation. Consistent with the assumption that real-
istic wave spectra do not include zero and infinite-frequency
contributions, the maximum group velocity is finite and the
minimum group velocity is nonzero, as shown in Fig. 1.

Time ¢t Max group vel
line Vgmy
—
Min
group vel
T line Voo
Ty
T
—
X
0 L S
Distance x
X Xan Xan+1
dn

Fig. 1 Space-time diagram for deterministic prediction in practical
sea states. Prediction at point xg at a time instant ¢, into the future
(i.e., at t + t,) is based on an advancing time-series of length T over
[t — T, t], where ¢ denotes the present instant. Prediction over shorter
time intervals 7,,, at xp is possible from points x4, between xp and x4
using advancing time-series of length 7), up to the current instant.

Results with computer-generated irregular-wave eleva-
tions showed agreement within +£7%, as discussed in
Korde (2015), while unpublished results in narrow-tank tests
showed reasonable agreement for short prediction times
(Korde and Richon 2018).

3 Propagation in intermediate depths

Prediction for energy-rich swell-dominated sea states in
shallow water may be expected to be accurate where propa-
gation is largely non-dispersive, and 4; can again easily be
approximated analytically [(Falnes 1995)]. The process is
less straightforward for intermediate depths, where the full
dispersion relation should be used to describe the propaga-
tion kinematics. Thus, at a water depth A:

w® = gk tanh kh. ®)

Given the difficulty of expressing k as an explicit function of
o, analytical evaluation of /; in Eq. (5) is not straightforward.
Analytical evaluation at this stage is preferred, because the
entire frequency range [0, co) is included in it without dis-
cretization. An attempt is made below to derive an analytical
approximation to Eq. (8) that could be adjusted to match the
dominant periods in incoming sea states. This approach was
first discussed in Korde et al. (2019). Rewriting Eq. (8) as:

2
— = ktanh kh, )

@ Springer
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and approximating the function tanh kA via a Taylor series
expansion around a nominal wave number ko (i.e., the dom-
inant wave number for an approaching sea state) and a
nominal depth A as:

tanh kh = tanh koho + (kh — koho)sech®kohg + - -+ . (10)
This enables an approximation of Eq. (8) as:
w® ~ gk tanh kohg + gk(kh — koho) sech®koho + - - - . (11)

The right side can be simplified to a summation where the first
term includes both the tanh and sech functions evaluated at
kho, but is proportional to k; while the second is proportional
to k%. The depth & over the propagation area may not be
uniform. In addition, it is expected that new estimations will
be made as spectral content changes. Hence, a more general
approximation that is patterned after the expression in Eq.
(11), but provides more flexibility may be appropriate. Thus,
let:

W* ~ Atk + Ak + - . (12)

Here, A, As, etc. are parameters to be estimated as
sea states change. These parameters are estimated to min-
imize the error between the exact dispersion relation and the
approximation. In particular, a functional ¥ is set up, where,
e,g., for 2 parameters Aj and Aj:

o
v = //J(Al,Az)dk,
0

LA, Ay) = [gk tanh kh — (Alk + A2k2>]2 . (13)

For quicker progress, two further approximations are intro-
duced: (i) the integral in Eq. (13) is approximated as a
summation over N discrete wave numbers, and (ii) only one
parameter, A; = A is used. This approximation is expected
to work best over a small region of the wave-number space
around a predominant wave number in an approaching sea
state. The simplification resulting from needing to estimate a
single parameter A allows for frequent updates as the spectral
content changes over a 10-20-min time span. Thus:

N
W~ ) [ghytanh kyh — Ak, ] ; (14)
0

the necessary condition for ¥ to be minimum is:

(o5

v X
— = — [gkytanhk,h — Ak,]* = 0. (15)
0A 4= 0A
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This leads to the result:

220 gk tanh Ky
Yok o

The single parameter A allows the dispersion relation to be
expressed as, @? = Ak, which is of the same form as w> =
gk, though A is estimated to approximate the intermediate-
depth dispersion relation over a small wave-number range.
This approximation is convenient in that it enables an ana-
lytical approximation of the propagation impulse-response
function h; simply by replacing g in Eq. (5) with A. A needs
to be re-estimated when the expected spectral frequency con-
tent changes. For each frequency range, however:

hia(t) = l E [cos (A_ﬂ) + sin (A_ﬂ>:|
4N d 4d 4d
+ l % |:cos <A—t2> C (t i)
2V nd 4d 2md
+sin (A—tz> S (z,/iﬂ . (17)
4d 2md

The wave elevation at xp can now be estimated as:

A (16)

T

nxgst+1,) = /th(T)n(XA; f — ). (18)
0

The group velocities in Eq. (7) may be evaluated, for a con-
stant depth %, with the parameter A replacing g.

4 Combining up-wave measurements from
multiple points (approximate propagation
model)

Non-uniform sea floors can affect prediction accuracy in
intermediate waters, particularly when the depth at the point
where measurement is made differs from the depth at the
device, where prediction is needed. It is proposed that some
compensation for model errors due to depth variations may
be possible if wave measurements at multiple points up-wave
of the device are used in obtaining predictions. It is recalled
that the space—time diagram of Fig. 1 explains the relation-
ship between prediction time and time-series length at each
measurement point along the propagation direction. Hav-
ing the measurement points at different distances from the
converter buoy would enable averaging over different por-
tions of the space—time diagram in Fig. 1. This is because
the prediction times 7, and the input time-series length T
need to be adjusted, so that all predictions are made for the
same future time instant at the device. The procedure used
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here is a rudimentary version of a measurement approach
based on a phased array of sensors for non-dispersive waves,
where sensor-location-dependent delay compensations for
each sensor allow all of the ‘beams’ to be combined in
phase at the desired destination point. Such a ‘beam-forming’
technique is frequently used in microwave and acoustic com-
munications and signal processing (Kumatani et al. 2012).
With the x-axis aligned along the dominant wave direction,
letting x4, be the position of the nth sensor along the pre-
dominant direction and xp be the position of the device,
the required wave elevation time-series length and predic-
tion time are determined using:

dyp = XB — XAn,

p_ i
Vegmn Vgmx
d

= T (19)
Vegmx

Because the wave sensors will in general be at differ-
ent depths, the parameter A, will be location specific, and
the impulse-response function operating on the measurement
from the nth sensor would be:

1 [24, Ant?\ | (Aat?
hi(t) = —
1n(t) 2\ 7d, [COS<4dn>+sm<4dn
1 [24 Apt? A
+ = [ |cos == Cl¢t ~
2\ nd, 44, 2rd,
+si Ant” s ()2 (20)
sin .
4d, 2nd,
Each impulse-response function /;, yields a prediction for

the surface elevation at the desired time instant (which is
determined by the device dynamics). Here:

( 4)—1%( o s Xan) 1)
ana F) = N 77xB» pn,xAn .

n=1

tr is the time instant into the future at which prediction is
needed as determined by device dynamics (i.e., 20-30 s). tf
has the same meaning as t,, used elsewhere, and is introduced
here to avoid confusion. n(xg; t +1,,); X, is derived using:

Tp

N(XB5 £+ Lyn; Xam) = / B @ Gans f — DT, (22)
0

It should be noted that there is an implicit uniform depth
assumption being made at each sensor location in that the
depth at that sensor is assumed to be the depth over the prop-
agation region. Given this assumption, for mild variations in

the depth, the prediction based on the wave sensor nearest
to the device would be most accurate, while the prediction
based on the farthest sensor would be least accurate. How-
ever, the prediction from the farthest sensor is made necessary
by the prediction time requirement, which is determined by
the device dynamics. It is proposed here that averaging the
predictions of multiple sensors distributed over an area with
mildly varying depths will improve the prediction accuracy
for the farthest sensor.

Given the approximations embedded in the approach
above (specifically, use of the parameter A), it appears worth-
while to compare results with alternative approaches, such
as the approach based on Fourier coefficients as employed in
recent work (e.g., Al-Ani et al. 2019).

5 Approach based on Fourier coefficients

Thanks to the continued improvements in on-board com-
puter power, methods that rely on Fourier transformations
can be used to derive the spectral content of up-wave wave
records for prediction into the future at the device location.
Similar to the impulse-response based approach of Sect. 3,
effects of wind-forcing over the region between the mea-
surement point and the device (where prediction is needed)
are ignored. However, errors may arise, particularly close to
any spectral peaks, because this technique involves frequency
discretization. Additional leakage errors due to the frequency
sampling may also occur. Next, because coefficients esti-
mated at one location are to be used to make predictions at
another location, the estimation process needs to be designed
for predictive quality rather than close match with measured
data at any location. It is not clear that the least-squares fit-
ting technique used below (which in essence matches that
described in Al-Ani et al. 2019) is optimized for predictive
ability, and this aspect may need further attention.

The Fourier coefficients estimation proceeds as follows.
A, and B, together represent the amplitude and phase of the
nth sinusoidal waveform at frequency w;,. w, denotes the nth
frequency of a total N frequencies assumed to comprise the
irregular-wave time-series sampled. For a wave sensor at x4,
the measured-wave elevation at time ¢t = 1, is:

N
n(xas tw) = Z [An cos (kpxa — wptin)
n=1
+By; sin (kyxa — wpt)]. (23)

This expansion assumes that the wave elevation at x4 can
be represented as a linear superposition of the wave elevations
of N regular waves at N frequencies, each with an amplitude

@ Springer
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C,, and phase angle 0,,, where:

C,=,/A2+ B2; and tan6, = B,/A,. (24)

A, and B,, are the Fourier coefficients to be estimated,
such that the following ‘error’ function is minimized at
the point x4 where measurement is made. If measure-
ments are made at M time instants, then a ‘fitted’ surface
elevation 7appr(xa,ty) and the measured-wave elevation
n(xa, ty,) canbe used, for M time instants, to form a function
Ju(A,, By,n=1,..., N) where:

JM(An’annzla"'aN)

M
2
= Z [n(xA; tm) — Nappr (X4; tm)] ) (25)
m=1
with
N
Nappr (XA, Im) = Z [Ay cos(knxa — wptm)
n=1
+ By, sin(k,xa — wpty)] . (26)

For the function Jj; to be minimum, the following neces-
sary conditions must be satisfied:

aJ aJ
M—o0, =X —0n=1,..,N. 27)
A, JdB,
Furthermore:
M
dJu
9A = Z [W(XA, tm) — Nappr (X4, tm)] cos(kyxa — wntm)
n m=1
=0,n=1,...,N,
Ay =
M .
3B, = n; [n(an tm) — Nappr (X4, tm)] sin(ky, x4 — wntim)
=0,n=1,...,N. (28)

The goal of the ‘fitting’ process is to solve the system of Eq.
(28) for A, and B,,, withn =1, ..., N. These equations can
be cast in matrix form as follows. Defining a 2N x M matrix
Cand an M x 2N matrix S as:

ek, 1) ctky, ) ... clky, tpy) ]
stki, 1) stky, ) ... s(ky, ty)
ctka, 1) clko,t2) ... clka, ty)
C=|ska 1) stka,t2) ... s(ka,tp) | (29)
clky,t1) clkn, 1) ... clkn, ty)
| s(kn, t1) stky, t2) ... s(ky, tyr)

@ Springer

[where c(ky, t,,) = cos(k,xa — wuty), and s(k,, t,,) =
sin(k, x4 — wyty)]. Furthermore:

ctky, ) stki,t) ... clkn,t1) stkn, 1)
cki, ) stki, ) ... clky, ) s(ky,t)

= (30)
C(kl', M) S(k1; M) C(kN., M) S(kN" M)
A 2N x 2N matrix A can be defined, such that:

A =CS. 31

The2N x 1 vectorP = [Ay, By, ..
eters can be evaluated as:

., AN, BN]T of param-

P=A"'Cy, (32)

where n = [n(xa, t1), n(xa, 12), ..., n(x4, tM)]T is the vec-
tor of wave elevation measurements. With the coefficients
A,, B,,n =1,..., N thus determined, the wave elevation
tp seconds ahead at xp (where the device is) can be found
as:

N
n(xp,t +1,) = Z [An cos (knxp — wa(t +1,))
n=1

+B, sin (knxp — 0a(t +1,))] . (33)

5.1 Using measurements at multiple points (Fourier
coefficient approach)

When measurements at multiple locations are available, the
coefficients estimated for each location can be used to derive
the predicted wave profile. Then, if concurrent measurements
are available at each [ of L measurements points, A,; and B
can be estimated at each [ as:

P, = A Cpy;. (34)
where:
m = G, ) n(xa, o) nGa, ) -G, )l (35)

Using Py, the predicted elevation at time ¢ + 7, may be
obtained:

N
nGegit+1p:0) =Y [Ancos (knxp — wn(t + 1))

n=1

+ B, sin (kan —wu(t + tp))] . (36)
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Averaging over L predictions for each time instant,

1 L
n(xp;t+1,) = zgn(m;wrp;z). (37)

6 Experimental work

All testing was carried out in the Maneuvering and Sea-
keeping basin (MASK) at Carderock Division, Naval Surface
Warfare Center located in Bethesda, Maryland. The MASK
is an indoor basin with an overall length of 110 m (360 ft),
a width of 73 m (240 ft), and a depth of 6.1 m (20 ft) except
for a 10.7 m (35 ft) deep trench that is 15.2 m (50 ft) wide
and parallel to the long side of the basin. This is located on
the south side. The side view and plan view of the tank are
shown in Fig. 2 (Brownell 1962).

The MASK wavemaker system consists of 216 paddles.
There are 108 paddles along the North edge of the basin
(x = 0 in Fig. 3), 60 paddles in a ninety degree arc, and
48 paddles along the West edge of the basin (y = 0 in
Fig. 3). The wavemaker control is driven by force feedback,
as designed and installed by Edinburgh Designs, Ltd. Along
the two edges of the basin opposite of the wavemakers are
artificial beaches with a 12° slope. The beaches are com-
posed of seven concrete layers, and are effective in dissipating
energy and mitigating the mass flux of water back into the
tank during wave generation. The hydrodynamic properties
of the tank were first reported in Brownell (1962).

Figure 3 shows the locations of the wave sensors used
in these tests. Wave propagation is at 70° with respect to the
north wall (the horizontal axis in Fig. 3. Time-series wave ele-
vation measurements made by the Bridgeprobe wave gages
(located along the propagation direction) are used for all com-
parisons in the present work. More details are included in Coe
et al. (2018).

7 Estimating reflections

Since the focus of this work was on verifying the effective-
ness of an approximate analytical model for deterministic
wave prediction, it was considered important to quantify
possible uncertainties in the test data due to any reflec-
tions from the beaches. During an early part of the tests,
the Bridgeprobe wave gauges were used to make wave pro-
file measurements in regular waves. It should be mentioned
that the present tests were performed with a device model
in place. However, the model was held fixed during these
tests and contributes only a diffracted wave field. For wave
frequencies at which A/D > 1 (, and D bering the wave-
length and model diameter, respectively), diffraction effects

are expected to be small, while, for A/ D < 1, reflections from
the model may not be negligible and will enter the measured-
wave records. It is expected therefore that the results of the
present reflection quantification will include model reflec-
tions in addition to beach reflections. Methods to identify
incident and reflected wave components in uni-directional
waves in wave tanks have been of interest for decades. Goda
and Suzuki (1976) used a technique to separate incident and
reflected wave contributions using two wave gauges placed
a known length apart along the propagation direction. A
method based on three wave gauges was tested by Mansard
and Funke (1980). The method used here was based on the
more expedient Goda and Suzuki approach. Given the exis-
tence of singularities at certain wavelength—probe separation
combinations, the present technique was implemented for
regular waves. This is justified for the small-amplitude linear
waves assumed throughout this work (for which linear super-
position of components at different amplitudes, frequencies,
and phases would produce an irregular-wave field). Finally,
attenuation/dissipative effects of tank walls and floor are not
considered here.

Below, the wave profile measured by wave gauge 1 is
denoted as 11 (¢) and that measured by wave gauge 2 as 1 (¢).
The wave profiles measured by the two probes both con-
tain the incident-wave field approaching the beach and the
reflected wave field traveling back to the wavemakers. The
location of wave gauge 1 is set as 0, and the location of wave
gauge 2 as ¢, where £ is measured along the incident-wave
propagation direction. For a given regular-wave combination
of wave number k¢ and w, the two wave profiles can be rep-
resented as:

M) =R [ L 4 el ot ] and,

m(t) = R [ne—“’fol—wm + F,e"wof] . (38)

Here, I; and I} are complex quantities containing both
amplitude and phase information. The reflected wave trav-
els in a direction opposite to the incident wave. ) stands for
‘real-part’. Recall that £ denotes the distance between the two
probes along the wave propagation direction. In Eq. (38), I;
and I denote the incident and reflected wave contributions
to 11 and n;.

The wave elevation time-series n; and 1, for a regu-
lar wave of frequency wqg can be expressed as (phases are
included in the complex amplitudes):

) =N [rle"wof], and, no(1) = % [rze"a’of]. (39)

The Fourier transforms of n; and 1, can be expressed as
(assuming 1y, o — 0 ast — $o00):
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The Fourier transforms of the right sides of Eq.
respectively:
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Fig.3 Wave tank layout showing wave probe locations along the wave
propagation direction (Coe et al. 2018).

Evaluating the Fourier transforms in Eq. (40) and using sub-
stitutions from Eq. (39):

8w — wy) = 8w — wo) + Tre *8(w — wy),
D8 (w — wo) = e ™ 8(w — wp) + I18(w — wp).  (42)

Here, the fact that the delta function is even has been used.
In matrix form:

I, =RT,. (43)

Here, 'y, = [, 1217, , = [I}, I]7. The matrix R is just:

e—ikol 1
R:[ | e_ikog] (44)

When R is nonsingular, the incident and reflected complex
amplitudes can be found by inverting the relation in Eq. (43).
Using some algebra, R™! can be expressed as:

1 eiko@ -1
R'=— | 45
2isink€[ 1 e”“} “3)

The incident and reflected complex amplitudes can now be
expressed as:

1 .
I=s——[ne™ -,
21 sin kol

1

r :—[—F r ”‘05]. 46
"7 2isinkgt 1+ 12e (46)

R is singular for ko¢ = nr. The singularities may be avoided
by altering the spacing ¢ between the wave gauges.

The reflection coefficient Ry, can be found using:

Ry = —. A7)

Ry can be expressed in percentage form. The wave gauges
Bridgeprobe 8 and Bridgeprobe 6 were chosen as the two
probes designated 1 and 2 in this work. The regular-wave
records at the two locations were Fourier transformed in
MATLAB to obtain the complex amplitudes /7 and I5. It
was ensured that early parts of the records containing tran-
sients were removed prior to use. This approach based on
direct use of complex amplitudes helps to avoid potentially
error-prone phase measurement following Fourier transfor-
mation. Such a phase estimation would be required with the
Goda and Suzuki technique as proposed. The results obtained
here are subject to measurement uncertainties arising from
the individual wave probe operation and the repeatability
of the overall tank hardware. An uncertainty of £1% was
assumed for this work, based on prior experience with the
use of the overall tank hardware.

8 Uncertainty analysis

8.1 Prediction errors with approximate
propagation-model approach

The predictions as obtained using the propagation model-
based technique are subject to uncertainty due to the imper-
fections in the model. The principal source of uncertainty
is the present approximation to the dispersion relation.
Over the propagation distance and prediction time of inter-
est, other sources of uncertainty are, possible non-uniform
water depth, sudden changes in sea state and predominant
direction, wave—wave non-linear interaction, etc. Depth non-
uniformities over the propagation distance and errors due to
dispersion relation approximation are expected to be miti-
gated partially by the use of multiple measurement points
distributed over the up-wave wave field.

Because the dispersion relation approximation is essen-
tial to the present analytical integration based prediction
framework, it is important to estimate its contribution to the
uncertainty in the predicted wave elevation time-series. The
uncertainty estimate derived below forms the lower bound
of the overall uncertainty, as all other sources of uncertainty
have been ignored as non-dominant. Uncertainty sources
neglected here include small-wave directionality, non-linear
interactions, slow changes in sea states, measurement errors,
and depth non-uniformities. The predicted wave elevation at
X p using a measured time-series at x 4 is as discussed earlier:
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T
n(xp;t+1p) = /hlp(t)n(xA, t —1)dr. (48)

t
Denoting the uncertainty on n(xp; t +1,) as An(xp; t +1p):

T
An(xg;t +1p) = / Ahpp (T)n(xa,t — 7)dr. 49)

t

For uni-directional waves, and for waves that are small
enough for wave—wave interactions to be ignored for a given
frequency range in a spectrum, the dominant source of error
is expected to be the dispersion relation approximation. If the
impulse-response function 4, is applied over a propagation
distance x, then:

hyp (1) )24 cos A + si Ar?
= - |— —_— in{ —
Ip 4\ mx, 4xp 4xp
1 |24 (At2> A
+ - |/——cos|— |C|¢?
2\ mxp 4xp 2 x)
+ i Az S|t A (50)
sin [ — .
4xp 27X

As shown in Fig. 1, the propagation distance x, denotes
the distance over which a prediction can be made from a
measurement x4,, and f, is the corresponding prediction
time. x 4, denotes one of the intermediate locations between
x4 and xp over which measurements are made. Prediction
at distance x,, and time 7,, from x4, requires a time-series
T, seconds long. With h;, denoting the impulse-response
function for prediction from x4, over (xp, t,,):

Ahyp(t) = ‘dh—”’ Ax,. 51)
dxp

Ahyp(t) is expected to cause both a mismatch in actual ele-
vation magnitude and a time lead/lag. These effects would
manifest as amplitude and phase errors in the frequency
domain. The propagation distance error Ax, due to the dis-
persion relation approximation can be estimated as follows.
For a propagation distance x ,, if the propagation time for the
slowest waves (highest frequency w,,, with a non-negligible
amplitude A(wypyx)) is Tpmy (longest time). The propagation
time for the fastest waves (smallest frequency w,,, with a
non-negligible amplitude A(wy;x)) is Tpmn (shortest time),
expressed as:

X X
p_. _ p
Tpmx = s Tpmn =
Vegmn

(52)

Vegmx
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Here, vgpy and vgy, are the greatest and smallest group
velocities represented in an incoming spectrum. With v,
denoting the group velocity at an arbitrary frequency:

lw 1+ 2kh (53)
Vg = —— .
§ sin 2kh

The underlying dispersion relation is Newman (1978):
w? = gk tanh k. (54)

With an approximation such as:

w? ~ Ak, (55)
dw A
Ve = G = 20 (50)

The propagation distance uncertainty Ax, over a pre-
scribed time duration 7T}y can be estimated as:

o (), 2k A7,
2| % sin2kh ) w | "

(57)

Axp = (vg = Vgappr) To =

Ax) at a frequency w can then be expressed as:

A To [ (tanh kh 4+ ) A} (58)
Xp = — _— — .
P 2w § cosh? kh

The propagation time uncertainty A7), can be estimated as:

Axp

AT, = (59)

Vg

The phase error 6, at each frequency can be found as:
0y = wAT),. (60)

8.2 Prediction errors with Fourier coefficient-based
prediction

The Fourier coefficient-based approach has been discussed
and investigated by detail by Belmont et al. (2014), Al-
Ani et al. (2019), etc. Possible errors stemming from this
approach include (i) introduction of an additional frequency
due to the implicit assumption of periodicity of the time-
series used for estimating the coefficients, (2) spectral
leakage due to wave periods that cannot fully be accommo-
dated within the sampled length of the time-series, and (3)
aliasing, if the sampling frequency is smaller than the high-
est likely frequency in the sampled time-series. Of these, the
aliasing possibility can be avoided with a large enough sam-
pling frequency (here > 50 Hz). Spectral leakage errors can
be minimized with the use of zero-filling (Press et al. 1986).
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Because Fourier series approximation is integral to this
estimation approach, and because the wave elevation time-
series is of finite length, there is a frequency 1/7; introduced
in the fitted time-series (i.e., the time-series actually rep-
resented by the coefficients A, and B,). If a long enough
time-series measurement is not available for this estimation,
this 1/7; frequency is likely to be a low frequency that falls
within the frequency range where wave activity does occur,
and could cause significant errors.

Errors are also likely in the coefficients A,, and B,, them-
selves, due to errors in the linear system solution of Eq. (32).
As discussed in Al-Ani et al. (2019), these errors are driven
by the condition number of the matrix A. A small condition
number < 10 is desired. In the present calculations, a condi-
tion number C,, = 3.17 was observed. For this reason, errors
in A, and B, due to inaccurate solution of Eq. (32) are not
expected to be significant in the present case. In this work, the
number N of the coefficients A,,, B,, was chosen to be 512.
This was arrived at following a convergence study, starting
with N = 128 and going up in a sequence to N = 1024.
At the lower values of N, amplitude errors were found to be
considerably greater, steadily falling as N approached 512.
The C matrix became singular for N = 1024. Note that N
was chosen to be a power of 2 for seamless Fourier transfor-
mation and inverse Fourier transformation.

9 Results

Reflection coefficients (as percentages of incident-wave
amplitudes) with error bars found using the method of Sect. 7
are shown in Fig. 4. Figures 5 and 6 plot the errors resulting
from the present propagation model approximation. Errors
with respect to propagation distance and propagation time
are both shown. For the distance of ~ 75 m between the
wave probes Bridgeprobe 1 and Bridgeprobe 6, a prediction
time t, = tp = 9.53s was used in the test cases. The pre-
diction times t,, between Bridgeprobe 2 and Bridgeprobe
6, and Bridgeprobe 3 Bridgeprobe 6, etc. were shorter and
governed by the respective distances between the probes.
Figure 7 compares the time-series results for predicted wave
elevation based on the approximate propagation model with
the measured-wave elevation at the same location. Results
were as obtained from wave tank measurements for a repre-
sentative test run. Figure 8 compares prediction results for
the Fourier coefficients based approach with the measured-
wave elevation time-series. Figure 9 plots the results obtained
by combining predictions from multiple locations using the
approximate propagation model. Figure 10 shows the results
for predictions based on Fourier coefficients estimated at
multiple locations. Results are compared with measurements
in both cases. The Fourier transforms of the squares of the
instantaneous elevations are compared in Figs. 11 and 12, for

N
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Reflection Coeff.(%)
co N A ® ® o N
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Fig. 4 Percentage ratio of reflected and incident-wave amplitudes as
a function of wave frequency in regular waves. Note that these results
also include reflections from the device model.
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Fig. 5 Errors due to dispersion relation approximation: approximate
frequency distribution for errors in wave amplitude when the approx-
imate propagation model is used for wave elevation prediction in
intermediate water depth

the results based on 5 point measurements. Because the tank
depth over the test section was uniform, the prediction tech-
niques were not impacted by effects of non-uniform depth.
Finally, to allow comparison of the two prediction approaches
relative to each other, Fig. 13 compares the Fourier trans-
forms of the squares of the instantaneous elevations. Results
are discussed in the following section.

10 Discussion of results
It should be noted that the deep-water propagation model

was studied and its results were compared with numerically
generated deep-water wave time-series in an earlier work
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Fig. 6 Errors due to dispersion relation approximation: approximate
frequency distribution for errors in wave phase when the approximate
propagation model is used for wave elevation prediction in intermediate
water depth.

(Korde 2015). The intermediate-depth propagation model
approximation-related errors are seen to have a strong fre-
quency dependence at low frequencies, as expected (Figs.
5, 6). The one-parameter approximation is currently only
designed for a particular dominant frequency. At high fre-
quencies, where the parameter value A estimated for a low
frequency is used, the error asymptotes to a small steady
value depending on the difference |g — A|. The single-
parameter approximation is moderately satisfactory over a
small-frequency range, but at low frequencies as the prop-
agation process approaches shallow-water non-dispersive
propagation, the approximation diverges rapidly as would
occur if a deep-water dispersion relation was to be applied
in shallow water (the single parameter in that case, being g).
It is important to point out that the treatment of Sect. 5.1
assumes that the various Bridgeprobe wave gauges are pre-
cisely phase-synchronized.

The time-series results of Fig. 7 predict the wave eleva-
tions t, = 9.53 s into the future, at a propagation distance
xp = 101 m, which is the distance between two of the wave
gages used in the tests. These results are obtained with the
approximate propagation model. The wave input consisted
of uni-directional irregular waves derived from wave spectra
chosen as indicated in Sect. 6. For the beach layout, and the
wave propagation direction (effective beach length increas-
ing thanks to the action of beaches on two sides of the corner),
reflections from the tank walls and the fixed model were esti-
mated using measurements from a series of regular-wave test
runs with the model held fixed. Figure 4 shows reflections
over the frequency range 0.25-0.7 Hz. Based on this plot,
reflections around 5% may be expected at 0.4 Hz, while
close to 16% reflections could occur at frequencies in the
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Fig. 7 Predicted vs. measured-wave elevation (proposed approxima-
tion): wave elevation time-series as predicted using the approximate
intermediate-depth propagation model. Experimental measurements for
the prediction location are also shown.
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Fig. 8 Predicted vs. measured-wave elevation (Fourier coefficients):
wave elevation time-series as predicted using the method based on
Fourier coefficients (A and B method). Experimental measurements
for the prediction location are also shown.

range 0.6-0.7 Hz. It is likely that a considerable portion of
the ~ 15% at the higher frequencies is contributed by the
model itself. The dominant frequency in the sea states used
here for the wave prediction is close to the low-reflection (~
5 %) range. However, the test wave fields include the higher
frequencies where reflections may be greater. For this reason,
it is expected that the conclusions based on these test results
are subject to errors due to reflections. It should be noted that,
because the beach reflections are frequency-dependent, the
tank hydrodynamics with beach reflections may impose an
additional transfer function on all tank measurements. This
effect is not captured in the propagation model-based pre-
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diction, nor in the prediction based on Fourier coefficients.
In addition, other sources of uncertainty in the experimental
results, such as wave probe calibration relations and dynamic
response, may be worth considering.

The wave elevation time-series results for three test runs
with predictions based on the approximate propagation
model show noticeable instantaneous excursion errors but
relatively smaller lead/lag errors. The results plotted in Fig. 8
compare the measured time-series with predictions based
on the technique using Fourier coefficients. These compar-
isons show noticeably greater differences in instantaneous
excursions with greater lead/lag errors. It is likely that the
prediction time and propagation distance are too large for
some of the measurement points for the Fourier-coefficient-
based approach, and a choice of measurement and prediction
locations based on the space—time diagram would be worth
considering for this approach (see also Sect. 8.2). In addi-
tion, it is worth noting that discretization-related errors are
smaller for predictions based on the approximate propagation
model, since the impulse-response function is obtained ana-
lytically. However, in this case, as suggested by Figs. 5 and 6,
both errors (instantaneous wave excursions and lead/lag) are
likely to be greater for longer periods.

As discussed earlier, the ability to use multiple-point wave
elevation measurements brings forth the following advan-
tage: point measurements at the distance d), required by the
prediction time ¢, with the approximate propagation model
approach: at longer prediction times and correspondingly
longer measurement (and prediction) distances, error accu-
mulation due to propagation model approximation may be
significant. Combining results for longer distances with the
more accurate results based on point measurements at shorter
distances for shorter prediction times provides a corrective
effect for the longer prediction times. If device dynamics
require long prediction times and the device is to operate in
intermediate water depths, the multiple-point measurement
approach may lead to improved accuracy with analytically
integrable approximate propagation models.

For the Fourier coefficient-based approach, error due to
frequency discretization (i.e., discretization at a particular
point may miss some frequencies with non-negligible wave
input contribution) is mitigated by the use of multiple spa-
tially distributed measurement points.

Figure 9 plots the time-series comparisons for the approx-
imate propagation model with measurements at five points.
Because of the mitigating effect of combining the predicted
time-series for the different locations, the measured and
predicted time-series appear to agree well on lead/lag (espe-
cially, peak/trough times) though less on instantaneous wave
excursions.

It is instructive to compare the spectral composition of
the predicted results with the measured-wave elevations, to
form an idea of the frequency range where good agreement

Predicted using 5 probes and Measured
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Fig. 9 Predicted vs. measured-wave elevations (proposed approxima-
tion with technique to combine multiple measurements): wave elevation
time-series as predicted using the approximate intermediate-depth prop-
agation model, when time-series at five points within the space—time
diagram of Fig. 1 are combined. Experimental measurements for the
prediction location are also shown.

Predicted vs. Measured Wave Elevation (A & B Method)
Test Case 947
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Fig. 10 Predicted vs. measured-wave elevations (Fourier coefficients
using multiple measurements): wave elevation time-series as predicted
using the method based on Fourier coefficients (A and B), by combining
predictions based on the A and B coefficients at five points. Experimen-
tal measurements for the prediction location are also shown.

is not observed, which would shed light on the frequency
range where the dispersion relation approximation is less
effective for the propagation model-based technique. For the
Fourier coefficient-based technique, the full dispersion rela-
tion is used to relate w and k, but the frequency discretization
implicit to the method is a possible source of error. Spectral
amplitudes could provide an idea of what type of errors is
dominant for each technique.

The Fourier spectra of Figs. 11 and 12 for the approximate
propagation model show overview-level agreement between
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Fig. 11 Comparisons in frequency domain: Fourier transforms of the
squared instantaneous wave elevations as predicted using the approx-
imate intermediate-depth propagation model, when time-series at five
points within the space—time diagram of Fig. 1 are combined. Fourier
transforms of the squares of the experimental wave elevation measure-
ments for the prediction location are also shown.

the predicted and measured-wave spectra. The measured-
wave spectrum shows considerably greater frequency-domain
oscillations, which could be a result of successive discretiza-
tion (i.e., discretization for wave generation followed by
sampling for wave measurement, followed by discretization
for Fourier transformation). On the other hand, the propa-
gation model-based prediction has a low-pass filter effect,
given that the propagation distance and prediction time are
based on a band-limited space—time diagram (in that some
high-frequency slow-moving components may not yet have
arrived at the measurement location). As Fig. 12 suggests,
for the Fourier coefficient-based method, the band-limiting
effect is absent not only for the measured-wave time-series
but also for the Fourier coefficient fitting and prediction parts
of the process in this case. For this reason, both spectra
(measured and predicted) show considerable high-frequency
content. Figure 13 compares the spectral contents in the pre-
diction using the approximate analytical technique of Fig. 11
with the technique based on the A and B coefficients from
Fig. 12.

The direct comparison of the two prediction approaches
shows considerable disagreement over the entire frequency
range, but in particular, in the mid-frequency range from 0.5
to 1.2 Hz. It appears the approximate analytical technique
(with results over five points combined) is better optimized
for the lower and higher frequencies, while the A and B
method (with results over five points combined) seems bet-
ter optimized for the middle-frequency range. It is likely that
this difference may be due to the fact that contemporaneous
measurements at multiple points were used to estimate A and
B coefficients that were later utilized to obtain a prediction
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Fig. 12 Comparisons in frequency domain: Fourier transforms of the
squared wave elevation time-series as predicted using the method based
on Fourier coefficients (A and B) when predictions based on the A and
B coefficients at five points are combined. Fourier transforms of the
squares of the experimental measurements for the prediction location
are also shown.
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Fig. 13 Comparison of two approaches in frequency domain: Fourier
transforms of squared instantaneous wave elevation time-series as pre-
dicted using a the approximate intermediate-depth propagation model
with five point measurements, and b using the A and B coefficients for
five points.

at a time a few seconds into the future. It should be noted
that this is not the case with the way the five time-series
are combined for the approximate propagation model-based
approach (where the lengths and times of measurement were
chosen based on the space-time diagrams). Wave excur-
sion match is marginal for both approaches, and the reason
for this mismatch needs to be studied further, as pointed out
below, with some attention to any errors due to the pres-
ence of reflected waves in the tank measurements. Among
the possible sources of error are as follows:
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1. Model error: Both approximate intermediate-depth prop-
agation model (despite being helped by the consolidation
of five point measurements) and the spectral coefficient
(A and B) model insufficiently capture the propagation
process in the tank. For the small amplitudes used here,
non-linear wave—wave interactions and other non-linear
effects are likely very small, however.

2. Measurement error: The wave probe signals and the sig-
nal conditioning hardware may have introduced errors of
phase and amplitude. In particular, if the wave probes
are not precisely phase-synchronized, considerable phase
errors may build up for longer probe separations.

3. Reflections: The reflection quantification study of Sect. 7
suggests the presence of frequency-dependent reflections
from 5 to 12% of the incident-wave amplitudes. These
could result in amplitude errors that are different for dif-
ferent frequencies in the sea state. Given the dispersion
relation, these amplitude errors can lead to considerable
phase errors as propagation distances increase.

Of the three sources listed above, the last seems the most
likely dominant source of error. A possible improvement in
future work may be to apply the technique in Sect. 7 over
the entire distance range covered by the wave gauges used.
This could be done using adjacent pairs of wave gauges to
compute the incident-wave components in the space between
each probe. Such an enhancement will help to account for
tank attenuation effects, as well as for any phase errors due
to imprecise phase synchronization between probes. It is
expected that using the separated out incident-wave com-
ponents to form the incident-wave elevation time-series will
enable a true comparison of the two prediction techniques
and the true effectiveness in intermediate water depths of
the approximate propagation model with five-point consol-
idation approach. It is expected that the results of such
an extension will enable a more reliable application of the
approach for wave energy conversion in intermediate depths
and for other marine applications in such depths.

For constrained impedance-matching control, however,
it is more important to capture the temporal structure cor-
rectly, so that the actuator force can be controlled, such that
it follows the correct lead/lag relationship with respect to the
exciting-force temporal variation. For a single-mode device,
or for devices whose response can be reduced to that of an
equivalent single-mode response, velocity should be syn-
chronous with the exciting force for best power conversion
under displacement/velocity constraints. Since oscillation
constraints are frequently needed for most devices, it is sug-
gested that the impact of the wave excursion mismatch noted
in this work could in practice be less limiting (than in the case
of unconstrained oscillations).

Finally, it should be noted that there are intrinsic limits
to how well wave-prediction tests in a wave tank represent

testing in the real-sea environment. (i) the possible pres-
ence of tank-wall reflections may only be considered realistic
for representing near-shore coastal regions; and (ii) the way
irregular waves are frequently generated in wave tanks auto-
matically results in a ‘repeat period’, which would produce
a long-period signature in the wave elevation measurements.
This effect does not occur in real-sea environments.

11 Conclusions

In this work, the focus was on obtaining deterministic
wave elevation predictions in intermediate water depths.
To that end, this work investigated an approach based on
a convenient approximation that allowed an analytically
derived approximate propagation impulse-response func-
tion. A straightforward convolution evaluation based on this
impulse-response function provided the approximate predic-
tion for the wave elevation at the device at the time instant
required by the device dynamics. Given this approximation,
the particular question addressed here was whether combin-
ing the predictions based on time-series measurements at
multiple locations would improve the overall accuracy of
the prediction at the device at the required time instant. For
the propagation model-based approach, the manner in which
predictions from multiple points are combined represents a
rudimentary form of the beam-forming technique used in the
case of electromagnetic and acoustic waves (Kumatani et al.
2012), and an analogous matched-field processing approach
discussed in Baggeroer et al. (1993) for acoustic wave prop-
agation in the ocean.

For comparison, an alternative technique based on Fourier
coefficients (estimated at each measurement point) was also
used. Experimental measurements made in the U.S. Navy
MASK basin in Carderock, MD were utilized in this study.
Uni-directional irregular-wave records at multiple points
along the propagation direction were available. Measure-
ments at five points along the propagation direction were
chosen based on their locations relative to the model to
be tested. Wave predictions were obtained at a sixth up-
wave point representing the location where the model would
be located. The predicted time-series were compared with
the measured time-series. Time-domain comparisons showed
plausible agreement for the approximate propagation model
(in terms of the individual peaks and troughs being syn-
chronous), though instantaneous wave excursion agreement
was modest. For the prediction distance and prediction time
used here, combining the predictions based on measurements
at five locations enhanced lead/log accuracy, which may be
considered more important for wave-by-wave impedance-
matching control of wave energy devices under displacement
and force constraints (Korde 2019). Results based on Fourier
coefficients could be improved by determining the time-
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series lengths and prediction times based on a space—time
diagram.

Future work should consider a more detailed accounting
of reflections as experienced at each wave gauge location.
Further work should include multi-directional waves with
a predominant direction, modeled after commonly encoun-
tered directional sea states at chosen intermediate-depth
locations as well as suitably planned at-sea testing. Appli-
cations outside of wave energy conversion such as real-time
ship-motion prediction for ship-board and other operations
may also be worth investigating.
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